
  
    
  
Chapter 8. Confidence Intervals



8.1. Confidence Intervals*



Student Learning Objectives



 
By the end of this chapter, the student should be able to:

 	Calculate and interpret confidence intervals for one population
average and one population proportion.

	Interpret the student-t probability distribution as the sample size
changes.

	Discriminate between problems applying the normal and the
student-t distributions.




Introduction



 Suppose you are trying to determine the average rent of a two-bedroom apartment
in your town. You might look in the classified section of the newspaper, write
down several rents listed, and average them together. You would have obtained a
point estimate of the true mean. If you are trying to determine the percent of times
you make a basket when shooting a basketball, you might count the number of
shots you make and divide that by the number of shots you attempted. In this
case, you would have obtained a point estimate for the true proportion.
 We use sample data to make generalizations about an unknown population. This
part of statistics is called inferential statistics.  The sample data help us to
make an estimate of a population parameter
         . We realize that the point estimate is
most likely not the exact value of the population parameter, but close to it. After
calculating point estimates, we construct confidence intervals in which we believe
the parameter lies.
 In this chapter, you will learn to construct and interpret confidence intervals. You
will also learn a new distribution, the Student-t, and how it is used with these
intervals.
 If you worked in the marketing department of an entertainment company, you
might be interested in the average number of compact discs (CD's) a consumer
buys per month. If so, you could conduct a survey and calculate the sample
average, , and the sample standard deviation, 
            s
         . You would use 

to estimate
the population mean and 
            s
          to estimate the population standard deviation. The
sample mean, , is the point estimate for the population mean, 
            μ
         . The sample
standard deviation, 
            s
         , is the point estimate for the population standard deviation,

            σ
         .
 Each of  and 

            s
          is also called a statistic.
 A confidence interval is another type of estimate but, instead of being just one number, it is an interval of numbers.  The interval of numbers is an estimated range of values calculated from a given set of sample data.  The confidence interval is likely to include an unknown population parameter.

 
 Suppose for the CD example we do not
know the population mean 
            μ
          but we do know that the population standard
deviation is 
            σ = 1 and our sample size is 100. Then by the Central Limit
Theorem, the standard deviation for the sample mean is
 
         .
 The Empirical Rule, which applies to bell-shaped distributions, says that in
approximately 95% of the samples, the sample mean, , will be within two standard
deviations of the population mean 
            μ
         . For our CD example, two standard deviations
is (2)(0.1) = 0.2. The sample mean 

is within 0.2 units of 
            μ
         .
 Because 

is within 0.2 units of 
            μ
         , which is unknown, then 
            μ
          is within 0.2 units
of 

in 95% of the samples. The population mean 
            μ
          is contained in an interval
whose lower number is calculated by taking the sample mean and subtracting
two standard deviations ((2)(0.1)) and whose upper number is calculated by
taking the sample mean and adding two standard deviations. In other words, 
            μ
         
is between 

and 

in 95% of all the samples.
 For the CD example, suppose that a sample produced a sample mean . Then the
unknown population mean 
            μ
          is between
 
         

and





      
 We say that we are 95% confident that the unknown population mean number of CDs
is between 1.8 and 2.2. The 95% confidence interval is (1.8, 2.2).
      
 The 95% confidence interval implies two possibilities. Either the interval (1.8, 2.2)
contains the true mean 
            μ
          or our sample produced an 

that is not within 0.2 units of
the true mean 
            μ
         . The second possibility happens for only 5% of all the samples
(100% - 95%).
 Remember that a confidence interval is created for an unknown population parameter
like the population mean, 
            μ
         . A confidence interval has the form
 
         (point estimate - margin of error, point estimate + margin of error)
      
 The margin of error depends on the confidence level or percentage of confidence.

Optional Collaborative Classroom Activity



 Have your instructor record the number of meals each student in your class eats
out in a week. Assume that the standard deviation is known to be 3 meals.
Construct an approximate 95% confidence interval for the true average number of
meals students eat out each week.

 	Calculate the sample mean.

	
               
                  σ
 = 
3
 and 
                  n
 = 
 the number of students surveyed.

	Construct the interval 

            



 We say we are approximately 95% confident that the true average number of meals that
students eat out in a week is between __________ and ___________.

Glossary



	 Confidence Interval (CI)
	 
  An interval estimate for an unknown population parameter. This depends on: 

 	The desired confidence level.

	Information that is known about the  distribution (for example, known standard deviation).

	The sample and its size.




            

	 Inferential Statistics 
	 
   Also called statistical inference or inductive statistics. This facet of statistics deals with estimating a population parameter based on a sample statistic. For example, if 4 out of the 100 calculators sampled are defective we might infer that 4 percent of the production is defective.
    

	 Parameter
	 
   A numerical characteristic of the population. 
    

	 Point Estimate
	 
 A single number computed from a sample and used to estimate a population parameter. 
    




8.2. Confidence Interval, Single Population Mean, Population Standard Deviation Known, Normal*



 To construct a confidence interval for a single unknown population mean 
         μ
       
      where
the population standard deviation is known, we need 

as an estimate for 
         μ
       and a
margin of error. Here, the margin of error is called the error bound for a
population mean (abbreviated EBM). The margin of error depends on the
confidence level (abbreviated CL). The confidence level is the probability that the
confidence interval produced contains the true population parameter. Most often, it
is the choice of the person constructing the confidence interval to choose a
confidence level of 90% or higher because he wants to be reasonably certain of his
conclusions.
 There is another probability called alpha (
         α
      ).

         α
       is the probability that the sample produced a point estimate that is not within the appropriate margin of error of the unknown population parameter.

 Example 8.1. 
 Suppose the sample mean is 7 and the error bound for the mean is 2.5.
 Problem  (Go to Solution)

          
             
                
_______ and 

EBM
 = 

_______.
  

         



      


 The confidence interval is

(
7
 – 
2.5
,
7
 + 
2.5
)
.
 If the confidence level (CL) is 95%, then we say we are 95% confident that the true
population mean is between 4.5 and 9.5.
 A confidence interval for a population mean with a known standard deviation is
based on the fact that the sample means follow an approximately normal
distribution. Suppose we have constructed the 90% confidence interval (5, 15)
where 

and 

EBM
 =  
5
. To get a 90% confidence interval, we must include
the central 90% of the sample means. If we include the central 90%, we leave out
a total of 10 % or 5% in each tail of the normal distribution. To capture the central
90% of the sample means, we must go out 1.645 standard deviations on either side
of the calculated sample mean. The 1.645 is the z-score from a standard normal
table that has area to the right equal to 0.05
(5% area in the right tail). The graph shows the general situation.
 
          [image: Normal distribution curve with values of 5 and 15 on the x-axis. Vertical upward lines from points 5 and 15 extend to the curve. The confidence interval area between these two points is equal to 0.90.]
      
 To summarize, resulting from the Central Limit Theorem,
 
         
is normally distributed, that is, 






 ~

      
 
         Since the population standard deviation, σ, is known, we use a normal curve.
      
 The confidence level, CL, is 

CL
 = 
1
 – 
α
         . Each of the tails contains an area
equal to

.
 The z-score that has area to the right of 
 is denoted by  
.
 For example, if
,
then area to the right 

 = 
0.025

and area to the left 

 = 
1
 – 
0.025
 = 
0.975

and

using a calculator, computer or table. Using the TI83+ or 84 calculator function, invNorm, you can verify this result.
invNorm
         (.975,0,1) = 1.96.
 The error bound formula for a single population mean when the population standard deviation is known is

 
         
      
 The confidence interval has the format 
.
 The graph gives a picture of the entire situation.
 
         .
 
          [image: Normal distribution curve displaying the confidence interval formulas and corresponding area formulas.]
      



 Example 8.2. 
 Problem 1.

          
             
    Suppose scores on exams in statistics are normally distributed with an
unknown population mean and a population standard deviation of 3 points. A sample
of 36 scores is taken and gives a sample mean (sample average score) of 68. Find a
90% confidence interval for the true (population) mean of statistics exam scores.

  

             	The first solution is step-by-step.

	The second solution uses the TI-83+ and TI-84 calculators.




         


          Solution

             To find the confidence interval, you need the sample mean, 
, and the EBM.

             
                
	
                     a. 
                     
                  
	
                     b. 
                     
                  
	
                     c. 
                     
                        σ
 = 
3

                  
	
                     d. 
                     
                        n
 = 
36

                  


            

             
               
CL = 0.90

 so 

                  a
 =  
1
 – 
CL
 = 
1
 – 
0.90
 = 
0.10

            

             Since
, then

            

             from a calculator, computer or standard normal table.  For the table, see the Table of Contents 15. Tables.

             Therefore,

            

             This gives 

            

             and 

            

             The 90% confidence interval is (67.18, 68.82).
            

         



          Solution

             The TI-83+ and TI-84 caculators simplify this whole procedure. Press
STAT and arrow over to TESTS. Arrow down to 7:ZInterval. Press
ENTER. Arrow to Stats and press ENTER. Arrow down and enter 3 for

                  σ
               , 68 for 

, 36 for 

                  n
               , and .90 for C-level. Arrow down to Calculate and
press ENTER. The confidence interval is (to 3 decimal places) (67.178,
68.822).

         



      


 
          We can find the error bound from the confidence interval. From the upper
value, subtract the sample mean or subtract the lower value from the upper value
and divide by two. The result is the error bound for the mean (EBM).

 
         
 or 

      
 
         We can interpret the confidence interval in two ways:
         
 	We are 90% confident that the true population mean for statistics exam scores is
between 67.178 and 68.822.

	Ninety percent of all confidence intervals constructed in this way contain the true
average statistics exam score. For example, if we constructed 100 of these
confidence intervals, we would expect 90 of them to contain the true population mean
exam score.




      
 Now for the same problem, find a 95% confidence interval for the true (population)
mean of scores. Draw the graph. The sample mean, standard deviation, and sample
size are:
 Problem 2. (Go to Solution)


          

             	
                  a. 

                  
               
	
                  b. 

                  
                     σ
 = 


               
	
                  c. 

                  
                     n
 = 


               




         



      


 The confidence level is CL  = 0.95. Graph:
 The confidence interval is (use technology)
 Problem 3.

          
             
               .
The error bound EBM  =  _______.
  

         


          Solution

             
               .
The error bound EBM  =  0.98.
  

         



      


 We can say that we are 95 % confident that the true population mean for
statistics exam scores is between 67.02 and 68.98 and that 95% of all
confidence intervals constructed in this way contain the true average
statistics exam score.



 Example 8.3. 
 Suppose we change the previous problem.
 Problem 1.

          
             Leave everything the same except the sample size.  For this problem, we can examine the impact of changing 
                  n
                to 100 or changing 
                  n
                to 25.
  

             
                
	
                     a. 
                     
                  
	
                     b. 
                     
                        σ
 = 
3

                  
	
                     c. 
                     
                  


            

         


          Solution

             If we increase the sample size  
                  n 
                to 100, we decrease the error bound.

             
               
            

         




          Solution

             If we decrease the sample size  
                  n 
                to 25, we increase the error bound.


             
               
            

         



      


 Problem 2.

          
             Leave everything the same except for the confidence level. We increase the confidence level from 0.90 to 0.95.

             
                
	
                     a. 
                     
                  
	
                     b. 
                     
                        σ
 = 
3

                  
	
                     c. 
                      changes from 
1.645
 to 
1.96.



            

         


          Solution

             
               
 Figure 8.1. 
 [image: Normal distribution curve with 0.90 confidence interval area blocked off and corresponding residual areas.](a)
 [image: Normal distribution curve with 0.95 confidence interval area blocked off and corresponding residual areas.](b)




            

             The 90% confidence interval is (67.18, 68.82). The 95% confidence interval is (67.02, 68.98). The 95% confidence interval is wider. If you look at the graphs, because the area 0.95
is larger than the area 0.90, it makes sense that the 95% confidence interval is wider.
            

         



      





Calculating the Sample Size n



 
If researchers desire a specific margin of error, then they can use the error bound formula to calculate the required sample size.

 The error bound formula for a population mean when the population standard deviation is known is
 	
               
            

	Solving for 
                  n
                gives you an equation for the sample size.

	
               
            



 Example 8.4. 
 
  The population standard deviation for the age of Foothill College students is 15 years. If we want to be 95% confident that the sample mean age is within 2 years of the true population mean age of Foothill College students , how many randomly selected Foothill College students must be surveyed?





 From the problem, we know that
 	
               
                  σ = 15
            

	
               EBM = 2
            

	
               
                = 
1.96

  because the confidence level is 95%.
      



 Using the equation for the sample size, we have
 	
               
            

	
               
            

	
               
                  n = 216.09
            

	
Round the answer to the next higher value to ensure that the sample size is as large as it should be. Therefore, 217 Foothill College students should be surveyed for us to be 95% confident that we are within 2 years of the true population age of Foothill College students.




 Note
In reality, we usually do not know the population standard deviation so we estimate it with the sample standard deviation or use some other way of estimating it (for example, some statisticians use the results of some other earlier study as the estimate).


Solutions to Exercises



 Solution to Exercise  (Return to Problem)

          
             
7 and 

EBM
 = 

2.5.
  

      


 Solution to Exercise 2. (Return to Problem)

          	
               a. 

               
            
	
               b. 

               
                  σ
 = 
3

            
	
               c. 

               
                  n
 = 
36

            



      



Glossary



	 Confidence Level (CL)
	 
The percent expression for the probability that the confidence interval contains the true population parameter. For example, if the CL = 90%, then in 90 out of 100 samples the interval estimate will enclose the true population parameter.
    

	 Error Bound for a Population Mean (EBM)
	 
      The margin of error. Depends on the confidence level, sample size, and known or estimated population standard deviation.
    




8.3. Confidence Interval, Single Population Mean, Standard Deviation Unknown, Student-T*



 In practice, we rarely know the population standard deviation. In the past, when the
sample size was large, this did not present a problem to statisticians. They used the
sample standard deviation 
         s
       as an estimate for 
         σ
       and proceeded as before to calculate a
confidence interval with close enough results. However, statisticians ran into problems
when the sample size was small. A small sample size caused inaccuracies in the
confidence interval. William S. Gossett of the Guinness brewery in Dublin, Ireland ran
into this very problem. His experiments with hops and barley produced very few
samples. Just replacing 
         σ
       with 
         s
       did not produce accurate results when he tried to
calculate a confidence interval. He realized that he could not use a normal distribution
for the calculation. This problem led him to "discover" what is called the Student-t
distribution. The name comes from the fact that Gosset wrote under the pen name
"Student."
 Up until the mid 1990s, statisticians used the normal distribution approximation for large
sample sizes and only used the Student-t distribution for sample sizes of at most 30.
With the common use of graphing calculators and computers, the practice is to use the
Student-t distribution whenever 
         s
       is used as an estimate for 
         σ
      .
 If you draw a simple random sample of size 
         n
       from a population that has
approximately a normal distribution with mean 
         μ
       and unknown population
standard deviation 
         σ
       and calculate the t-score

, then the t-scores follow a Student-t distribution with 
            n – 1 degrees of freedom. The t-score has
the same interpretation as the z-score. It measures how far  is from its mean 
         μ
      . For each sample size 
         n
      , there is a different Student-t distribution.
 The degrees of freedom, 
         
            n – 1
      , come from the sample standard deviation 
         
            s
         
      . In Chapter 2, we used 
         n
       deviations 
         
       
 to calculate 
         
            s
         
      . Because the
sum of the deviations is 0, we can find the last deviation once we know the
other 
         
            n – 1
       deviations. The other 
         
            n – 1
       deviations can change or vary freely.
We call the number 
            n – 1 the degrees of freedom (df).
   
 The following are some facts about the Student-t distribution:

 	The graph for the Student-t distribution is similar to the normal curve.

	The Student-t distribution has more probability in its tails than the normal
because the spread is somewhat greater than the normal.

	The underlying population of observations is normal with unknown population
mean 
                  
                     μ
                  
                and unknown population standard deviation 
                  
                     σ
                  
               .  In the real world, however, as long as the underlying population is large and bell-shaped, and the data are a simple random sample, practitioners often consider the assumptions met.





   
 A Student-t table (See the Table of Contents 15. Tables) gives t-scores
given the degrees of freedom and the right-tailed probability. The table is very limited.
Calculators and computers can easily calculate any Student-t probabilities.
   
 The notation for the Student-t distribution is (using T as the random variable)

 
      
         T
       ~ 
         t
         df
       where df = n – 1.
 If the population standard deviation is not known, then the error bound for a population mean formula is:


 
      
.


      
is the t-score with area to the right equal to
.
 
      
         s
      
= the sample standard deviation
 The mechanics for calculating the error bound and the confidence interval are the same
as when 
         σ
       is known.
 Example 8.5. 
 Problem 

          
             Suppose you do a study of acupuncture to determine how
effective it is in relieving pain. You measure sensory rates for 15 subjects with
the results given below. Use the sample data to construct a 95% confidence
interval for the mean sensory rate for the population (assumed normal) from
which you took the data.


             8.6; 9.4; 7.9; 6.8; 8.3; 7.3; 9.2; 9.6; 8.7; 11.4; 10.3; 5.4; 8.1; 5.5; 6.9

             Note:
	The first solution is step-by-step.

	The second solution uses the TI-83+ and TI-84 calculators.




         


          Solution

             To find the confidence interval, you need the sample mean, , and the EBM.

             
               
            

             
               
so

            

             
               
            

             
               
            

             (Student-t table with df = 15 – 1 = 14)

             Therefore,

            

             This gives

            

             and

            

             The 95% confidence interval is (7.30, 9.15).

             You are 95% confident or sure that the true population average sensory rate is
between 7.30 and 9.15.

         




          Solution

             TI-83+ or TI-84: Use the function 8:TInterval in STAT TESTS. Once you
are in TESTS, press 8:TInterval and arrow to Data. Press ENTER. Arrow
down and enter the list name where you put the data for List, enter 1 for
Freq, and enter .95 for C-level. Arrow down to Calculate and press ENTER.
The confidence interval is (7.3006, 9.1527)

         



      





Glossary



	 Confidence Interval (CI)
	 
  An interval estimate for an unknown population parameter. This depends on: 

 	The desired confidence level.

	Information that is known about the  distribution (for example, known standard deviation).

	The sample and its size.




            

	 Degrees of Freedom (df)
	 
The number of objects in a sample that are free to vary.
    

	 Error Bound for a Population Mean (EBM)
	 
      The margin of error. Depends on the confidence level, sample size, and the known or estimated population standard deviation.
    

	 Normal Distribution
	 
   A continuous random variable (RV) with pdf  
, where 
                  μ
                 is the mean of the distribution and 
                  σ
                 is its standard deviation. Notation: 
                  X
                 ~   
                  N
  (μ, σ). If 
                  μ = 0 and 
                  σ = 1, the RV is called the standard normal distribution.
    

	 Standard Deviation
	 
A number that is equal to the square root of the variance and measures how far data values are from their mean. Notation: 
                  s
                for sample standard deviation and 
                  σ
                 for population standard deviation.
    

	 Student-t Distribution
	 
Investigated and reported by William S. Gossett in 1908 and published under the pseudonym Student. The major characteristics of the random variable (RV) are: 


 	It is continuous and assumes any real values. 

	The pdf is symmetrical about its mean of zero. However, it is more spread out and flatter at the apex than the normal distribution. 

	  It approaches the standard normal distribution as n gets larger. 

	  There is a "family" of t distributions: every representative of the family is completely defined by the number of degrees of freedom which is one less than the number of data.





            




8.4. Confidence Interval for a Population Proportion*



 During an election year, we see articles in the newspaper that state confidence intervals
in terms of proportions or percentages. For example, a poll for a particular
candidate running for president might show that the candidate has 40% of the vote
within 3 percentage points. Often, election polls are calculated with 95% confidence.
So, the pollsters would be 95% confident that the true proportion of voters who
favored the candidate would be between 0.37 and 0.43 

(
0.40
 – 
0.03
,
0.40
 + 
0.03
)
.
 Investors in the stock market are interested in the true proportion of stocks that go up
and down each week. Businesses that sell personal computers are interested in the
proportion of households in the United States that own personal computers.
Confidence intervals can be calculated for the true proportion of stocks that go up or
down each week and for the true proportion of households in the United States that
own personal computers.
 The procedure to find the confidence interval, the sample size, the error bound, and
the confidence level for a proportion is similar to that for the population mean. The
formulas are different.
 
      How do you know you are dealing with a proportion problem? First, the
underlying distribution is binomial. (There is no mention of a mean or average.) If

         X
       is a binomial random variable, then 
         X ~ B(n,p) where 
         n
       = the number of trials
and

         p
       = the probability of a success. To form a proportion, take 
         X
      , the random
variable for the number of successes and divide it by 
         n
      , the number of trials (or the
sample size). The random variable 
         P '  (read "P prime") is that proportion,

 
       
   
 (Sometimes the random variable is denoted as , read "P hat".)
 When 
         n
       is large, we can use the normal distribution to approximate the binomial.
 
      
         X
       ~

   
 If we divide the random variable by 
         n
      , the mean by 
         n
      , and the standard
deviation by 
         n
      , we get a normal distribution of proportions with 
         P ' , called the
estimated proportion, as the random variable. (Recall that a proportion = the
number of successes divided by 
         n
      .)
 
       ~









































   
 By algebra,

   
 
      
         
            P '  follows a normal distribution for proportions:

         P
 '  ~

   
 The confidence interval has the form 
         (p '  – EBP,p '  + EBP)
      .
 
      
   
 
      
         p
 ' 
 = the estimated proportion of successes (
         p '  is a point estimate for 
         p
      , the true proportion) 
 
      
         x
       = the number of successes. 
 
      
         n
       = the size of the sample
 
      The error bound for a proportion is
   
 
      
   
 This formula is actually very similar to the error bound formula for a
mean. The difference is the standard deviation. For a mean where
the population standard deviation is known, the standard deviation is
.
 For a proportion, the standard deviation is
.
 However, in the error bound formula, the standard deviation is
.
 In the error bound formula, 
         
            p '  and 
            q '  are estimates of 
            p
          and 
            q
         
      . The estimated
proportions 
         p '  and 
         q '  are used because 
         p
       and 
         q
       are not known. 
         p '  and 
         q '  are
calculated from the data. 
         p '  is the estimated proportion of successes. 
         q '  is the
estimated proportion of failures.
 Note
For the normal distribution of proportions, the z-score formula is as follows.

 If

         P
 '  ~
 then the z-score formula is

   
 Example 8.6. 
 Problem 

          
             Suppose that a sample of 500 households in Phoenix was taken last May
to determine whether the oldest child had given his/her mother a Mother's Day card. Of
the 500 households, 421 responded yes. Compute a 95% confidence interval for the true
proportion of all Phoenix households whose oldest child gave his/her mother a Mother's
Day card.

             Note:
	The first solution is step-by-step.

	The second solution uses the TI-83+ and TI-84 calculators.




         


          Solution

             Let 
                  X
                = the number of oldest children who gave their mothers Mother's Day card last
May. 
                  X
                is binomial. 
                  X
                ~ .

             To calculate the confidence interval, you must find 
                  p ' , 
                  q ' , and EBP.

             
               
= the number of successes

 = 
421

            

             
               
            

             
               
                  q
 ' 
 = 
1
 – 
p
 ' 
 = 
1
 – 
0.842
 = 
0.158

            

             Since

CL
 = 
0.95
, then
.

             Then
 using a calculator, computer, or standard normal table.

             Remember that the area to the right = 0.025 and therefore, area to the
left is 0.975.

             The z-score that corresponds to 0.975 is 1.96.

             
               
            

             
               
                  p
 ' 
 – 
EBP
 = 
0.842
 – 
0.032
 = 
0.81

            

             
               
                  p
 ' 
 + 
EBP
 = 
0.842
 + 
0.032
 = 
0.874

            

             The confidence interval for the true binomial population proportion is (p '  – EBP,p '  + EBP)  = 
               
                  (0.810,0.874)
               .

             We are 95% confident that between 81% and 87.4% of the
oldest children in households in Phoenix gave their mothers a
Mother's Day card last May.

             We can also say that 95% of the confidence intervals constructed in this
way contain the true proportion of oldest children in Phoenix who gave
their mothers a Mother's Day card last May.

         




          Solution

             TI-83+ and TI-84: Press STAT and arrow over to TESTS. Arrow down
to A:PropZint. Press ENTER. Enter 421 for 
                  x
               , 500 for 
                  n
               , and .95 for
C-Level. Arrow down to Calculate and press ENTER. The confidence
interval is (0.81003, 0.87397).

         



      





 Example 8.7. 
 Problem 

          
             For a class project, a political science student at a large university
wants to determine the percent of students that are registered voters. He surveys 500
students and finds that 300 are registered voters. Compute a 90% confidence interval
for the true percent of students that are registered voters and interpret the confidence
interval.

         


          Solution

             
               
                  x = 300 and 
                  n = 500. Using a TI-83+ or 84 calculator, the 90% confidence
interval for the true percent of students that are registered voters is (0.564, 0.636).

             Interpretation:
	We are 90% confident that the true percent of students that are registered voters
is between 56.4% and 63.6%.

	Ninety percent (90 %) of all confidence intervals constructed in this way contain
the true percent of students that are registered voters.




         



      





 
Calculating the Sample Size n
 
If researchers desire a specific margin of error, then they can use the error bound formula to calculate the required sample size.

 The error bound formula for a population proportion is

 	
               
            

	Solving for 
                  n
                gives you an equation for the sample size.

	
               

            



 Example 8.8. 
 
  Suppose a mobile phone company wants to determine the current percentage of customers aged 50+ that use text messaging on their cell phone. How many customers aged 50+ should the company survey in order to be 90% confident that the estimated (sample) proportion is within 3 percentage points of the true population proportion of customers aged 50+ that use text messaging on their cell phone.





 From the problem, we know that
 	
               EBP = 0.03  
               (3% = 0.03)
            

	
               
                = 
1.645

  because the confidence level is 90%.
      



 However, in order to find 
        
            n
         
      , we need to know the estimated (sample) proportion  p'. 

Remember that q' = 1 – p'. 

But, we do not know p'. Since we multiply 
        p' 
       and 
        q' 
       together, we make them both equal to 
        0.5
      because 
        p'q' = 
(.5)(.5) = 0.25 
       results in the largest possible product. 

(Try other products: 
        (.6)(.4) = 0.24;  
        (.3)(.7) = 0.21;  
         (.2)(.8) = 0.16; and so on). 

The largest possible product gives us the largest  
        
            n
         . 

This gives us a large enough sample so that we can be 90%  confident that we are within 
            3
          percentage points of the true proportion of customers aged 50+ that use text messaging on their cell phone. 

To calculate the sample size  
        
            n
         , use the formula and make the substitutions.
 	
               
            

	
               
            

	
               
                  n = 751.7
            

	
Round the answer to the next higher value. The sample size should be 
        752  
       cell phone customers aged 50+ in order to be 90%  confident that the estimated (sample) proportion is within 3  percentage points of the true population proportion of customers aged 50+ that use text messaging on their cell phone.





Glossary



	 Binomial Distribution
	 
      A discrete random variable (RV) which arises from the Bernoulli trials. There are a fixed number, 
                  n
               , of independent trials. “Independent” means that the result of any trial (for example, trial 1) does not affect the results of  all the following trials, and all trials are conducted under the same conditions. Under these circumstances the binomial RV 

                  X
                is defined as the number of successes in 
                  n
                trials. The notation is: 


                  
                     X
                  ~ 
                     B
  (
  n
  ,
  p
  )
               .  
 The mean is 
                  μ = np
 and the standard deviation is 

. The probability of having  exactly 
                  x
                successes in 
                  n
                trials is .
    

	 Confidence Interval (CI)
	 
  An interval estimate for an unknown population parameter. This depends on: 

 	The desired confidence level.

	Information that is known about the  distribution (for example, known standard deviation).

	The sample and its size.




            

	 Confidence Level (CL)
	 
The percent expression for the probability that the confidence interval contains the true population parameter. For example, if the CL = 90%, then in 90 out of 100 samples the interval estimate will enclose the true population parameter.
    

	 Error Bound for a Population Mean (EBM)
	 
      The margin of error. Depends on the confidence level, sample size, and known or estimated population standard deviation.
    

	 Normal Distribution
	 
   A continuous random variable (RV) with pdf  
, where 
                  μ
                 is the mean of the distribution and 
                  σ
                 is its standard deviation. Notation: 
                  X
                 ~   
                  N
  (μ, σ). If 
                  μ = 0 and 
                  σ = 1, the RV is called the standard normal distribution.
    




8.5. Summary of Formulas*



 
      
 Formula 8.1.  General form of a confidence interval

         
         
          
               
(
lower value
,
upper value
)
 = 
(
point estimate
 – 
error bound
,
point estimate
 + 
error bound
)

            


      


 
   
 
      
 Formula 8.2. To find the error bound when you know the confidence interval

         
         
          
                OR
 
            



      


 
   
 
      
 Formula 8.3. Single Population Mean, Known Standard Deviation, Normal Distribution

         
         
          Use the Normal Distribution for Means
               
            



          The confidence interval has the format
.


      


 
   
 
      
 Formula 8.4. Single Population Mean, Unknown Standard Deviation, Student-t Distribution

         
         
          Use the Student-t Distribution with degrees of freedom

df
 = 
n
 – 
1
.

            


      


 
   
 
      
 Formula 8.5. Single Population Proportion, Normal Distribution

         
         
          Use the Normal Distribution for a single population proportion

            



          
               
            



          The confidence interval has the format

(
p
 ' 
 – 
EBP
,
p
 ' 
 + 
EBP
)
.


      


 
   
 
      
 Formula 8.6. Point Estimates

         
         
          
                is a point estimate for

                  μ
               
            


          
               
                  p
 ' 
 is a point estimate for

                  ρ
               
            
 
               
                  s
                is a point estimate for

                  σ
               
            


      


 
   

8.6. Practice 1: Confidence Intervals for Averages, Known Population Standard Deviation*



Student Learning Outcomes



 	
The student will explore the properties of Confidence Intervals for Averages when the population standard deviation is known.




Given



 The average age for all Foothill College students for Fall 2005 was 32.7. The population standard deviation has been pretty consistent at 15. Twenty-five Winter 2006 students were randomly selected. The average age for the sample was 30.4. We are interested in the true average age for Winter 2006 Foothill College students. (http://research.fhda.edu/factbook/FHdemofs/Fact_sheet_fh_2005f.pdf)

 Let 

            X =  the age of a Winter 2006 Foothill College student

Calculating the Confidence Interval



 Exercise 8.6.1. (Go to Solution)

          
             
               


            

         



      


 Exercise 8.6.2. (Go to Solution)

          
             
               
                  n
               =

         






      


 Exercise 8.6.3. (Go to Solution)

          
             15=(insert symbol here)
  

         



      


 Exercise 8.6.4. (Go to Solution)

          
             Define the Random Variable, 
, in words. 

  

             
                =

         



      


 Exercise 8.6.5. (Go to Solution)

          
             
 What is 
 estimating?

  

         



      


 Exercise 8.6.6. (Go to Solution)

          
             
  Is 

                  σ
                  
                     x
                  
                known?

  

         



      


 Exercise 8.6.7. (Go to Solution)

          
             
  As a result of your answer to (4), state the exact distribution to use when calculating the Confidence Interval.
  

         



      



Explaining the Confidence Interval



 
    Construct a 95% Confidence Interval for the true average age of Winter 2006 Foothill College students.
  
 Exercise 8.6.8. (Go to Solution)

          
             How much area is in both tails (combined)? 

                  α = 

               ________
            

         



      


 Exercise 8.6.9. (Go to Solution)

          
             How much area is in each tail? 


               ________
            

         



      


 Exercise 8.6.10. (Go to Solution)

          
             Identify the following specifications:
 
	
                     a. 
 lower limit =
	
                     b.  upper limit =
	
                     c.  error bound =


            

         



      


 Exercise 8.6.11. (Go to Solution)

          
             The 95% Confidence Interval is:__________________

         



      


 Exercise 8.6.12.

          
             
               
 Figure 8.2.     Fill in the blanks on the graph with the areas, upper and lower limits of the Confidence Interval, and the sample mean.
 [image: Normal distribution curve with two vertical upward lines from the x-axis to the curve. The confidence interval is between these two lines. The residual areas are on either side.]




            

         



      


 Exercise 8.6.13.

          
             
   In one complete sentence, explain what the interval means.
  

         



      



Discussion Questions



 Exercise 8.6.14.

          
             
Using the same mean, standard deviation and level of confidence, suppose that 

                  n
                were 69 instead of 25. Would the error bound become larger or smaller? How do you know?
  

         


      


 Exercise 8.6.15.

          
             
Using the same mean, standard deviation and sample size, how would the error bound change if the confidence level were reduced to 90%? Why?
  

         


      



Solutions to Exercises



 Solution to Exercise 8.6.1. (Return to Exercise)

          30.4


      


 Solution to Exercise 8.6.2. (Return to Exercise)

          25

      


 Solution to Exercise 8.6.3. (Return to Exercise)

          
            
               σ
            
         

      


 Solution to Exercise 8.6.4. (Return to Exercise)

          the average age of 25 randomly selected Winter 2006 Foothill students

      


 Solution to Exercise 8.6.5. (Return to Exercise)

          
            
               μ
            
         

      


 Solution to Exercise 8.6.6. (Return to Exercise)

          yes

      


 Solution to Exercise 8.6.7. (Return to Exercise)

          Normal
  

      


 Solution to Exercise 8.6.8. (Return to Exercise)

          0.05

      


 Solution to Exercise 8.6.9. (Return to Exercise)

          0.025

      


 Solution to Exercise 8.6.10. (Return to Exercise)

          
             
	
                  a. 24.52
	
                  b. 36.28
	
                  c. 5.88


         

      


 Solution to Exercise 8.6.11. (Return to Exercise)

          
            (24.52,36.28)
         

      




8.7. Practice 2: Confidence Intervals for Averages, Unknown Population Standard Deviation*



Student Learning Outcomes



 	
The student will explore the properties of confidence intervals for averages when the population standard deviation is unknown.




Given



 
The following real data are the result of a random survey of 39 national flags (with replacement between picks) from various countries. We are interested in finding a confidence interval for the true average number of colors on a national flag. Let 

            X =  the number of colors on a national flag.

Table 8.1. 	X	Freq.
	1	1
	2	7
	3	18
	4	7
	5	6



Calculating the Confidence Interval



 Exercise 8.7.1. (Go to Solution)

          
             
Calculate the following:
 
	
                     a. 
                     
                  
	
                     b. 
                     
                        s
                        
                           x
                         = 
                  
	
                     c. 
                     
                        n = 
                  


            

  
         



      


 Exercise 8.7.2. (Go to Solution)

          
             Define the Random Variable, 
, in words. 


               __________________________
            

         



      


 Exercise 8.7.3. (Go to Solution)

          
             
   What is 
 estimating?

  

         



      


 Exercise 8.7.4. (Go to Solution)

          
             
 Is 

                  σ
                  
                     x
                  
                known?

  

         



      


 Exercise 8.7.5. (Go to Solution)

          
             
As a result of your answer to (4), state the exact distribution to use when calculating the Confidence Interval.
  

         



      



Confidence Interval for the True Average Number 



 Construct a 95% Confidence Interval for the true average number of colors on national flags.
 Exercise 8.7.6. (Go to Solution)

          
             How much area is in both tails (combined)? 

                  α = 

            

         



      


 Exercise 8.7.7. (Go to Solution)

          
             How much area is in each tail? 

            

         



      


 Exercise 8.7.8. (Go to Solution)

          
             Calculate the following:
   
	
                     a. lower limit =
	
                     b. upper limit =
	
                     c. error bound =


            

         



      


 Exercise 8.7.9. (Go to Solution)

          
             The 95% Confidence Interval is:


         



      


 Exercise 8.7.10.

          
             Fill in the blanks on the graph with the areas, upper and lower limits of the Confidence Interval and the sample mean.

 Figure 8.3. 
 [image: Normal distribution curve with two vertical upward lines from the x-axis to the curve. The confidence interval is between these two lines. The residual areas are on either side.]



            

         


      


 Exercise 8.7.11.

          
             
 In one complete sentence, explain what the interval means.
  

         


      



Discussion Questions



 Exercise 8.7.12.

          
             
Using the same 
, 

                  s
                  
                     x
                  
               , and level of confidence, suppose that 

                  n
                were 69 instead of 39. Would the error bound become larger or smaller? How do you know?

         

      


 Exercise 8.7.13.

          
             Using the same
, 

                  s
                  
                     x
                  
               , and 

                  n = 39, how would the error bound change if the confidence level were reduced to 90%? Why?
    

         



      



Solutions to Exercises



 Solution to Exercise 8.7.1. (Return to Exercise)

          	
               a. 3.26
	
               b. 1.02
	
               c. 39


      


 Solution to Exercise 8.7.2. (Return to Exercise)

          the average number of colors of 39 flags

      


 Solution to Exercise 8.7.3. (Return to Exercise)

          
            
          
              
                
                  μ
                
              
              
            
            

         

      


 Solution to Exercise 8.7.4. (Return to Exercise)

          No 

      


 Solution to Exercise 8.7.5. (Return to Exercise)

          
            
          
              
                
                  t
               
                      
                        38
                      
                    
                
              
              
            
            
         

      


 Solution to Exercise 8.7.6. (Return to Exercise)

          0.05

      


 Solution to Exercise 8.7.7. (Return to Exercise)

          0.025

      


 Solution to Exercise 8.7.8. (Return to Exercise)

          	
               a. 
   2.93
	
               b. 3.59
	
               c. 0.33


      


 Solution to Exercise 8.7.9. (Return to Exercise)

          2.93; 3.59

      




8.8. Practice 3: Confidence Intervals for Proportions*



Student Learning Outcomes



 	
The student will explore the properties of the confidence intervals for proportions.




Given



 
The Ice Chalet offers dozens of different beginning ice-skating classes. All of the class names are put into a bucket. The 5 P.M., Monday night, ages 8 - 12, beginning ice-skating class was picked. In that class were 64 girls and 16 boys. Suppose that we are interested in the true proportion of girls, ages 8 - 12, in all beginning ice-skating classes at the Ice Chalet.


Estimated Distribution



 Exercise 8.8.1.

          
             
   What is being counted?
  

         



      


 Exercise 8.8.2. (Go to Solution)

          
             In words, define the Random Variable 

                  X
               . 

                  X =  
            

         



      


 Exercise 8.8.3. (Go to Solution)

          
             
Calculate the following:
 
	
                     a.      
                     
                        x = 
                  
	
                     b. 
                     
                        n = 
                  
	
                     c. 
                     
                        p
                        ' = 
                  


            

         



      


 Exercise 8.8.4. (Go to Solution)

          
             State the estimated distribution of 

                  X
               . 

                  X
                ~ 
  

         



      


 Exercise 8.8.5. (Go to Solution)

          
             
  Define a new Random Variable 

                  P'
               . What is 

                  p'
                estimating?

  

         



      


 Exercise 8.8.6. (Go to Solution)

          
             In words, define the Random Variable 

                  P'
                . 

                  P
                  ' = 

            

         



      


 Exercise 8.8.7.

          
             State the estimated distribution of 

                  P'
               . 

                  P '  ~

         


      



Explaining the Confidence Interval



 Construct a 92% Confidence Interval for the true proportion of girls in the age 8 - 12 beginning ice-skating classes at the Ice Chalet.
  
 Exercise 8.8.8. (Go to Solution)

          
             How much area is in both tails (combined)? 

                  α = 

            

         



      


 Exercise 8.8.9. (Go to Solution)

          
             How much area is in each tail? 


            

         



      


 Exercise 8.8.10. (Go to Solution)

          
             
Calculate the following:
   
	
                     a. lower limit =
	
                     b. upper limit =
	
                     c. error bound =


            

         



      


 Exercise 8.8.11. (Go to Solution)

          
             The 92% Confidence Interval is: 
 

         



      


 Exercise 8.8.12.

          
             
               
 Figure 8.4.  Fill in the blanks on the graph with the areas, upper and lower limits of the Confidence Interval, and the sample proportion.
 [image: Normal distribution curve with two vertical upward lines from the x-axis to the curve. The confidence interval is between these two lines. The residual areas are on either side.]




            

         


      


 Exercise 8.8.13.

          
             
  In one complete sentence, explain what the interval means.
  

         


      



Discussion Questions



 Exercise 8.8.14.

          
             
Using the same 

                  p'
                and level of confidence, suppose that n were increased to 100. Would the error bound become larger or smaller? How do you know?
  

         

      


 Exercise 8.8.15.

          
             
Using the same 

                  p'
                and 

                  n = 80, how would the error bound change if the confidence level were increased to 98%? Why?
  

         

      


 Exercise 8.8.16.

          
             
If you decreased the allowable error bound, why would the minimum sample size increase (keeping the same level of confidence)?
    
  

         


      



Solutions to Exercises



 Solution to Exercise 8.8.2. (Return to Exercise)

          The number of girls, age 8-12, in the beginning ice skating class

      


 Solution to Exercise 8.8.3. (Return to Exercise)

          	
               a. 64
	
               b. 80
	
               c. 0.8


      


 Solution to Exercise 8.8.4. (Return to Exercise)

          
            
               B
(
80
,
0.80
)

         

      


 Solution to Exercise 8.8.5. (Return to Exercise)

          
            
               p
            
         

      


 Solution to Exercise 8.8.6. (Return to Exercise)

          The proportion of girls, age 8-12, in the beginning ice skating class.

      


 Solution to Exercise 8.8.8. (Return to Exercise)

          1 - 0.92 = 0.08

      


 Solution to Exercise 8.8.9. (Return to Exercise)

          0.04

      


 Solution to Exercise 8.8.10. (Return to Exercise)

          	
               a. 0.72
	
               b. 0.88
	
               c. 0.08


      


 Solution to Exercise 8.8.11. (Return to Exercise)

          0.72; 0.88
  

      




8.9. Homework*



 
      
 Note
 If you are using a student-t distribution for a homework problem below, you may assume that the underlying population is normally distributed. (In general, you must first prove that assumption, though.)


  
 
      
 Exercise 8.9.1. (Go to Solution)

          
             Among various ethnic groups, the standard deviation of heights is known to be approximately 3 inches. We wish to construct a 95% confidence interval for the average height of male Swedes. 48 male Swedes are surveyed. The sample mean is 71 inches. The sample standard deviation is 2.8 inches.

 
	
                     a. 
                      	
                           i. 
                           
                           ________  
                        
	
                           ii. 
                           
                              σ =  
                           ________
                        
	
                           iii. 
                           
        
            
              
                
                              s
                              
                      
                                 x
                      
                              
                   = 
                  
                
              
            
            
          
      
                           ________
                        
	
                           iv. 
                           
                              n = 
                           ________ 
                        
	
                           v. 
                           
                              n − 1 = 
                           ________ 
                        


                  
	
                     b. Define the Random Variables 

                        X
                      and 
, in words.
	
                     c. Which distribution should you use for this problem? Explain your choice.
	
                     d. Construct a 95% confidence interval for the population average height of male Swedes. 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     e. What will happen to the level of confidence obtained if 1000 male Swedes are surveyed instead of 48? Why?


            

         


      



  
 
      
 Exercise 8.9.2.

          
             In six packages of “The Flintstones® Real Fruit Snacks” there were 5 Bam-Bam snack pieces. The total number of snack pieces in the six bags was 68. We wish to calculate a 96% confidence interval for the population proportion of Bam-Bam snack pieces.

             
                
	
                     a. Define the Random Variables 

                        X
                      and 

                        P'
                     , in words.
	
                     b. Which distribution should you use for this problem? Explain your choice 
	
                     c. Calculate 

                        p'
                     .
	
                     d. Construct a 96% confidence interval for the population proportion of Bam-Bam snack pieces per bag. 	
                           i.  State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     e. Do you think that six packages of fruit snacks yield enough data to give accurate results? Why or why not?


            

         

      



  
 
      
 Exercise 8.9.3. (Go to Solution)

          
             A random survey of enrollment at 35 community colleges across the United States yielded the following figures (source: Microsoft Bookshelf): 6414; 1550; 2109; 9350; 21828; 4300; 5944; 5722; 2825; 2044; 5481; 5200; 5853; 2750; 10012; 6357; 27000; 9414; 7681; 3200; 17500; 9200; 7380; 18314; 6557; 13713; 17768; 7493; 2771; 2861; 1263; 7285; 28165; 5080; 11622. Assume the underlying population is normal. 

 
	
                     a. 
                      	
                           i. 
                            
                        
	
                           ii.  
                           
        
            
              
                
                              s
                              
                      
                                 x
                      
                              
                   = 
                  
                
              
            
            
          
       
                           ________
                        
	
                           iii. 
                           
                              n =  
                           ________
                        
	
                           iv. 
                           
                              n − 1 = 
                           ________
                        


                  
	
                     b. Define the Random Variables 

                        X
                      and 
, in words.
	
                     c. Which distribution should you use for this problem? Explain your choice.
	
                     d. Construct a 95% confidence interval for the population average enrollment at community colleges in the United States. 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     e. What will happen to the error bound and confidence interval if 500 community colleges were surveyed? Why?


            

         


      



  
 
      
 Exercise 8.9.4.

          
             From a stack of IEEE Spectrum magazines, announcements for 84 upcoming engineering conferences were randomly picked. The average length of the conferences was 3.94 days, with a standard deviation of 1.28 days. Assume the underlying population is normal.


             
                
	
                     a. Define the Random Variables 

                        X
                      and 
, in words.
	
                     b. Which distribution should you use for this problem? Explain your choice.
	
                     c. Construct a 95% confidence interval for the population average length of engineering conferences. 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  


            

         

      



  
 
      
 Exercise 8.9.5. (Go to Solution)

          
             Suppose that a committee is studying whether or not there is waste of time in our judicial system. It is interested in the average amount of time individuals waste at the courthouse waiting to be called for service. The committee randomly surveyed 81 people. The sample average was 8 hours with a sample standard deviation of 4 hours.


             
                
	
                     a. 
                      	
                           i. 
                           
                           ________ 
                        
	
                           ii.  
                           
        
            
              
                
                              s
                              
                      
                                 x
                      
                              
                   = 
                  
                
              
            
            
          
       
                           ________
                        
	
                           iii. 
                           
                              n = 
                           ________ 
                        
	
                           iv. 
                           
                              n − 1 = 
                           ________
                        


                  
	
                     b. Define the Random Variables 

                        X
                      and 
, in words.
	
                     c. Which distribution should you use for this problem? Explain your choice.
	
                     d. Construct a 95% confidence interval for the population average time wasted. 	
                           a. State the confidence interval. 
	
                           b. Sketch the graph.
	
                           c. Calculate the error bound.


                  
	
                     e. Explain in a complete sentence what the confidence interval means.


            

         


      



  
 
      
 Exercise 8.9.6.

          
             Suppose that an accounting firm does a study to determine the time needed to complete one person’s tax forms. It randomly surveys 100 people. The sample average is 23.6 hours. There is a known standard deviation of 7.0 hours. The population distribution is assumed to be normal. 


             
                
	
                     a. 
                      	
                           i. 
                             
                           ________
                        
	
                           ii. 
                           
                              σ = 
                           ________ 
                        
	
                           iii. 
                           
        
            
              
                
                              s
                              
                      
                                 x
                      
                              
                   = 
                  
                
              
            
            
          
      
                           ________
                        
	
                           iv. 
                           
                              n =  
                           ________
                        
	
                           v. 
                           
                              n − 1 = 
                           ________ 
                        


                  
	
                     b. Define the Random Variables 

                        X
                      and
, in words.
	
                     c. Which distribution should you use for this problem? Explain your choice.
	
                     d. Construct a 90% confidence interval for the population average time to complete the tax forms.  	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     e. If the firm wished to increase its level of confidence and keep the error bound the same by taking another survey, what changes should it make?
	
                     f. If the firm did another survey, kept the error bound the same, and only surveyed 49 people, what would happen to the level of confidence? Why?
	
                     g. Suppose that the firm decided that it needed to be at least 96% confident of the population average length of time to within 1 hour. How would the number of people the firm surveys change? Why?


            

         

      



  
 
      
 Exercise 8.9.7. (Go to Solution)

          
             A sample of 16 small bags of the same brand of candies was selected. Assume that the population distribution of bag weights is normal. The weight of each bag was then recorded. The mean weight was 2 ounces with a standard deviation of 0.12 ounces. The population standard deviation is known to be 0.1 ounce.


             
                
	
                     a. 
                      	
                           i. 
                            
                           ________ 
                        
	
                           ii. 
                           
                              σ =  
                           ________
                        
	
                           iii. 
                           
        
            
              
                
                              s
                              
                      
                                 x
                      
                              
                   = 
                  
                
              
            
            
          
      
                           ________
                        
	
                           iv. 
                           
                              n =  
                           ________
                        
	
                           v. 
                           
                              n − 1 =  
                           ________
                        


                  
	
                     b. Define the Random Variable 

                        X
                     , in words.
	
                     c. Define the Random Variable
, in words.
	
                     d. Which distribution should you use for this problem? Explain your choice.
	
                     e. Construct a 90% confidence interval for the population average weight of the candies. 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     f. Construct a 98% confidence interval for the population average weight of the candies.  	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     g. In complete sentences, explain why the confidence interval in (f) is larger than the confidence interval in (e).
	
                     h. In complete sentences, give an interpretation of what the interval in (f) means.


            

         


      



  
 
      
 Exercise 8.9.8.

          
             A pharmaceutical company makes tranquilizers. It is assumed that the distribution for the length of time they last is approximately normal. Researchers in a hospital used the drug on a random sample of 9 patients. The effective period of the tranquilizer for each patient (in hours) was as follows: 2.7; 2.8; 3.0; 2.3; 2.3; 2.2; 2.8; 2.1; and 2.4 . 


             
                
	
                     a. 
                      	
                           i. 
                            
                        
	
                           ii.  
                           
        
            
              
                
                              s
                              
                      
                                 x
                      
                              
                   = 
                  
                
              
            
            
          ________
       
                        
	
                           iii. 
                           
                              n = ________ 
                        
	
                           iv. 
                           
                              n − 1 = ________
                        


                  
	
                     b. Define the Random Variable 

                        X
                     , in words.
	
                     c. Define the Random Variable
, in words.
	
                     d. Which distribution should you use for this problem? Explain your choice.
	
                     e. Construct a 95% confidence interval for the population average length of time. 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     f. What does it mean to be “95% confident” in this problem?


            

         

      



  
 
      
 Exercise 8.9.9. (Go to Solution)

          
             Suppose that 14 children were surveyed to determine how long they had to use training wheels. It was revealed that they used them an average of 6 months with a sample standard deviation of 3 months. Assume that the underlying population distribution is normal.


             
                
	
                     a. 
                      	
                           i. 
                            
                        
	
                           ii.  
                           
        
            
              
                
                              s
                              
                      
                                 x
                      
                              
                   = 
                  
                
              
            
            
          ________
       
                        
	
                           iii. 
                           
                              n = ________ 
                        
	
                           iv. 
                           
                              n − 1 = ________
                        


                  
	
                     b. Define the Random Variable 

                        X
                     , in words.
	
                     c. Define the Random Variable 
, in words.
	
                     d. Which distribution should you use for this problem? Explain your choice.
	
                     e. Construct a 99% confidence interval for the population average length of time using training wheels. 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     f. Why would the error bound change if the confidence level was lowered to 90%?


            

         



      



  
 
      
 Exercise 8.9.10.

          
             Insurance companies are interested in knowing the population percent of drivers who always buckle up before riding in a car.


             
                
	
                     a. When designing a study to determine this population proportion, what is the minimum number you would need to survey to be 95% confident that the population proportion is estimated to within 0.03?
	
                     b. If it was later determined that it was important to be more than 95% confident and a new survey was commissioned, how would that affect the minimum number you would need to survey? Why?


            

         


      



  
 
      
 Exercise 8.9.11. (Go to Solution)

          
             Suppose that the insurance companies did do a survey. They randomly surveyed 400 drivers and found that 320 claimed to always buckle up. We are interested in the population proportion of drivers who claim to always buckle up.


             
                
	
                     a. 
                      	
                           i. 
                           
                              x = ________ 
                        
	
                           ii. 
                           
                              n = ________
                        
	
                           iii. 
                           
                              p
                              ' = ________
                        


                  
	
                     b. Define the Random Variables 
                        X
                      and 
                        P'
                     , in words.
	
                     c. Which distribution should you use for this problem? Explain your choice.
	
                     d. Construct a 95% confidence interval for the population proportion that claim to always buckle up. 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     e. If this survey were done by telephone, list 3 difficulties the companies might have in obtaining random results.


            

         



      



  
 
      
 Exercise 8.9.12.

          
             Unoccupied seats on flights cause airlines to lose revenue. Suppose a large airline wants to estimate its average number of unoccupied seats per flight over the past year. To accomplish this, the records of 225 flights are randomly selected and the number of unoccupied seats is noted for each of the sampled flights. The sample mean is 11.6 seats and the sample standard deviation is 4.1 seats.



             
                
	
                     a. 
                      	
                           i. 
                            
                        
	
                           ii.  
                           
        
            
              
                
                              s
                              
                      
                                 x
                      
                              
                   = 
                  
                
              
            
            
          ________
       
                        
	
                           iii. 
                           
                              n = ________ 
                        
	
                           iv. 
                           
                              n − 1 = ________
                        


                  
	
                     b. Define the Random Variables 

                        X
                      and
, in words.
	
                     c. Which distribution should you use for this problem? Explain your choice.
	
                     d. Construct a 92% confidence interval for the population average number of unoccupied seats per flight. 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii.  Calculate the error bound.


                  


            

         

      



  
 
      
 Exercise 8.9.13. (Go to Solution)

          
             According to a recent survey of 1200 people, 61% feel that the president is doing an acceptable job. We are interested in the population proportion of people who feel the president is doing an acceptable job.


             
                
	
                     a. Define the Random Variables 
                        X
                      and 

                        P'
                     , in words.
	
                     b. Which distribution should you use for this problem? Explain your choice.
	
                     c. Construct a 90% confidence interval for the population proportion of people who feel the president is doing an acceptable job. 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  


            

         


      



  
 
      
 Exercise 8.9.14.

          
             A survey of the average amount of cents off that coupons give was done by randomly surveying one coupon per page from the coupon sections of a recent San Jose Mercury News. The following data were collected: 20¢; 75¢; 50¢; 65¢; 30¢; 55¢; 40¢; 40¢; 30¢; 55¢; $1.50; 40¢; 65¢; 40¢. Assume the underlying distribution is approximately normal.


             
                
	
                     a. 
                      	
                           i. 
                            
                        
	
                           ii.  
                           
        
            
              
                
                              s
                              
                      
                                 x
                      
                              
                   = 
                  
                
              
            
            
          ________
       
                        
	
                           iii. 
                           
                              n = ________ 
                        
	
                           iv. 
                           
                              n − 1 = ________
                        


                  
	
                     b. Define the Random Variables 

                        X
                      and
, in words.
	
                     c. Which distribution should you use for this problem? Explain your choice.
	
                     d. Construct a 95% confidence interval for the population average worth of coupons. 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     e. If many random samples were taken of size 14, what percent of the confident intervals constructed should contain the population average worth of coupons? Explain why.


            

         

      



  
 
      
 Exercise 8.9.15. (Go to Solution)

          
             An article regarding interracial dating and marriage recently appeared in the Washington Post. Of the 1709 randomly selected adults, 315 identified themselves as Latinos, 323 identified themselves as blacks, 254 identified themselves as Asians, and 779 identified themselves as whites. In this survey, 86% of blacks said that their families would welcome a white person into their families. Among Asians, 77% would welcome a white person into their families, 71% would welcome a Latino, and 66% would welcome a black person.


             
                
	
                     a. We are interested in finding the 95% confidence interval for the percent of black families that would welcome a white person into their families. Define the Random Variables 

                        X
                      and 

                        P'
                     , in words.
	
                     b. Which distribution should you use for this problem? Explain your choice.
	
                     c. Construct a 95% confidence interval 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  


            

         



      



  
 
      
 Exercise 8.9.16.

          
             Refer to  the problem above.
            


             
                
	
                     a. Construct the 95% confidence intervals for the three Asian responses. 
	
                     b. Even though the three point estimates are different, do any of the confidence intervals overlap? Which?
	
                     c. For any intervals that do overlap, in words, what does this imply about the significance of the differences in the true proportions?
	
                     d. For any intervals that do not overlap, in words, what does this imply about the significance of the differences in the true proportions?


            

         

      



  
 
      
 Exercise 8.9.17. (Go to Solution)

          
             A camp director is interested in the average number of letters each child sends during his/her camp session. The population standard deviation is known to be 2.5. A survey of 20 campers is taken. The average from the sample is 7.9 with a sample standard deviation of 2.8.


             
                
	
                     a. 
                      	
                           i. 
                             
                        
	
                           ii. 
                           
                              σ = ________ 
                        
	
                           iii. 
                           
        
            
              
                
                              s
                              
                      
                                 x
                      
                              
                   = 
                  
                
              
            
            
          ________
      
                        
	
                           iv. 
                           
                              n = ________ 
                        
	
                           v. 
                           
                              n − 1 = ________ 
                        


                  
	
                     b. Define the Random Variables 

                        X
                      and 
, in words.
	
                     c. Which distribution should you use for this problem? Explain your choice.
	
                     d. Construct a 90% confidence interval for the population average number of letters campers send home. 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     e. What will happen to the error bound and confidence interval if 500 campers are surveyed? Why?


            

         



      



  
 
      
 Exercise 8.9.18.

          
             Stanford University conducted a study of whether running is healthy for men and women over age 50. During the first eight years of the study, 1.5% of the 451 members of the 50-Plus Fitness Association died. We are interested in the proportion of people over 50 who ran and died in the same eight–year period.


             
                
	
                     a. Define the Random Variables 

                        X
                      and 

                        P'
                     , in words.
	
                     b. Which distribution should you use for this problem? Explain your choice.
	
                     c. Construct a 97% confidence interval for the population proportion of people over 50 who ran and died in the same eight–year period. 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     d.  Explain what a “97% confidence interval” means for this study.


            

         

      



  
 
      
 Exercise 8.9.19. (Go to Solution)

          
             In a recent sample of 84 used cars sales costs, the sample mean was $6425 with a standard deviation of $3156. Assume the underlying distribution is approximately normal.


             
                
	
                     a. Which distribution should you use for this problem? Explain your choice.
	
                     b. Define the Random Variable 
, in words.
	
                     c. Construct a 95% confidence interval for the population average cost of a used car. 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     d. Explain what a “95% confidence interval” means for this study.


            

         



      



  
 
      
 Exercise 8.9.20.

          
             A telephone poll of 1000 adult Americans was reported in an issue of Time Magazine. One of the questions asked was “What is the main problem facing the country?” 20% answered “crime”. We are interested in the population proportion of adult Americans who feel that crime is the main problem.



             
                
	
                     a. Define the Random Variables 

                        X
                      and 

                        P'
                     , in words.
	
                     b. Which distribution should you use for this problem? Explain your choice.
	
                     c. Construct a 95% confidence interval for the population proportion of adult Americans who feel that crime is the main problem. 	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     d. Suppose we want to lower the sampling error. What is one way to accomplish that?
	
                     e. The sampling error given by Yankelovich Partners, Inc. (which conducted the poll) is ± 3%. In 1-3 complete sentences, explain what the ± 3% represents.


            

    
         

      



  
 
      
 Exercise 8.9.21. (Go to Solution)

          
             Refer to the above problem. Another question in the poll was “[How much are] you worried about the quality of education in our schools?” 63% responded “a lot”. We are interested in the population proportion of adult Americans who are worried a lot about the quality of education in our schools.


             
               
 	Define the Random Variables 

                           X
                         and 

                           P'
                        , in words.

	Which distribution should you use for this problem? Explain your choice.

	Construct a 95% confidence interval for the population proportion of adult Americans worried a lot about the quality of education in our schools. 
	
                              i. State the confidence interval. 
	
                              ii. Sketch the graph.
	
                              iii. Calculate the error bound.


                     

	The sampling error given by Yankelovich Partners, Inc. (which conducted the poll) is ± 3%. In 1-3 complete sentences, explain what the ± 3% represents. 




            

    
         



      



  
 
      
 Exercise 8.9.22.

          
             Six different national brands of chocolate chip cookies were randomly selected at the supermarket. The grams of fat per serving are as follows: 8; 8; 10; 7; 9; 9. Assume the underlying distribution is approximately normal.


             
                
	
                     a. Calculate a 90% confidence interval for the population average grams of fat per serving of chocolate chip cookies sold in supermarkets.  	
                           i. State the confidence interval. 
	
                           ii. Sketch the graph.
	
                           iii. Calculate the error bound.


                  
	
                     b. If you wanted a smaller error bound while keeping the same level of confidence, what should have been changed in the study before it was done?
	
                     c. Go to the store and record the grams of fat per serving of six brands of chocolate chip cookies.
	
                     d. Calculate the average.
	
                     e. Is the average within the interval you calculated in part (a)? Did you expect it to be? Why or why not?


            

         

      



  
 
      
 Exercise 8.9.23.

          
             A confidence interval for a proportion is given to be (– 0.22, 0.34). Why doesn’t the lower limit of the confidence interval make practical sense? How should it be changed? Why?

         

      



  
Try these multiple choice questions.



 
         The next three problems refer to the following: According a Field Poll conducted February 8 – 17, 2005, 79% of California adults (actual results are 400 out of 506 surveyed) feel that “education and our schools” is one of the top issues facing California. We wish to construct a 90% confidence interval for the true proportion of California adults who feel that education and the schools is one of the top issues facing California.
 
         
 Exercise 8.9.24. (Go to Solution)

             
                A point estimate for the true population proportion is:


                
                   
	
                        A. 0.90 
	
                        B. 1.27
	
                        C. 0.79
	
                        D. 400


               

            


         



      
 
         
 Exercise 8.9.25. (Go to Solution)

             
                A 90% confidence interval for the population proportion is:


                
                   
	
                        A. (0.761, 0.820)
	
                        B. (0.125, 0.188)
	
                        C. (0.755, 0.826)
	
                        D. (0.130, 0.183)


               

            


         



      
 
         
 Exercise 8.9.26. (Go to Solution)

             
                 The error bound is approximately


                
                   
	
                        A. 1.581
	
                        B. 0.791
	
                        C. 0.059
	
                        D. 0.030


               

            


         



      
 
         The next two problems refer to the following:
      
 A quality control specialist for a restaurant chain takes a random sample of size 12 to check the amount of soda served in the 16 oz. serving size. The sample average is 13.30 with a sample standard deviation is 1.55. Assume the underlying population is normally distributed.
 
         
 Exercise 8.9.27. (Go to Solution)

             
                Find the 95% Confidence Interval for the true population mean for the amount of soda served.


                
                   
	
                        A. (12.42, 14.18)
	
                        B. (12.32, 14.29)
	
                        C. (12.50, 14.10)
	
                        D. Impossible to determine


               



            


         



      
 
         
 Exercise 8.9.28. (Go to Solution)

             
                 What is the error bound?


                
                   
	
                        A. 0.87
	
                        B. 1.98
	
                        C. 0.99
	
                        D. 1.74


               

            


         



      
 
         
 Exercise 8.9.29. (Go to Solution)

             
                What is meant by the term “90% confident” when constructing a confidence interval for a mean? 


                
                   
	
                        A. If we took repeated samples, approximately 90% of the samples would produce the same confidence interval.
	
                        B. If we took repeated samples, approximately 90% of the confidence intervals calculated from those samples would contain the sample mean.
	
                        C. If we took repeated samples, approximately 90% of the confidence intervals calculated from those samples would contain the true value of the population mean.
	
                        D. If we took repeated samples, the sample mean would equal the population mean in approximately 90% of the samples.


               

            



         



      
 
         The next two problems refer to the following:
      
 Five hundred and eleven (511) homes in a certain southern California community are randomly surveyed to determine if they meet minimal earthquake preparedness recommendations. One hundred seventy-three (173) of the homes surveyed met the minimum recommendations for earthquake preparedness and 338 did not.
 
         
 Exercise 8.9.30. (Go to Solution)

             
                Find the Confidence Interval at the 90% Confidence Level for the true population proportion of southern California community homes meeting at least the minimum recommendations for earthquake preparedness.


                
                   
	
                        A. (0.2975, 0.3796)
	
                        B. (0.6270, 6959)
	
                        C. (0.3041, 0.3730)
	
                        D. (0.6204, 0.7025)


               

            



         



      
 
         
 Exercise 8.9.31. (Go to Solution)

             
                The point estimate for the population proportion of homes that do not meet the minimum recommendations for earthquake preparedness is:


                
                   
	
                        A. 0.6614
	
                        B. 0.3386
	
                        C. 173
	
                        D. 338


               

            




         



      

Solutions to Exercises



 Solution to Exercise 8.9.1. (Return to Exercise)

          
             
	
                  a. 
                   	
                        i. 71
	
                        ii. 3
	
                        iii. 2.8
	
                        iv. 48
	
                        v. 47


               
	
                  c. 
                  
                     N
                  
                  
               
	
                  d. 
                   	
                        i. CI: (70.15,71.85)
	
                        iii. EB = 0.85


               


         

      


 Solution to Exercise 8.9.3. (Return to Exercise)

          
             
	
                  a. 
                   	
                        i. 8629
	
                        ii. 6944
	
                        iii. 35
	
                        iv. 34


               
	
                  c. 
                  
        
            
              
                     t
                     
                    
                      34
                    
                  
              
            
            
          
                  
               
	
                  d. 
                   	
                        i. CI: (6243, 11,014)
	
                        iii. EB = 2385


               
	
                  e. It will become smaller


         

      


 Solution to Exercise 8.9.5. (Return to Exercise)

          
             
	
                  a. 
                   	
                        i. 8
	
                        ii. 4
	
                        iii. 81
	
                        iv. 80


               
	
                  c. 
                  
        
            
              
                     t
                     
                    
                      80
                    
                  
              
            
            
          
                  
               
	
                  d. 
                   	
                        i. CI: (7.12, 8.88)
	
                        iii. EB = 0.88


               


         

      


 Solution to Exercise 8.9.7. (Return to Exercise)

          
             
	
                  a. 
                   	
                        i. 2
	
                        ii. 0.1
	
                        iii
. 0.12
	
                        iv. 16
	
                        v. 15


               
	
                  b. the weight of 1 small bag of candies
	
                  c. the average weight of 16 small bags of candies
	
                  d. 
                  
                     N
                   
                  
               
	
                  e. 
                   	
                        i.  CI: (1.96, 2.04)
	
                        iii.  EB = 0.04


               
	
                  f. 
                   	
                        i.  CI: (1.94, 2.06)
	
                        iii.  EB = 0.06


               


         

      


 Solution to Exercise 8.9.9. (Return to Exercise)

          
             
	
                  a. 
                   	
                        i. 6
	
                        ii. 3
	
                        iii. 14
	
                        iv. 13


               
	
                  b. the time for a child to remove his training wheels
	
                  c. the average time for 14 children to remove their training wheels.
	
                  d.  
                  
        
            
              
                     t
                     
                    
                      13
                    
                  
              
            
            
          
                  
               
	
                  e. 
                   	
                        i. CI: (3.58, 8.42)
	
                        iii. EB = 2.42


               


         

      


 Solution to Exercise 8.9.11. (Return to Exercise)

          
             
	
                  a. 
                   	
                        i. 320
	
                        ii
. 400
	
                        iii. 0.80


               
	
                  c.  

                  
               
	
                  d. 
                   	
                        i.  CI: (0.76, 0.84)
	
                        iii.  EB = 0.04


               


         

      


 Solution to Exercise 8.9.13. (Return to Exercise)

          
             
	
                  b. 

                  
               
	
                  c. 
                   	
                        i. CI: (0.59, 0.63)
	
                        iii.  EB = 0.02


               


         

      


 Solution to Exercise 8.9.15. (Return to Exercise)

          
             
	
                  b.  
      
                  
               
	
                  c. 
                   	
                        i. CI: (0.8229, 0.8984)
	
                        iii.  EB = 0.038


               


         

      


 Solution to Exercise 8.9.17. (Return to Exercise)

          
             
	
                  a. 
                   	
                        i.  7.9
	
                        ii.  2.5
	
                        iii.  2.8
	
                        iv.  20
	
                        v.  19


               
	
                  c.  
                  
               
	
                  d. 
                   	
                        i.  CI: (6.98, 8.82)
	
                        iii.  EB: 0.92 


               


         

      


 Solution to Exercise 8.9.19. (Return to Exercise)

          
             
	
                  a.  
                  
        
            
              
                     t
                     
                    
                      83
                    
                  
              
            
            
          
                  
               
	
                  b. average cost of 84 used cars
	
                  c. 
                   	
                        i. CI: (5740.10, 7109.90)
	
                        iii.  EB = 684.90


               


         

      


 Solution to Exercise 8.9.21. (Return to Exercise)

          
             
	
                  b.  

                  
               
	
                  c. 
                   	
                        i. CI: (0.60, 0.66)
	
                        iii.  EB = 0.03


               


         

      


 Solution to Exercise 8.9.24. (Return to Exercise)

          C

      


 Solution to Exercise 8.9.25. (Return to Exercise)

          A

      


 Solution to Exercise 8.9.26. (Return to Exercise)

          D

      


 Solution to Exercise 8.9.27. (Return to Exercise)

          B

      


 Solution to Exercise 8.9.28. (Return to Exercise)

          C

      


 Solution to Exercise 8.9.29. (Return to Exercise)

          C

      


 Solution to Exercise 8.9.30. (Return to Exercise)

          C

      


 Solution to Exercise 8.9.31. (Return to Exercise)

          A

      




8.10. Review*



 
      The next three problems refer to the following situation: Suppose that a sample of 15 randomly chosen people were put on a special weight loss diet. The amount of weight lost, in pounds, follows an unknown distribution with mean equal to 12 pounds and standard deviation equal to 3 pounds.
 
      
 Exercise 8.10.1. (Go to Solution)

          
             To find the probability that the average of the 15 people lose no more than 14 pounds, the random variable should be:


             	
                  A.  The number of people who lost weight on the special weight loss diet
	
                  B. The number of people who were on the diet
	
                  C. The average amount of weight lost by 15 people on the special weight loss diet
	
                  D. The total amount of weight lost by 15 people on the special weight loss diet



         


      



  
 
      
 Exercise 8.10.2. (Go to Solution)

          
             Find the probability asked for in the previous problem.

         


      



  
 
      
 Exercise 8.10.3. (Go to Solution)

          
             Find the 90th percentile for the average amount of weight lost by 15 people.

         


      



  
 
      The next three questions refer to the following situation: The time of occurrence of the first accident during rush-hour traffic at a major intersection is uniformly distributed between the three hour interval 4 p.m. to 7 p.m. Let 
      
        
            
              
                X
              
            
            
          
      
     = the amount of time (hours) it takes for the first accident to occur.


 	 So, if an accident occurs at 4 p.m., the amount of time, in hours, it took for the accident to occur is _______.

	 
               
        
            
              
                  μ
 = 
              
            
            
          
      
      _______

	
               
        
            
              
                  σ
                  
                    
                      2

                    
                  
 = 
              
            
            
          
      
     _______ 




   
 
      
 Exercise 8.10.4. (Go to Solution)

          
             What is the probability that the time of occurrence is within the first half-hour or the last hour of the period from 4 to 7 p.m.? 

             	
                  A. Cannot be determined from the information given
	
                  B.  
                  
               
	
                  C.  
                  
               
	
                  D.  
                  
               


         


      



  
 
      
 Exercise 8.10.5. (Go to Solution)

          
             The 20th percentile occurs after how many hours?


             	
                  A.  0.20
	
                  B.   0.60 
	
                  C.  0.50 
	
                  D.  1


         




      



  
 
      
 Exercise 8.10.6. (Go to Solution)

          
             Assume Ramon has kept track of the times for the first accidents to occur for 40 different days. Let 
      
        
            
              
                  C
              
            
            
          
               
     = the total cumulative time. Then 
      
        
            
              
                  C
              
            
            
          
               
     follows which distribution?


             
                
	
                     A. 
                     
        
            
              
                
                        U
                  (
                  0,3
                  )
                
              
            
            
          
      
                  
	
                     B. 
                     
                  
	
                     C. 


                     
        
            
              
                
                        N
                  (
                  60
                  ,
                  30
                  )
                
              
            
            
          
      
                  
	
                     D. 


                     
        
            
              
                
                        N
                  (
                  1
                  .
                  5,0
                  .
                  01875
                  )
                
              
            
            
          
      
                  


            

         



      



  
 
      
 Exercise 8.10.7. (Go to Solution)

          
              Using the information in question #6, find the probability that the total time for all first accidents to occur is more than 43 hours. 

         



      



  
 
      The next two questions refer to the following situation: The length of time a parent must wait for his children to clean their rooms is uniformly distributed in the time interval from 1 to 15 days.
 
      
 Exercise 8.10.8. (Go to Solution)

          
             How long must a parent expect to wait for his children to clean their rooms?


             
                
	
                     A.  8 days
	
                     B.  3 days
	
                     C.  14 days 
	
                     D.  6 days


            

         



      



  
 
      
 Exercise 8.10.9. (Go to Solution)

          
             What is the probability that a parent will wait more than 6 days given that the parent has already waited more than 3 days?


             
                
	
                     A.  0.5174
	
                     B.  0.0174
	
                     C.  0.7500
	
                     D.  0.2143


            

         



      



  
 
      The next five problems refer to the following study: Twenty percent of the students at a local community college live in within five miles of the campus. Thirty percent of the students at the same community college receive some kind of financial aid. Of those who live within five miles of the campus, 75% receive some kind of financial aid.
 
      
 Exercise 8.10.10. (Go to Solution)

          
             Find the probability that a randomly chosen student at the local community college does not live within five miles of the campus.


             
                
	
                     A.  80%
	
                     B.  20%
	
                     C.  30%
	
                     D.  Cannot be determined


            

         



      



  
 
      
 Exercise 8.10.11. (Go to Solution)

          
             Find the probability that a randomly chosen student at the local community college lives within five miles of the campus or receives some kind of financial aid.


             
                
	
                     A.  50%
	
                     B.  35%
	
                     C.  27.5%
	
                     D.  75%


            

         



      



  
 
      
 Exercise 8.10.12. (Go to Solution)

          
             Based upon the above information, are living in student housing within five miles of the campus and receiving some kind of financial aid mutually exclusive?


             
                
	
                     A.  Yes
	
                     B.  No
	
                     C.  Cannot be determined


            

         



      



  
 
      
 Exercise 8.10.13. (Go to Solution)

          
             The interest rate charged on the financial aid is _______ data.


             
                
	
                     A.  quantitative discrete
	
                     B.  quantitative continuous
	
                     C. qualitative discrete 
	
                     D.  qualitative


            

         



      



  
 
      
 Exercise 8.10.14. (Go to Solution)

          
             What follows is information about the students who receive financial aid at the local community college. 


             	1st quartile = $250 

	2nd quartile = $700 

	3rd quartile = $1200





             (These amounts are for the school year.) If a sample of 200 students is taken, how many are expected to receive $250 or more?


             
                
	
                     A.  50
	
                     B.  250
	
                     C.  150 
	
                     D.  Cannot be determined


            

         



      



  
 
      The next two problems refer to the following information: 
      
        
            
              
                
                  P
                  (
                  A
                  
                    )
                     = 
                    0
                  
                  .
                  2
                
              
            
            
          
      
    , 
      
        
            
              
                
                  P
                  (
                  B
                  
                    )
                     = 
                    0
                  
                  .
                  3
                
              
            
            
          
      
    , 
      
        
            
              
                A
              
            
            
          
      
     and 
      
        
            
              
                B
              
            
            
          
      
     are independent events.
 
      
 Exercise 8.10.15. (Go to Solution)

          
             
               
            


             
                
	
                     A.  0.5
	
                     B.  0.6
	
                     C. 0
	
                     D. 0.06


            

         



      



  
 
      
 Exercise 8.10.16. (Go to Solution)

          
             
               
            


             
                
	
                     A.  0.56
	
                     B.  
0.5
	
                     C. 0.44
	
                     D. 1


            


         



      



  
 
      
 Exercise 8.10.17. (Go to Solution)

          
             If 
      
        
            
              
                  H

              
            
            
          
               
     and 
      
        
            
              
                  D
              
            
            
          
               
     are mutually exclusive events, 
      
        
      
               
        
            
              
                
                  P
                  (
                  H
                  
                    )
                     = 
                    0
                  
                  .
                  25
                
              
            
            
          
      
    , 
      
        
            
              
                
                  P
                  (
                  D
                  
                    )
                     = 
                    0
                  
                  .
                  15
                
              
            
            
          
      
    , then 
                  P(H|
D
)
            



             
                
	
                     A.  1
	
                     B.  0
	
                     C.  0.40
	
                     D.  0.0375


            

         



      



  
Solutions to Exercises



 Solution to Exercise 8.10.1. (Return to Exercise)

          C

      


 Solution to Exercise 8.10.2. (Return to Exercise)

          0.9951

      


 Solution to Exercise 8.10.3. (Return to Exercise)

          12.99

      


 Solution to Exercise 8.10.4. (Return to Exercise)

          C

      


 Solution to Exercise 8.10.5. (Return to Exercise)

          B

      


 Solution to Exercise 8.10.6. (Return to Exercise)

          C

      


 Solution to Exercise 8.10.7. (Return to Exercise)

          0.9990

      


 Solution to Exercise 8.10.8. (Return to Exercise)

          A

      


 Solution to Exercise 8.10.9. (Return to Exercise)

          C

      


 Solution to Exercise 8.10.10. (Return to Exercise)

          A

      


 Solution to Exercise 8.10.11. (Return to Exercise)

          B

      


 Solution to Exercise 8.10.12. (Return to Exercise)

          B

      


 Solution to Exercise 8.10.13. (Return to Exercise)

          B

      


 Solution to Exercise 8.10.14. (Return to Exercise)

          
             
	
                  C.  150


         

      


 Solution to Exercise 8.10.15. (Return to Exercise)

          D

      


 Solution to Exercise 8.10.16. (Return to Exercise)

          C

      


 Solution to Exercise 8.10.17. (Return to Exercise)

          B

      




8.11. Lab 1: Confidence Interval (Home Costs)*



 Class Time: 
 Names:
Student Learning Outcomes: 



 	The student will calculate the 90% confidence interval for the average cost of a home in the area in which this school is located.

	The student will interpret confidence intervals.

	The student will examine the effects that changing conditions has on the confidence interval.




Collect the Data



 
Check the Real Estate section in your local newspaper. (Note: many papers only list them
one day per week. Also, we will assume that homes come up for sale randomly.) Record the
sales prices for 35 randomly selected homes recently listed in the county.

 	Complete the table:

Table 8.2. 	__________	__________	__________	__________	__________
	__________	__________	__________	__________	__________
	__________	__________	__________	__________	__________
	__________	__________	__________	__________	__________
	__________	__________	__________	__________	__________
	__________	__________	__________	__________	__________
	__________	__________	__________	__________	__________



	           




Describe the Data



 	 Compute the following:
 
	
                     a. 
				                 
=
	
                     b. 
				                 
					                   s
                        
                           x
                        
				                 
=
	
                     c. 
				                 
					                   n
				                 
=


	           

	Define the Random Variable ,
in words.

=

	 State the estimated distribution to use. Use both words and symbols.




Find the Confidence Interval



 	Calculate the confidence interval and the error bound.
 
	
                     a. Confidence Interval:
	
                     b. Error Bound:


	           

	How much area is in both tails (combined)? 
                  α
                =

	How much area is in each tail?

=

	Fill in the blanks on the graph with the area in each section. Then, fill in the number
line with the upper and lower limits of the confidence interval and the sample mean.

 Figure 8.5. 
 [image: Normal distribution curve with two vertical upward lines from the x-axis to the curve. The confidence interval is between these two lines. The residual areas are on either side.]




            

	Some students think that a 90% confidence interval contains 90% of the data. Use the list of data on the
first page and count how many of the data values lie within the confidence interval. What percent is this?
Is this percent close to 90%? Explain why this percent should or should not be close to 90%.




Describe the Confidence Interval



 	In two to three complete sentences, explain what a Confidence Interval means (in general),
as if you were talking to someone who has not taken statistics.

	In one to two complete sentences, explain what this Confidence Interval means for this
particular study.




Use the Data to Construct Confidence Intervals



 	Using the above information, construct a confidence interval for each confidence level given.
Table 8.3. 	Confidence level	EBM / Error Bound	Confidence Interval
	50%	 	 
	80%	 	 
	95%	 	 
	99%	 	 



            

	What happens to the EBM as the confidence level increases? Does the width of the confidence interval increase or decrease? Explain why this happens.





8.12. Lab 2: Confidence Interval (Place of Birth)*



 Class Time: 
 Names:
Student Learning Outcomes: 



 	The student will calculate the 90% confidence interval for proportion of students in this school that were born in this state.

	The student will interpret confidence intervals.

	The student will examine the effects that changing conditions have on the confidence interval.




Collect the Data



 	Survey the students in your class, asking them if they were born in this state. Let 

                  X
                = the number that were born in this state. 
	
                     a. 
                     
                        n
                      =____________
                  
	
                     b. 
                     
                        x
                      =____________
			               


	           

	Define the Random Variable 

                  P'
                in words. 

	State the estimated distribution to use. 




Find the Confidence Interval and Error Bound



 	Calculate the confidence interval and the error bound.
 
	
                     a. 
Confidence Interval:
	
                     b. Error Bound:


	           

	 How much area is in both tails (combined)? 
                  α
               =

	How much area is in each tail?

=

	Fill in the blanks on the graph with the area in each section. Then, fill in the number
line with the upper and lower limits of the confidence interval and the sample proportion.

 Figure 8.6. 
 [image: Normal distribution curve with two vertical upward lines from the x-axis to the curve. The confidence interval is between these two lines. The residual areas are on either side.]




            




Describe the Confidence Interval



 	In two to three complete sentences, explain what a Confidence Interval means (in general), as
if you were talking to someone who has not taken statistics.

	In one to two complete sentences, explain what this Confidence Interval means for this
particular study.

	 Using the above information, construct a confidence interval for each given confidence
level given.

Table 8.4. 	Confidence level	EBP / Error Bound	Confidence Interval
	50%	 	 
	80%	 	 
	95%	 	 
	99%	 	 



            

	What happens to the EBP as the confidence level increases? Does the width of the
confidence interval increase or decrease? Explain why this happens.





8.13. Lab 3: Confidence Interval (Womens' Heights)*



 Class Time: 
 Names:
Student Learning Outcomes: 



 	The student will calculate a 90% confidence interval using the given data.

	The student will examine the relationship between the confidence level and the percent of constructed intervals that contain the population average. 




Given:



 	
               
Table 8.5. Heights of 100 Women (in Inches)	59.4	71.6	69.3	65.0	62.9
	66.5	61.7	55.2	67.5	67.2
	63.8	62.9	63.0	63.9	68.7
	65.5	61.9	69.6	58.7	63.4
	61.8	60.6	69.8	60.0	64.9
	66.1	66.8	60.6	65.6	63.8
	61.3	59.2	64.1	59.3	64.9
	62.4	63.5	60.9	63.3	66.3
	61.5	64.3	62.9	60.6	63.8
	58.8	64.9	65.7	62.5	70.9
	62.9	63.1	62.2	58.7	64.7
	66.0	60.5	64.7	65.4	60.2
	65.0	64.1	61.1	65.3	64.6
	59.2	61.4	62.0	63.5	61.4
	65.5	62.3	65.5	64.7	58.8
	66.1	64.9	66.9	57.9	69.8
	58.5	63.4	69.2	65.9	62.2
	60.0	58.1	62.5	62.4	59.1
	66.4	61.2	60.4	58.7	66.7
	67.5	63.2	56.6	67.7	62.5




Listed above are the heights of 100 women. Use a random number generator to randomly select 10
data values.

	Calculate the sample mean and sample standard deviation. Assume that the population standard
deviation is known to be 3.3 inches. With these values, construct a 90% confidence interval for your sample of
10 values. Write the confidence interval you obtained in the first space of the table below.

	
Now write your confidence interval on the board. As others in the class write their confidence intervals
on the board, copy them into the table below:

Table 8.6. 90% Confidence Intervals	__________ 	__________ 	__________ 	__________ 	__________	
	__________ 	__________ 	__________ 	__________ 	__________	
	__________ 	__________ 	__________ 	__________ 	__________	
	__________ 	__________ 	__________ 	__________ 	__________	
	__________ 	__________ 	__________ 	__________ 	__________	
	__________ 	__________ 	__________ 	__________ 	__________	
	__________ 	__________ 	__________ 	__________ 	__________	
	__________ 	__________ 	__________ 	__________ 	__________	



            




Discussion Questions



 	The actual population mean for the 100 heights given above is 
                  μ = 63.4. Using the class listing of confidence intervals, count how many of them contain the population mean 

                  μ
               ; i.e., for how many intervals does the value of 

                  μ
                lie between the endpoints of the confidence interval?

	Divide this number by the total number of confidence intervals generated by the class to determine the percent of confidence intervals that contains the mean 

                  μ
               . Write this percent below.

	Is the percent of confidence intervals that contain the population mean 

                  μ
                close to 90%? 

	Suppose we had generated 100 confidence intervals. What do you think would happen to the percent of confidence intervals that contained the population mean?

	When we construct a 90% confidence interval, we say that we are 90% confident that the true population mean lies within the confidence interval. Using complete sentences, explain what we mean by this phrase.

	Some students think that a 90% confidence interval contains 90% of the data. Use the list of data given (the heights of women) and count how many of the data values lie within the confidence interval that you generated on that page. How many of the 100 data values lie within your confidence interval? What percent is this? Is this percent close to 90%?

	Explain why it does not make sense to count data values that lie in a confidence interval. Think about the random variable that is being used in the problem.

	Suppose you obtained the heights of 10 women and calculated a confidence interval from this information. Without knowing the population mean 

                  μ
               , would you have any way of knowing for certain if your interval actually contained the value of 

                  μ
               ? Explain.




 Note
This lab was designed and contributed by Diane Mathios.


Chapter 2. Descriptive Statistics



2.1. Descriptive Statistics*



Student Learning Objectives



 By the end of this chapter, the student should be able to:
 	Display data graphically and interpret graphs: stemplots,
histograms and boxplots.

	Recognize, describe, and calculate the measures of location of data:
quartiles and percentiles.

	Recognize, describe, and calculate the measures of the center of
data: mean, median, and mode.

	Recognize, describe, and calculate the measures of the spread of
data: variance, standard deviation, and range.





Introduction



 Once you have collected data, what will you do with it?  Data can be described and presented in many different formats.  For example, suppose you are interested in buying a house in a particular area.   You may have no clue about the house prices, so you might ask your real estate agent to give you a sample data set of prices.  Looking at all the prices in the sample often is overwhelming.  A better way might be to look at the median price and the variation of prices.  The median and variation are just two ways that you will learn to describe data.  Your agent might also provide you with a graph of the data.  
 In this chapter, you will study numerical and graphical ways to describe and display your data. This area of statistics is called "Descriptive Statistics".  You will learn to calculate, and even more importantly, to interpret these measurements and graphs.


2.2. Displaying Data*



 A statistical graph is a tool that helps you learn about the shape or distribution of a sample.  The graph can be a more effective way of presenting data than a mass of numbers because we can see where data clusters and where there are only a few data values. Newspapers and the Internet use graphs to show trends and to enable readers to compare facts and figures quickly.
 Statisticians often graph data first in order to get a picture of the data.  Then, more formal tools may be applied.
 Some of the types of graphs that are used to summarize and organize data are the dot plot, the bar chart, the histogram, the stem-and-leaf plot, the frequency polygon (a type of broken line graph), pie charts, and the boxplot. In this chapter, we will briefly look at stem-and-leaf plots, line graphs and bar graphs. Our emphasis will be on histograms and boxplots.

2.3. Stem and Leaf Graphs (Stemplots), Line Graphs and Bar Graphs*



 One simple graph, the stem-and-leaf graph or stemplot, comes from the field of exploratory data analysis.It is a good choice when the data sets are small. To create the plot, divide each observation of data into a stem and a leaf. The leaf consists of one digit. For example, 23 has stem 2 and leaf 3. Four hundred thirty-two (432) has stem 43 and leaf 2. Five thousand four hundred thirty-two (5,432) has stem 543 and leaf 2. The decimal 9.3 has stem 9 and leaf 3. Write the stems in a vertical line from smallest the largest. Draw a vertical line to the right of the stems. Then write the leaves in increasing order next to their corresponding stem.
 Example 2.1. 
 For Susan Dean's spring pre-calculus class, scores for the first exam were as follows (smallest to largest):



	
 33; 42; 49; 49; 53; 55; 55; 61; 63; 67; 68; 68; 69; 69; 72; 73; 74; 78; 80; 83; 88; 88; 88; 90; 92; 94; 94; 94; 94; 96; 100
Table 2.1. Stem-and-Leaf Diagram	Stem	Leaf
	3	3
	4	299
	5	355
	6	1378899
	7	2348
	8	03888
	9	0244446
	10	0


 The stemplot shows that most scores fell in the 60s, 70s, 80s, and 90s.  Eight out of the 31 scores or approximately 26% of the scores were in the 90's or 100, a fairly high number of As.



 The stemplot is a quick way to graph and gives an exact picture of the data. You want to look for an overall pattern and any outliers. An outlier is an observation of data that does not fit the rest of the data. It is sometimes called an extreme value. When you graph an outlier, it will appear not to fit the pattern of the graph. Some outliers are due to mistakes (for example, writing down 50 instead of 500) while others may indicate that something unusual is happening. It takes some background information to explain outliers. In the example above, there were no outliers.
 Example 2.2. 
 Create a stem plot using the data: 
	
 1.1; 1.5; 2.3; 2.5; 2.7; 3.2; 3.3; 3.3; 3.5; 3.8; 4.0; 
4.2; 4.5; 4.5; 4.7; 4.8; 5.5; 5.6; 6.5; 6.7; 12.3
 The data are the distance (in kilometers) from a home to the nearest supermarket. 
 Problem  (Go to Solution)

          
             	Are there any outliers? 

	Do the data seem to have any concentration of values?




             Hint
The leaves are to the right of the decimal.


         


      





 Another type of graph that is useful for specific data values is a line graph.  In the particular line graph shown in the example, the x-axis consists of data values and the y-axis consists of frequencies indicated by the heights of the vertical lines. 
 Example 2.3. 
 In a survey, 40 mothers were asked how many times per week a teenager must be reminded to do his/her chores.  The results are shown in the table and the line graph.

Table 2.2. 	Number of times 
    teenager is reminded	Frequency
	0	2
	1	5
	2	8
	3	14
	4	7
	5	4


 
          [image: A line graph showing the number of times a teenager needs to be reminded to do chores on the x-axis and frequency on the y-axis.]
      



 
      Bar graphs consist of bars that are separated from each other.  The bars can be rectangles or they can be rectangular boxes and they can be vertical or horizontal.  The bar graph shown in Example 4 uses the data of Example 3 and is similar to the line graph. Frequencies are represented by the heights of the bars.
   
 Example 2.4. 
 
          [image: A bar graph showing the number of times a teenager needs to be reminded to do chores on the x-axis and frequency on the y-axis.]

      



 The bar graph shown in Example 5 has age groups  represented on the x-axis and proportions on the y-axis. 
 Example 2.5. 
 By the end of March 2009, in the United States Facebook had over 56 million users.  The table shows the age groups, the number of users in each age group and the proportion (%) of users in each age group.

Source: http://www.insidefacebook.com/2009/03/25/number-of-us-facebook-users-over-35-nearly-doubles-in-last-60-days/
         
      
Table 2.3. 	Age groups	Number of Facebook users	Proportion (%) of Facebook users
	13 - 25	25,510,040	46%
	26 - 44	23,123,900	41%
	45 - 65	7,431,020	13%


 
          [image: A bar graph showing age groups on the x-axis and percentages of Facebook users on the y-axis.]
      



 Example 2.6. 
 The columns in the table below contain the race/ethnicity of U.S. Public Schools: High School Class of 2009, percentages for the Advanced Placement Examinee Population for that class and percentages for the Overall Student Population. The 3-dimensional graph shows the Race/Ethnicity of U.S. Public Schools on the x-axis and Advanced Placement Examinee Population percentages on the y-axis. (Source: http://www.collegeboard.com) 

Table 2.4. 	Race/Ethnicity	AP Examinee Population	Overall Student Population
	Asian, Asian American or Pacific Islander	10.2%	5.4%
	Black or African American	8.2%	14.5%
	Hispanic or Latino	15.5%	15.9%
	American Indian or Alaska Native	0.6%	1.2%
	White	59.4%	61.6%
	Not reported/other	6.1%	1.4%


 
          [image: A bar graph showing race and ethnicity on the x-axis and percentages of AP examinees on the y-axis.]
      



 Note
This book contains instructions for constructing a histogram and a box plot for the TI-83+ and TI-84 calculators.  You can find additional instructions for using these calculators on the Texas Instruments (TI) website.

Solutions to Exercises



 Solution to Exercise  (Return to Problem)

          
The value 12.3 may be an outlier.  Values appear to concentrate at 3 and 4 miles.


         Table 2.5. 	Stem	Leaf
	1	1 5
	2	3 5 7
	3	3 3 3 5 8
	4	0 2 5 5 7 8
	5	5 6 6
	6	5 7
	7	 
	8	 
	9	 
	10	 
	11	 
	12	3





      



Glossary



	 Outlier
	 
   An observation that does not fit the rest of the data.
    




2.4. Histograms*



 For most of the work you do in this book, you will use a histogram to display the data. One
advantage of a histogram is that it can readily display large data sets. A rule of thumb is to use
a histogram when the data set consists of 100 values or more.
 A histogram consists of contiguous boxes. It has both a horizontal axis and a vertical axis.
The horizontal axis is labeled with what the data represents (for instance, distance from your
home to school). The vertical axis is labeled either "frequency" or "relative frequency". The
graph will have the same shape with either label. Frequency is commonly used when the data
set is small and  relative frequency is used when the data set is large or when we want to
compare several distributions. The histogram (like the stemplot) can give you the shape of the
data, the center, and the spread of the data. (The next section tells you how to calculate the
center and the spread.)
 The relative frequency is equal to the frequency for an observed value of the data divided by the
total number of data values in the sample. (In the chapter on Sampling and Data, we defined frequency as the number
of times an answer occurs.) If:
 	
            
               f
             = frequency

	
            
               n
             = total number of data values (or the sum of the individual frequencies), and

	
            RF = relative frequency,



 then:
(2.1)

 For example, if 3 students in Mr. Ahab's English class of 40 students received an A,
then,
 
      
        
            
              
                
                  f
                   = 
                  3
                
              
            
            
          
      
    , 
      
        
            
              
                
                  n
                   = 
                  40
                
              
            
            
          
      
    , and 
      
    
 Seven and a half percent of the students received an A.
 To construct a histogram, first decide how many bars or intervals, also called classes, represent the data. Many histograms consist of from 5 to 15 bars or classes for clarity. Choose a starting point for the first interval to be
less than the smallest data value. A convenient starting point is a lower value carried out to one more decimal place than the value with the most decimal places. For example, if the value
with the most decimal places is 6.1 and this is the smallest value, a convenient starting point is 6.05 (6.1 - 0.05 = 6.05). We say that 6.05 has
more precision. If the value with the most decimal places is 2.23 and the lowest value is 1.5, a convenient starting point is
1.495 (1.5 - 0.005 = 1.495). If the value with the most decimal places is 3.234 and the lowest value is 1.0, a convenient starting point is 0.9995 (1.0 - .0005 = 0.9995). If all the data happen to be integers and the smallest value is 2, then a convenient starting point is 1.5 (2 - 0.5 = 1.5).  Also, when the starting point and other boundaries are carried to one additional decimal place, no data value will fall on a boundary.
 Example 2.7. 
 The following data are the heights (in inches to the nearest half inch) of 100 male
semiprofessional soccer players. The heights are continuous data since height is measured.

 60; 60.5; 61; 61; 61.5

 
63.5; 63.5; 63.5

 
64; 64; 64; 64; 64; 64; 64; 64.5; 64.5; 64.5; 64.5; 64.5; 64.5; 64.5; 64.5


 
66; 66; 66; 66; 66; 66; 66; 66; 66; 66; 66.5; 66.5; 66.5; 66.5; 66.5; 66.5; 66.5; 66.5; 66.5; 66.5; 66.5; 67; 67; 67; 67; 67; 67; 67; 67; 67; 67; 67; 67; 67.5; 67.5; 67.5; 67.5; 67.5; 67.5; 67.5

 
68; 68; 69; 69; 69; 69; 69; 69; 69; 69; 69; 69; 69.5; 69.5; 69.5; 69.5; 69.5

 
70; 70; 70; 70; 70; 70; 70.5; 70.5; 70.5; 71; 71; 71

 
72; 72; 72; 72.5; 72.5; 73; 73.5

 
74


 The smallest data value is 60.  Since the data with the most decimal places has one decimal (for instance, 61.5), we want our starting point to have two decimal places. Since the numbers 0.5, 0.05, 0.005, etc. are convenient numbers, use 0.05 and subtract it from 60, the smallest value, for the convenient starting point.
 60 - 0.05  =  59.95  which is more precise than, say, 61.5 by one decimal place.  The starting point is, then, 59.95.  
 The largest value is 74.  74+ 0.05 = 74.05 is the ending value. 
 Next, calculate the width of each bar or class interval.  To calculate this width, subtract the starting point from the ending value and divide by the number of bars (you must choose the number of bars you desire).  Suppose you choose 8 bars.
(2.2)

 Note
We will round up to 2 and make each bar or class interval 2 units wide. Rounding up to 2  is one way to prevent a value from falling on a boundary.  For this example, using 1.76 as the width would also work.

 The boundaries are:
 	59.95

	59.95 + 2 = 61.95

	61.95 + 2 = 63.95

	63.95 + 2 = 65.95

	65.95 + 2 = 67.95

	67.95 + 2 = 69.95

	69.95 + 2 = 71.95

	71.95 + 2 = 73.95

	73.95 + 2 = 75.95



 The heights 60 through 61.5 inches are in the interval 59.95 - 61.95.  The heights that are 63.5 are in the interval 61.95 - 63.95.  The heights that are 64 through 64.5 are in the interval 63.95 - 65.95.  The heights 66 through 67.5 are in the interval 65.95 - 67.95.  The heights 68 through 69.5 are in the interval 67.95 - 69.95.  The heights 70 through 71 are in the interval 69.95 - 71.95.  The heights 72 through 73.5 are in the interval 71.95 - 73.95.  The height 74 is in the interval 73.95 - 75.95.  
 The following histogram displays the heights on the x-axis and relative frequency on the y-axis.
 [image: Histogram consists of 8 bars with the y-axis in increments of 0.05 from 0-0.4 and the x-axis in intervals of 2 from 59.95-75.95.]



 Example 2.8. 
 
The following data are the number of books bought by 50 part-time college students at ABC College.  The number of books is discrete data since books are counted. 

 
1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1

 
2; 2; 2; 2; 2; 2; 2; 2; 2; 2

 
3; 3; 3; 3; 3; 3; 3; 3; 3; 3; 3; 3; 3; 3; 3; 3

 
4; 4; 4; 4; 4; 4

 
5; 5; 5; 5; 5

 
6; 6

 Eleven students buy 1 book.  Ten students buy 2 books.  Sixteen students buy 3 books.  Six students buy 4 books.  Five students buy 5 books.   Two students buy 6 books.
 Because the data are integers, subtract 0.5 from 1, the smallest data value and add 0.5 to 6, the largest data value.  Then the starting point is 0.5 and the ending value is 6.5. 
 Problem  (Go to Solution)

          
             Next, calculate the width of each bar or class interval.  If the data are discrete and there are not too many different values, a width that places the data values in the middle of the bar or class interval is the most convenient.  Since the data consist of the numbers 1, 2, 3, 4, 5, 6 and the starting point is 0.5, a width of one places the 1 in the middle of the interval from 0.5 to 1.5, the 2 in the middle of the interval from 1.5 to 2.5, the 3 in the middle of the interval from 2.5 to 3.5, the 4 in the middle of the interval from _______ to _______, the 5 in the middle of the interval from _______ to _______, and the _______ in the middle of the interval from _______ to _______ .

         


      


 Calculate the number of bars as follows: 
(2.3)

 where 1 is the width of a bar. Therefore, bars = 6
         .
 The following histogram displays the number of books on the x-axis and the frequency on the y-axis.
 [image: Histogram consists of 6 bars with the y-axis in increments of 2 from 0-16 and the x-axis in intervals of 1 from 0.5-6.5.]



 Optional Collaborative Exercise



 Count the money (bills and change) in your pocket or purse.  Your instructor will record the amounts.  As a class, construct a histogram displaying the data.  Discuss how many intervals you think is appropriate.  You may want to experiment with the number of intervals.  Discuss, also, the shape of the histogram.

 Record the data, in dollars (for example, 1.25 dollars).
 Construct a histogram.

Solutions to Exercises



 Solution to Exercise  (Return to Problem)

          	3.5 to 4.5

	4.5 to 5.5

	6

	5.5 to 6.5





      



Glossary



	 Frequency
	 
   The number of times a value of the data occurs.
    

	 Relative Frequency
	 
The ratio of the number of times a value of the data occurs in the set of all outcomes to the number of all outcomes.
    




2.5. Box Plots*



 
      Box plots or box-whisker plots give a good graphical image of the concentration of the data.  They also show how far from most of the data the extreme values are.  The box plot is constructed from five values: the smallest value, the first quartile, the median, the third quartile, and the largest value.  The median, the first quartile, and the third quartile will be discussed here, and then again in the section on measuring data in this chapter.  We use these values to compare how close other data values are to them.
 The median, a number, is a way of measuring the "center" of the data.  You can think of the median as the "middle value," although it does not actually have to be one of the observed values.  It is a number that separates ordered data into halves.  Half the values are the same number or smaller than the median and half the values are the same number or larger.  For example, consider the following data:
 1; 11.5; 6; 7.2; 4; 8; 9; 10; 6.8; 8.3; 2; 2; 10; 1
 Ordered from smallest to largest:  
 1; 1; 2; 2; 4; 6; 6.8; 7.2; 8; 8.3; 9; 10; 10; 11.5
 The median is between the 7th value, 6.8, and the 8th value 7.2.  To find the median, add the two values together and divide by 2.
(2.4)

 The median is 7.  Half of the values are smaller than 7 and half of the values are larger than 7. 
 
      Quartiles are numbers that separate the data into quarters.  Quartiles may or may not be part of the data.  To find the quartiles, first find the median or second quartile.  The first quartile is the middle value of the lower half of the data and the third quartile is the middle value of the upper half of the data.  To get the idea, consider the same data set shown above:  
 1; 1; 2; 2; 4; 6; 6.8; 7.2; 8; 8.3; 9; 10; 10; 11.5
 The median or second quartile is 7.  The lower half of the data is 1, 1, 2, 2, 4, 6, 6.8.  The middle value of the lower half is 2. 
 1; 1; 2; 2; 4; 6; 6.8
 The number 2, which is part of the data, is the first quartile.  One-fourth of the values are the same or less than 2 and three-fourths of the values are more than 2.     
 The upper half of the data is 7.2, 8, 8.3, 9, 10, 10, 11.5.  The middle value of the upper half is 9. 
 7.2; 8; 8.3; 9; 10; 10; 11.5
 The number 9, which is part of the data, is the third quartile.  Three-fourths of the values are less than 9 and one-fourth of the values are more than 9.
 To construct a box plot, use a horizontal number line and a rectangular box.  The smallest and largest data values label the endpoints of the axis.  The first quartile marks one end of the box and the third quartile marks the other end of the box.  The middle fifty percent of the data fall inside the box. The "whiskers" extend from the ends of the box to the smallest and largest data values.  The box plot gives a good quick picture of the data.
 Consider the following data:
 
1;  1;  2;  2;  4;  6;   6.8 ;  7.2;  8;  8.3;  9;  10;  10;  11.5

 
The first quartile is 2, the median is 7, and the third quartile is 9.  The smallest value is 1 and the largest value is 11.5.  The box plot is constructed as follows (see calculator instructions in the back of this book or on the TI web site): 
 [image: Horizontal boxplot's first whisker extends from the smallest value, 1, to the first quartile, 2, the box begins at the first quartile and extends to the third quartile, 9, a vertical dashed line is drawn at the median, 7, and the second whisker extends from the third quartile to the largest value of 11.5.]
 The two whiskers extend from the first quartile to the smallest value and from the third quartile to the largest value.  The median is shown with a dashed line.
 Example 2.9. 
 
The following data are the heights of 40 students in a statistics class.

 59; 60; 61; 62; 62; 63; 63; 64; 64; 64; 65; 65; 65; 65; 65; 65; 65; 65; 65; 66; 66; 67; 67; 68; 68; 69; 70; 70; 70; 70; 70; 71; 71; 72; 72; 73; 74; 74; 75; 77
 Construct a box plot with the following properties:
 	Smallest value = 59

	Largest value = 77

	Q1: First quartile = 64.5

	Q2: Second quartile or median= 66

	Q3: Third quartile = 70



 [image: Horizontal boxplot with first whisker extending from smallest value, 59, to Q1, 64.5, box beginning from Q1 to Q3, 70, median dashed line at Q2, 66, and second whisker extending from Q3 to largest value, 77.]
 	
            a. Each quarter has 25% of the data.
	
            b. The spreads of the four quarters are 64.5 - 59 = 5.5 (first quarter), 66 - 64.5 = 1.5 (second quarter), 70 - 66 = 4 (3rd quarter), and 77 - 70 = 7 (fourth quarter). So, the second quarter has the smallest spread and the fourth quarter has the largest spread.
	
            c. Interquartile Range:   IQR  =  Q3  –  Q1  =   70  –  64.5  = 5.5.
	
            d. The interval 59 through 65 has more than 25% of the data so it has more data in it than the interval 66 through 70 which has 25% of the data.

 For some sets of data, some of the largest value, smallest value, first quartile, median, and third quartile may be the same. For instance, you might have a data set in which the median and the third quartile are the same.  In this case, the diagram would not have a dotted line inside the box displaying the median.  The right side of the box would display both the third quartile and the median.  For example, if the smallest value and the first quartile were both 1, the median and the third quartile were both 5, and the largest value was 7, the box plot would look as follows:
 [image: Horizontal boxplot box begins at the smallest value and Q1, 1, until the Q3 and median, 5, no median line is designated, and has its lone whisker extending from the Q3 to the largest value, 7.]



 Example 2.10. 
 
Test scores for a college statistics class held during the day are:

 99; 56; 78; 55.5; 32; 90; 80; 81; 56; 59; 45; 77; 84.5; 84; 70; 72; 68; 32; 79; 90
 Test scores for a college statistics class held during the evening are:
 
98; 78; 68; 83; 81; 89; 88; 76; 65; 45; 98; 90; 80; 84.5; 85; 79; 78; 98; 90; 79; 81; 25.5

 Problem  (Go to Solution)


          
             	What are the smallest and largest data values for each data set?  

	What is the median, the first quartile, and the third quartile for each data set?  

	Create a boxplot for each set of data.

	Which boxplot has the widest spread for the middle 50% of the data (the data between 
      the first and third quartiles)?  What does this mean for that set of data in comparison to the other set of data?

	For each data set, what percent of the data is between the smallest value and the first quartile? (Answer: 25%)  the first quartile and the median?  (Answer: 25%)  the median and the third quartile?  the third quartile and the largest value?  What percent of the data is between the first quartile and the largest value?  (Answer:  75%)




         


      


 The first data set (the top box plot) has the widest spread for the middle 50% of the data.  IQR = Q3 – Q1

is 

82.5 – 56 = 
26.5

for the first data set and 

89 – 78 = 
11

for the second data set.  So, the first set of data has its middle 50% of scores more spread out.
 25% of the data is between 
            M
          and Q3 and 25% is between Q3 and Xmax.



Solutions to Exercises



 Solution to Exercise  (Return to Problem)

          First Data Set
	
                  Xmin = 32
               

	
                  Q1 = 56
               

	
                  
                     M = 74.5
               

	
                  Q3 = 82.5
               

	
                  Xmax = 99
               





          Second Data Set
	
                  Xmin = 25.5
               

	
                  Q1 = 78
               

	
                  
                     M = 81
               

	
                  Q3 = 89
               

	
                  Xmax = 98
               





          [image: Two box plots over a number line from 0 to 100. The top plot shows a whisker from 32 to 56, a solid line at 56, a dashed line at 74.5, a solid line at 82.5, and a whisker from 82.5 to 99. The lower plot shows a whisker from 25.5 to 78, solid line at 78, dashed line at 81, solid line at 89, and a whisker from 89 to 98.]


      



Glossary



	  Median
	 
   A number that separates ordered data into halves: half the values are the same number or smaller than the median and half the values are the same number or larger than the median. The median may or may not be part of the data.
    

	 Quartiles
	 
The numbers that separate the data into quarters. Quartiles may or may not be part of the data. The second quartile is the median of the data.
    




2.6. Measures of the Location of the Data*



 The common measures of location are quartiles and percentiles (%iles).  Quartiles are special percentiles. The first quartile, 
         Q
         
            1
         
       is the same as the 25th percentile (25th %ile) and the third quartile, 
         Q
         
            3
         
      , is the same as the 75th percentile (75th %ile).  The median, 
         M
      , is called both the second quartile and the 50th percentile (50th %ile).
 To calculate quartiles and percentiles, the data must be ordered from smallest to largest.  Recall that quartiles divide ordered data into quarters.  Percentiles divide ordered data into hundredths.  To score in the 90th percentile of an exam does not mean, necessarily, that you received 90% on a test.  It means that your score was higher than 90% of the people who took the test and lower than the scores of the remaining 10% of the people who took the test.  Percentiles are useful for comparing values.  For this reason, universities and colleges use percentiles extensively.   
 The interquartile range is a number that indicates the spread of the middle half or the middle 50% of the data.  It is the difference between the third quartile (
         Q
         
            3
         
      ) and the first quartile (
         Q
         
            1
         
      ).
 
      
 IQR
   = 

 Q
            
               3
            

   – 

 Q
            
               1
            

         
  
 The IQR can help to determine potential outliers.  A value is suspected to be a potential outlier if it is more than (1.5)(IQR) below the first quartile or more than (1.5)(IQR) above the third quartile.  Potential outliers always need further investigation.
 Example 2.11. 
 Problem 

          
             For the following 13 real estate prices, calculate the IQR  and determine if any prices are outliers.  Prices are in dollars.  (Source: San Jose Mercury News)


             389,950; 230,500; 158,000; 479,000; 639,000; 114,950; 5,500,000; 387,000; 659,000; 529,000; 575,000; 488,800; 1,095,000

         



          Solution

             Order the data from smallest to largest.

             114,950; 158,000; 230,500; 387,000; 389,950; 479,000; 488,800; 529,000; 575,000; 639,000; 659,000; 1,095,000; 5,500,000

             
               
		                M
		 = 
		488,800
	
            

             
               
            

             
               
            

             
               
 IQR
   = 
  649000
   – 
  308750
   = 
  340250


            

             
                
  (
  1.5
  )
  (
  IQR
  )
   = 


  (
  1.5
  )
  (
  340250
  )
   = 
  510375

            

             
               
            

             
               
            

             No house price is less than -201625.  However, 5,500,000 is more than 1,159,375.  Therefore, 5,500,000 is a potential outlier.  

         



      





 Example 2.12. 
 Problem  (Go to Solution)

          
             
    For the two data sets in the test scores example, find the following:
  

             	
                  a. The interquartile range.  Compare the two interquartile ranges.
	
                  b. Any outliers in either set.
	
                  c. The 30th percentile and the 80th percentile for each set.  How much data falls below the 
      30th percentile? Above the 80th percentile?


         



      





 Example 2.13. Finding Quartiles and Percentiles Using a Table
 
  Fifty statistics students were asked how much sleep they get per school night (rounded to the nearest hour).  The results were (student data):

Table 2.6. 	AMOUNT OF SLEEP PER SCHOOL NIGHT (HOURS)	FREQUENCY	RELATIVE FREQUENCY	CUMULATIVE RELATIVE FREQUENCY
	4	2	0.04	0.04
	5	5	0.10	0.14
	6	7	0.14	0.28
	7	12	0.24	0.52
	8	14	0.28	0.80
	9	7	0.14	0.94
	10	3	0.06	1.00


 
         Find the 28th percentile: Notice the 0.28 in the "cumulative relative frequency" column.  28% of 50 data values = 14.  There are 14 values less than the 28th %ile.  They include the two 4s, the five 5s, and the seven 6s.  The 28th %ile is between the last 6 and the first 7.  The 28th %ile is 6.5.
      
 
         Find the median: Look again at the "cumulative relative frequency " column and find 0.52.  The median is the 50th %ile or the second quartile.  50% of 50 = 25.  There are 25 values less than the median. They include the two 4s, the five 5s, the seven 6s, and eleven of the 7s.  The median or 50th %ile is between the 25th (7) and 26th (7) values.  The median is 7. 
      
 
          Find the third quartile: The third quartile is the same as the 75th percentile.  You can "eyeball" this answer. If  you look at the "cumulative relative frequency" column, you find 0.52 and 0.80.  When you have all the 4s, 5s, 6s and 7s, you have 52% of the data.  When you include all the 8s, you have 80% of the data.  The 75th %ile, then,  must be an 8 .  Another way to look at the problem is to find 75% of 50 (= 37.5) and round up to 38.  The third quartile, 
            Q
            
               3
            
         ,  is the 38th value which is an 8.  You can check this answer by counting the values.  (There are 37 values below the third quartile and 12 values above.)



 Example 2.14. 
 Problem  (Go to Solution)

          

             Using the table:

             	Find the 80th percentile.

	Find the 90th percentile.

	Find the first quartile.  What is another name for the first quartile?

	Construct a box plot of the data.




         




      





 
      Collaborative Classroom Exercise: Your instructor or a member of the class will ask everyone in class how many sweaters they own.  Answer the following questions.

 	 How many students were surveyed?

	What kind of sampling did you do?

	Find the mean and standard deviation.

	Find the mode.

	Construct 2 different histograms.  For each, starting value = _____  ending value = ____. 

	Find the median, first quartile, and third quartile.

	Construct a box plot.

	Construct a table of the data to find the following:
 	 The 10th percentile

	 The 70th percentile

	 The percent of students who own less than 4 sweaters




            




   
Solutions to Exercises



 Solution to Exercise  (Return to Problem)

          
    For the IQRs, see the answer to the test scores example.  The first data set has the larger IQR, so the scores between Q3 and Q1 (middle 50%) for the first data set are more spread out and not clustered about the median.
  

          
First Data Set

               
 	
                        
                     

	
                        
 Xmax
  - 
 Q3
  = 
 99
  - 
 82.5
  = 
 16.5
 
                     

	
                        
 Q1
  - 
 Xmin
  = 
 56
  - 
 32
  = 
 24
 
                     





               
is larger than 16.5 and larger than 24, so the first set has no outliers.


          
Second Data Set

               
 	
                        
                     

	
                        
 Xmax
  – 
 Q3
  = 
 98
  – 
 89
  = 
 9
 
                     

	
                        
 Q1
  – 
 Xmin
  = 
 78
  – 
 25.5
  = 
 52.5
 
                     





               
is larger than 9 but smaller than 52.5, so for the second set 45 and 25.5 are outliers.

          To find the percentiles, create a frequency, relative frequency, and cumulative relative frequency chart (see "Frequency" from the Sampling and Data Chapter).  Get the percentiles from that chart.

          First Data Set
	
                  
               

	
                  
               






          Second Data Set
	
                  
30th %ile (7th value)
  = 

  78

               

	
                  
80th %ile (18th value)
  = 

  90
 
               





          

30% of the data falls below the 30th %ile, and 20% falls above the 80th %ile.





      


 Solution to Exercise  (Return to Problem)

          	
                  
               

	9

	6

	First Quartile = 25th %ile





      



Glossary



	 Interquartile Range (IRQ)
	 
   The distance between the third quartile (Q3) and the first quartile (Q1). IQR = Q3 - Q1.
    

	 Outlier
	 
   An observation that does not fit the rest of the data.
    

	 Percentile
	 
 A number that divides ordered data into hundredths.
 Example . 
 
Let a data set contain 200 ordered observations starting with 
{2.3,2.7,2.8,2.9,2.9,3.0...}. Then the first percentile is 
, because 1% of the data is to the left of this point on the number line and 99% of the data is on its right. The second percentile is 
. Percentiles may or may not be part of the data. In this example, the first percentile is not in the data, but the second percentile is. The median of the data is the second quartile and the 50th percentile. The first and third quartiles are the 25th and the 75th percentiles, respectively.
    




	 Quartiles
	 
The numbers that separate the data into quarters. Quartiles may or may not be part of the data. The second quartile is the median of the data.
    




2.7. Measures of the Center of the Data*



 The "center" of a data set is also a way of describing location.
The two most widely used measures of the "center" of the data are the mean (average) and the median.  To calculate the mean weight of 50 people, add the 50 weights together and divide by 50.  To find the  median weight of the 50 people, order the data and find the number that splits the data into two equal parts (previously discussed under box plots in this chapter).  The median is generally a better measure of the center when there are extreme values or outliers because it is not affected by the precise numerical values of the outliers.  The mean is the most common measure of the center.
 The mean can also be calculated by multiplying each distinct value by its frequency and then dividing the sum by the total number of data values.  The letter used to represent the sample mean is an 
         x
       with a bar over it (pronounced "
         x
       bar"):   .
 The Greek letter 
         μ
       (pronounced "mew") represents the population mean.  If you take a truly random sample, the sample mean is a good estimate of the population mean.  
 To see that both ways of calculating the mean are the same, consider the sample: 
 1; 1; 1; 2; 2; 3; 4; 4; 4; 4; 4
(2.5)

(2.6)

 In the second example, the frequencies are 3, 2, 1, and 5.
 You can quickly find the location of the median by using the expression .
 The letter 
         n
       is the total number of data values in the sample.  If 
         n
       is an odd number, the median is the middle value of the ordered data (ordered smallest to largest).  If 
         n
       is an even number, the median is equal to the two middle values added together and divided by 2 after the data has been ordered. 

For example, if the total number of data values is 97, then

=
=
49.  The median is the 49th value in the ordered data.

If the total number of data values is 100, then

=
=
50.5. The median occurs midway between the 50th and 51st values.


 The location of the median and the median itself are not the same. The upper case letter 
         M
       is often used to represent the median.  The next example illustrates the location of the median and the median itself.
 Example 2.16. 
 Problem 

          
             AIDS data indicating the number of months an AIDS patient lives after taking a new antibody drug are as follows (smallest to largest):


             3; 4; 8; 8; 10; 11; 12; 13; 14; 15; 15; 16; 16; 17; 17; 18; 21; 22; 22; 24; 24; 25; 26; 26; 27; 27; 29; 29; 31; 32; 33; 33; 34; 34; 35; 37; 40; 44; 44; 47

             Calculate the mean and the median.

         

          Solution

             The calculation for the mean is:

             
               
            

             To find the median, M, first use the formula for the location.  The location is:

             
               
            

             Starting at the smallest value, the median is located between the 20th and 21st values (the two 24s):

             3; 4; 8; 8; 10; 11; 12; 13; 14; 15; 15; 16; 16; 17; 17; 18; 21; 22; 22; 
                  24
               ; 
                  24
               ; 25; 26; 26; 27; 27; 29; 29; 31; 32; 33; 33; 34; 34; 35; 37; 40; 44; 44; 47

             
               
            

             The median is 24.

         



      





 Example 2.17. 
 Problem 

          
             
 Suppose that, in a small town of 50 people, one person earns $5,000,000 per year and the other 49 each earn $30,000.  Which is the better measure of the "center," the mean or the median?


         

          Solution

             
               
            

             
               
                  M
   = 
  30000

            

             (There are 49 people who earn $30,000 and one person who earns $5,000,000.)

             The median is a better measure of the "center" than the mean because 49 of  the values are 30,000 and one is 5,000,000.  The 5,000,000 is an outlier.  The 30,000 gives us a better sense of the middle of the data.

         



      





 Another measure of the center is the mode.  The mode is the most frequent value.  If a data set has two values that occur the same number of times, then the set is bimodal.
 Example 2.18. Statistics exam scores for 20 students are as follows
 
Statistics exam scores for 20 students are as follows:

 
50  ;   53  ;   59  ;   59  ;   63  ;   63  ;   72  ;   72  ;   72  ;   72  ;   72  ;   76  ;   78  ;   81  ;   83  ;   84  ;   84  ;   84  ;   90  ;   93

 Problem 


          
             Find the mode.

         


          Solution

             The most frequent score is 72, which occurs five times.  Mode  =  72.

         



      





 Example 2.19. 
 
  Five real estate exam scores are 430, 430, 480, 480, 495.  The data set is bimodal because the scores 430 and 480 each occur twice.

 When is the mode the best measure of the "center"?  Consider a weight loss program that advertises an average weight loss of six pounds the first week of the program.  The mode might indicate that most people lose two pounds the first week, making the program less appealing.
 Statistical software will easily calculate the mean, the median, and the mode.  Some graphing calculators can also make these calculations.  In the real world, people make these calculations using software. 



The Law of Large Numbers and the Mean



 The Law of Large Numbers says that if you take samples of larger and larger size from any population, then the mean   of the sample gets closer and closer to 
            µ
         .  This is discussed in more detail in The Central Limit Theorem. 
 Note
The formula for the mean is located in the Summary of Formulas section course.


Sampling Distributions and Statistic of a Sampling Distribution



 You can think of a sampling distribution as a  relative frequency distribution with a great many samples. (See Sampling and Data for a review of relative frequency).

Suppose thirty randomly selected students were asked the number of movies they watched the previous week. The results are in the relative frequency table shown below.

Table 2.7. 	# of movies	Relative Frequency
	0	5/30
	1	15/30
	2	6/30
	3	4/30
	4	1/30



   
      
 
         If you let the number of samples get very large (say, 300 million or more), the relative frequency table becomes a relative frequency distribution.
 
         
            statistic of a sampling distribution
          is a number calculated from a sample.  Statistic examples include the mean, the median and the mode as well as others.  The sample mean 
 
is an example of a statistic which estimates the population mean 

            μ
         .  

Glossary



	 Mean
	 
   A number that measures the central tendency.  A common name for mean is  'average.'  The term 'mean' is a shortened form of 'arithmetic mean.' By definition, the mean for a sample (denoted by 
) is 
, 

and the mean for a population (denoted by 

                  μ
               ) is 
.
    

	 Median
	 
   A number that separates ordered data into halves.  Half the values are the same number or smaller than the median and half the values are the same number or larger than the median. The median may or may not be part of the data.
    

	 Mode
	 
   The value that appears most frequently in a set of data.
    




2.8. Skewness and the Mean, Median, and Mode*



 Consider the following data set:
 4  ;   5  ;   6  ;   6  ;   6  ;   7  ;   7  ;   7  ;   7  ;   7  ;   7  ;   8  ;   8  ;   8  ;   9  ;   10
 This data
 produces the histogram shown below.  Each interval has width one and each value is located in the middle of an interval.  
 [image: A histogram with a symmetrical data distribution, with a mean, median, and mode of 7.]
 The histogram displays a symmetrical distribution of data.  A distribution is symmetrical if a vertical line can be drawn at some point in the histogram such that the shape to the left and the right of the vertical line are mirror images of each other. The mean, the median, and the mode are each 7 for these data.  In a perfectly symmetrical distribution, the mean, the median, and the mode are often the same.
   
 The histogram for the data:
 4  ;   5  ;   6  ;   6  ;   6  ;   7  ;   7  ;   7  ;   7  ;   8   
 is not symmetrical.  The right-hand side seems "chopped off" compared to the left side.  The shape distribution

is called skewed to the left because it is pulled out to the left.
 [image: A histogram that is skewed to the left. The mode is still 7, but the mean and median are less than 7.]
 The mean is 6.3, the median is 6.5, and the mode is 7.  Notice that the mean is less than the median and they are both less than the mode.  The mean and the median both reflect the skewing but the mean more so.  
 The histogram for the data:
   6  ;   7  ;   7  ;   7  ;   7  ;   8  ;   8  ;   8  ;   9  ;   10
 is also not symmetrical.  It

is skewed to the right.  
 [image: A histogram skewed to the right. The mode is still 7, but the mean and median are both greater than 7.]
 The mean is 7.7, the median is 7.5, and the mode is 7.  Notice that the mean is the largest statistic, while the mode is the smallest.  Again, the mean reflects the skewing the most.
 To summarize, generally if the distribution of data is skewed to the left, the mean is less than the median, which is less than the mode.  If the distribution of data is skewed to the right, the mode is less than the median, which is less than the mean. 
 Skewness and symmetry become important when we discuss probability distributions in later chapters. 

2.9. Measures of the Spread of the Data*



 The most common measure of spread is the standard deviation.  The standard deviation is a number that measures how far data values are from their mean.  For example, if the mean of a set of data containing 7 is 5 and the standard deviation is 2, then the value 7 is one (1) standard deviation from its mean because  5 + (1)(2) = 7. 
 The number line may help you understand standard deviation.  If we were to put 5 and 7 on a number line, 7 is to the right of 5.  We say, then, that 7 is one standard deviation to the right of 5.  If 1 were also part of the data set, then 1 is two standard deviations to the left of 5 because 5 +(-2)(2) = 1.  
 1=5+(-2)(2) ; 7=5+(1)(2)
 
       [image: A number line labeled from 0 to 7.]
  
 
      Formula: value =  + (#ofSTDEVs)(s)
 Generally, a value = mean + (#ofSTDEVs)(standard deviation), where #ofSTDEVs = the number of standard deviations.
 If 
         x
       is a value and    is the sample mean, then  
         x –  
       is called a deviation.  In a data set, there are as many deviations as there are data values.  Deviations are used to calculate the sample standard deviation.  
 
Calculation of the Sample Standard Deviation
To calculate the standard deviation, calculate the variance first.  The variance is the average of the squares of the deviations.  The standard deviation is the square root of the variance.  You can think of the standard deviation as a special average of the deviations (the 
            x –  
          values).  The lower case letter 
            s
          represents the sample standard deviation and the Greek letter 
            σ
          (sigma) represents the population standard deviation.  We use 
            s
            2
          to represent the sample variance and 
            σ
            2
          to represent the population variance.  If the sample has the same characteristics as the population, then s should be a good estimate of 
            σ
         .
 
Sampling Variability of a Statistic
The statistic of a sampling distribution was discussed in Descriptive Statistics: Measuring the Center of the Data. How much the statistic varies from one sample to another is known as the  sampling variability of a statistic.  You typically measure the sampling variability of a statistic by its standard error.  The standard error of the mean is an example of a standard error.  It is a special standard deviation and is known as the standard deviation of the sampling distribution of the mean.  You will cover the standard error of the mean in The Central Limit Theorem (not now).  The notation for the standard error of the mean is
  
where 
            σ
          is the standard deviation of the population and 
            n
          is the size of the sample.

 Note
In practice, use either a calculator or computer software to calculate the standard deviation.  However, please study the following step-by-step example.

 Example 2.20. 
 In a fifth grade class, the teacher was interested in the average age and the standard deviation of the ages of her students.  What follows are the ages of her students to the nearest half year: 


 9  ;   9.5  ;   9.5  ;   10  ;   10  ;   10  ;   10  ;   10.5  ;   10.5  ;   10.5  ;   10.5  ;   11  ;   11  ;   11  ;   11  ;   11  ;   11  ;   11.5  ;   11.5  ;   11.5
(2.7)

 The average age is 10.53 years, rounded to 2 places.
 The variance may be calculated by using a table.  Then the standard deviation is calculated by taking the square root of the variance.  We will explain the parts of the table after calculating 
            s
         .
Table 2.8. 	Data	Freq.	Deviations	
                     
 Deviations2
                     
                  	(Freq.)(
 Deviations2
                     )
	
                     
                        x
                     
                  	
                     
                        f
                     
                  	
                     
                  	
                     
                  	
                     
                  
	
                     
                        9
                     
                  	
                     
                        1
                     
                  	
                     
 9
   – 
  10.525
   = 
   – 
  1.525

                  	
                     

      (
       – 
      1.525
      )
    2
   = 
  2.325625

                  	
                     

    1
     × 
    
      2.325625
       = 
      2.325625
    
  

                  
	
                     9.5
                  	
                     
                        2
                     
                  	
                     
 9.5
   – 
  10.525
   = 
   – 
  1.025

                  	
                     

      (
       – 
      1.025
      )
    2
   = 
  1.050625

                  	
                     

    2
     × 
    
      1.050625
       = 
      2.101250
    
  

                  
	
                     10
                  	
                     
                        4
                     
                  	
                     
 10
   – 
  10.525
   = 
   – 
  0.525

                  	
                     

      (
       – 
      0.525
      )
    2
   = 
  0.275625

                  	
                     

    4
     × 
    
      .275625
       = 
      1.1025
    
  

                  
	
                     10.5
                  	
                     
                        4
                     
                  	
                     
 10.5
   – 
  10.525
   = 
   – 
  0.025

                  	
                     

      (
       – 
      0.025
      )
    2
   = 
  0.000625

                  	
                     

    4
     × 
    
      .000625
       = 
      .0025
    
  

                  
	
                     11
                  	
                     
                        6
                     
                  	
                     
 11
   – 
  10.525
   = 
  0.475

                  	
                     

      (
      0.475
      )
    2
   = 
  0.225625

                  	
                     

    6
     × 
    
      .225625
       = 
      1.35375
    
  

                  
	
                     11.5
                  	
                     
                        3
                     
                  	
                     
 11.5
   – 
  10.525
   = 
  0.975

                  	
                     

      (
      0.975
      )
    2
   = 
  0.950625

                  	
                     

    3
     × 
    
      .950625
       = 
      2.851875
    
  

                  


 The sample variance, 
            s
            2
         , is equal to the sum of the last column (9.7375) divided by the total number of data values minus one (20 - 1):
 
         
      
 The sample standard deviation, 
            s
         ,  is equal to the square root of the sample variance:
 
          Rounded to two decimal places,  
            s
   = 
  0.72

      
 Typically, you do the calculation for the standard deviation on your calculator or computer. The intermediate results are not rounded.  This is done for accuracy.
 Problem 1.

          
             
    Verify the mean and standard deviation calculated above on your calculator or computer.  Find the median and mode.
  

         


          Solution

             	Median = 10.5

	Mode = 11




         



      


 Problem 2.

          
             Find the value that is 1 standard deviation above the mean. Find .
  

         


          Solution

             
               
            

         



      


 Problem 3.

          
             
 Find the value that is two standard deviations below the mean.  Find .
  

         


          Solution

             
               
            

         



      


 Problem 4.

          
             
Find the values that are 1.5 standard deviations from (below and above) the mean.
  

         


          Solution

             	
                     
                  

	
                     
                  




         



      





 
      Explanation of the table: The deviations show how spread out the data are about the mean.  The value 11.5 is farther from the mean than 11.  The deviations  0.975 and 0.475 indicate that. If you add the deviations, the sum is always zero.  (For this example, there are 20 deviations.)  So you cannot simply add the deviations to get the spread of the data.  By squaring the deviations, you make them positive numbers.  The variance, then, is the average squared deviation.  It is small if the values are close to the mean and large if the values are far from the mean.
 The variance is a squared measure and does not have the same units as the data.  Taking the square root solves the problem.  The standard deviation measures the spread in the same units as the data.
 For the sample variance, we divide by the total number of data values minus one (n-1).  Why not divide by 
         n
      ?  The answer has to do with the population variance.  The sample variance is an estimate of the population variance.  By dividing by (n-1), we get a better estimate of the population variance.
 Your concentration should be on what the standard deviation does, not on the arithmetic.  The standard deviation is a number which measures how far the data are spread from the mean.  Let a calculator or computer do the arithmetic.
 The sample standard deviation, 
         s
      
, is either zero or larger than zero.  When   
         s
   = 
  0
, there is no spread.  When  
         s
      
  is a lot larger than zero, the data values are very spread out about the mean.  Outliers can make 
         s
       very large.
 The standard deviation, when first presented, can seem unclear.   By graphing your data, you can get a better "feel" for the deviations and the standard deviation.  You will find that in symmetrical distributions, the standard deviation can be very helpful but in skewed distributions, the standard deviation may not be much help.  The reason is that the two sides of a skewed distribution have different spreads.  In a skewed distribution, it is better to look at the first quartile, the median, the third quartile, the smallest value, and the largest value.  Because numbers can be confusing, always graph your data.
 Note
The formula for the standard deviation is at the end of the chapter.

 Example 2.21. 
 Problem 

          
             Use the following data (first exam scores) from Susan Dean's spring pre-calculus class:


             33; 42; 49; 49; 53; 55; 55; 61;   63; 67; 68; 68; 69; 69; 72; 73;   74; 78; 80; 83; 88; 88; 88; 90;   92; 94; 94; 94; 94; 96; 100  

             	
                  a. Create a chart containing the data, frequencies, relative frequencies, and cumulative relative frequencies to three decimal places.
	
                  b. Calculate the following to one decimal place using a TI-83+ or TI-84 calculator:


 	
                        i. The sample mean 
	
                        ii. The sample standard deviation 
	
                        iii. The median 
	
                        iv. The first quartile 
	
                        v. The third quartile 
	
                        vi. IQR 


               
	
                  c. Construct a box plot and a histogram on the same set of axes.  Make comments about the box plot, the histogram, and the chart.


         

          Solution

             	
                  a. 
                  Table 2.9. 	Data	Frequency	Relative Frequency	Cumulative Relative Frequency
	33	1	0.032	0.032
	42	1	0.032	0.064
	49	2	0.065	0.129
	53	1	0.032	0.161
	55	2	0.065	0.226
	61	1	0.032	0.258
	63	1	0.032	0.29
	67	1	0.032	0.322
	68	2	0.065	0.387
	69	2	0.065	0.452
	72	1	0.032	0.484
	73	1	0.032	0.516
	74	1	0.032	0.548
	78	1	0.032	0.580
	80	1	0.032	0.612
	83	1	0.032	0.644
	88	3	0.097	0.741
	90	1	0.032	0.773
	92	1	0.032	0.805
	94	4	0.129	0.934
	96	1	0.032	0.966
	100	1	0.032	
                                 0.998  (Why isn't this value 1?)



               
	
                  b. 
                   	
                        i. The sample mean = 73.5 
	
                        ii. The sample standard deviation = 17.9 
	
                        iii. The median = 73 
	
                        iv. The first quartile = 61 
	
                        v. The third quartile = 90 
	
                        vi. IQR = 90 - 61 = 29 


               
	
                  c. The x-axis goes from 32.5 to 100.5;  y-axis goes from -2.4 to 15 for the histogram;  number of intervals is 5 for the histogram so the width of an interval is (100.5 - 32.5) divided by 5 which is equal to 13.6.   Endpoints of the intervals:  starting point is 32.5,  32.5+13.6 = 46.1,  46.1+13.6 = 59.7,  59.7+13.6 = 73.3,  73.3+13.6 = 86.9,  86.9+13.6 = 100.5 = the ending value;  No data values fall on an interval boundary.

 Figure 2.1. 
 [image: A hybrid image displaying both a histogram and box plot described in detail in the answer solution above.]




               

 
         



      


 The long left whisker in the box plot is reflected in the left side of the histogram.  The spread of the exam scores in the lower 50% is greater (73 - 33 = 40) than the spread in the upper 50% (100 - 73 = 27).  The histogram, box plot, and chart all reflect this.  There are a substantial number of A and B grades (80s, 90s, and 100).  The histogram clearly shows this.  The box plot shows us that the middle 50% of the exam scores  (IQR = 29) are Ds, Cs, and Bs.  The box plot also shows us that the lower 25% of the exam scores are Ds and Fs.



 Example 2.22. 
 Problem 

          
             Two students, John and Ali, from different high schools, wanted to find out who had the highest G.P.A. when compared to his school.  Which student had the highest G.P.A. when compared to his school?


            Table 2.10. 	Student	GPA	School Mean GPA	School Standard Deviation
	John	2.85	3.0	0.7
	Ali	77	80	10



         

          Solution

             Use the formula value = mean + (#ofSTDEVs)(stdev) and solve for #ofSTDEVs for each student (stdev = standard deviation):

             
                :

             For John, 
            

             For Ali, 
            

             John has the better G.P.A. when compared to his school because his G.P.A. is 0.21 standard deviations below his mean while Ali's G.P.A. is 0.3 standard deviations below his mean. 

         



      





Glossary



	 Standard Deviation
	 
A number that is equal to the square root of the variance and measures how far data values are from their mean. Notation: s for sample standard deviation and   
                  σ
               for population standard deviation.
    

	 Variance
	 
Mean of the squared deviations from the mean. Square of the standard deviation.  For a set of data, a deviation can be represented as   where 
                  x
                is a value of the data and  is the sample mean. The sample variance is equal to the sum of the squares of the deviations divided by the difference of the sample size and 1.

    




2.10. Summary of Formulas*



 Commonly Used Symbols
	
   The symbol 

               Σ
             means to add or to find the sum.
    

	
            
               n
             = the number of data values in a sample
    

	
            
               N
             = the number of people, things, etc. in the population
    

	
             = the sample mean 

	
            
               s
             = the sample standard deviation
    

	
            
               μ
             = the population mean 

	
            
               σ
             = the population standard deviation
    

	
            
               f
             = frequency

	
            
               x
             = numerical value 
    



 Commonly Used Expressions
	  
            
               x * f
             = A value multiplied by its respective frequency


	 
            ∑x
             = The sum of the values

	 
            ∑x * f
             = The sum of values multiplied by their respective frequencies 

	 
             or 
  (
    x
   − 
  μ
  )
 = Deviations from the mean (how far a value is from the mean)

	 
            
 or 

  
      (
       x
       − 
      μ
      )
    2
             = Deviations squared
    

	 
            
 or 

  
               f
      (
       x
       − 
      μ
      )
    2
             = The deviations squared and multiplied by their frequencies
   





 
      Mean Formulas:  
      
 	
               
                or 

               
            

	
               
                  μ = 
                or 

                  μ
               =

            




    
 
      Standard Deviation Formulas: 

      
 	
               
                  s =  
               	
       or 

                  s = 
               
            

	

               
                  σ = 
               

or


                  σ =  
               
            




   
 
      Formulas Relating a Value, the Mean, and the Standard Deviation:

      
 	
value = mean + (#ofSTDEVs)(standard deviation), where #ofSTDEVs = the number of standard deviations 
    

	
               
                  x
                = + (#ofSTDEVs)(
                  s
               )

	
               
                  x
                = 

                  μ
                +  (#ofSTDEVs)(
                  σ
               ) 




   

2.11. Practice 1: Center of the Data*



Student Learning Outcomes



 	The student will calculate and interpret the center, spread, and location of the data.

	The student will construct and interpret histograms an box plots.




Given



 Sixty-five randomly selected car salespersons were asked the number of cars they generally sell in one week. Fourteen people answered that they generally sell three cars; nineteen generally sell four cars; twelve generally sell five cars; nine generally sell six cars; eleven generally sell seven cars.


Complete the Table



Table 2.11. 	Data Value (# cars)	Frequency	Relative Frequency	Cumulative Relative Frequency
	 	 	 	 
	 	 	 	 
	 	 	 	 
	 	 	 	 
	 	 	 	 
	 	 	 	 
	 	 	 	 



Discussion Questions



 Exercise 2.11.1. (Go to Solution)

          
		           What does the frequency column sum to? Why? 
  

	        

	
      


 Exercise 2.11.2. (Go to Solution)

          
             What does the relative frequency column sum to? Why?

         

      


 Exercise 2.11.3.

          
		           What is the difference between relative frequency and frequency for each data value?

	        

      


 Exercise 2.11.4.

          
             What is the difference between cumulative relative frequency and relative frequency for each data value? 

         

      



Enter the Data



 Enter your data into your calculator or computer.

Construct a Histogram



 Determine appropriate minimum and maximum x and y values and the scaling. Sketch the histogram below. Label the horizontal and vertical axes with words. Include numerical scaling. 

 [image: An empty graph template for use with this question.]

Data Statistics



 Calculate the following values:
 Exercise 2.11.5. (Go to Solution)

          
             Sample mean = 
 =


         

      


 Exercise 2.11.6. (Go to Solution)

          
             
Sample standard deviation = 

                  s
                  
                     x
                  
                =


         

      


 Exercise 2.11.7. (Go to Solution)

          
             Sample size = 
                  n
                = 

         

      



Calculations



 Use the table in section 2.11.3 to calculate the following values:
 Exercise 2.11.8. (Go to Solution)

          
             
Median =


         

      


 Exercise 2.11.9. (Go to Solution)

          
             
Mode =


         

      


 Exercise 2.11.10. (Go to Solution)

          
             
First quartile =


         

      


 Exercise 2.11.11. (Go to Solution)

          
             
Second quartile = median = 50th percentile =


         

      


 Exercise 2.11.12. (Go to Solution)

          
             
Third quartile =


         

      


 Exercise 2.11.13. (Go to Solution)

          
             
Interquartile range (IQR) = _____ - _____ = _____ 


         

      


 Exercise 2.11.14. (Go to Solution)

          
             
10th percentile =


         

      


 Exercise 2.11.15. (Go to Solution)

          
             
70th percentile =


         

      


 Exercise 2.11.16. (Go to Solution)

          
             
Find the value that is 3 standard deviations: 
   
	
                     a. Above the mean
	
                     b. Below the mean


            

         

      



Box Plot



 Construct a box plot below. Use a ruler to measure and scale accurately.


Interpretation



 Looking at your box plot, does it appear that the data are concentrated together, spread out evenly, or concentrated in some areas, but not in others? How can you tell?

Solutions to Exercises



 Solution to Exercise 2.11.1. (Return to Exercise)

		        65
  

	     


 Solution to Exercise 2.11.2. (Return to Exercise)

          1 

      


 Solution to Exercise 2.11.5. (Return to Exercise)

          
  4.75
 

      


 Solution to Exercise 2.11.6. (Return to Exercise)

          
  1.39
 

      


 Solution to Exercise 2.11.7. (Return to Exercise)

          
  65
 

      


 Solution to Exercise 2.11.8. (Return to Exercise)

          
  4
 

      


 Solution to Exercise 2.11.9. (Return to Exercise)

          
  4
 

      


 Solution to Exercise 2.11.10. (Return to Exercise)

          
  4
 

      


 Solution to Exercise 2.11.11. (Return to Exercise)

          
  4
 

      


 Solution to Exercise 2.11.12. (Return to Exercise)

          
  6
 

      


 Solution to Exercise 2.11.13. (Return to Exercise)

          
            
6
  – 

4
  = 

2

  
         

      


 Solution to Exercise 2.11.14. (Return to Exercise)

          
  3
 

      


 Solution to Exercise 2.11.15. (Return to Exercise)

          
  6
 

      


 Solution to Exercise 2.11.16. (Return to Exercise)


          	
               a. 8.93
	
               b. 0.58

  
      




2.12. Practice 2: Spread of the Data*



Student Learning Objectives



 	The student will calculate measures of the center of the data.

	The student will calculate the spread of the data.




Given



 The population parameters below describe the full-time equivalent number of students (FTES) each year at Lake Tahoe Community College from 1976-77 through 2004-2005. (Source: Graphically Speaking by Bill King, LTCC Institutional Research, December 2005). 
 Use these values to answer the following questions:

 	
               
                  μ
                = 1000 FTES

	Median - 1014 FTES

	
               
                  σ
                = 474 FTES

	First quartile = 528.5 FTES

	Third quartile = 1447.5 FTES

	
               
                  n
                = 29 years




Calculate the Values



 Exercise 2.12.1. (Go to Solution)

          
             A sample of 11 years is taken. About how many are expected to have a FTES of 1014 or above? Explain how you determined your answer.

         


      


 Exercise 2.12.2. (Go to Solution)

          
             75% of all years have a FTES:
 
	
                     a. At or below:
	
                     b. At or above:


            

         


      


 Exercise 2.12.3. (Go to Solution)

          
             The population standard deviation =

         


      


 Exercise 2.12.4. (Go to Solution)

          
             What percent of the FTES were from 528.5 to 1447.5?  How do you know?

         


      


 Exercise 2.12.5. (Go to Solution)

          
             What is the IQR? What does the IQR represent?

         


      


 Exercise 2.12.6. (Go to Solution)

          
             How many standard deviations away from the mean is the median?

         


      



Solutions to Exercises



 Solution to Exercise 2.12.1. (Return to Exercise)

          
  6
 

      


 Solution to Exercise 2.12.2. (Return to Exercise)

          	
               a. 1447.5
	
               b. 528.5


      


 Solution to Exercise 2.12.3. (Return to Exercise)

          
  474 FTES
 

      


 Solution to Exercise 2.12.4. (Return to Exercise)

          
  50%
 

      


 Solution to Exercise 2.12.5. (Return to Exercise)

          919
 

      


 Solution to Exercise 2.12.6. (Return to Exercise)

          
  0.03
 

      




2.13. Homework*



 Exercise 2.13.1. (Go to Solution)

       
          
   Twenty-five randomly selected students were asked the number of movies they watched the previous week. The results are as follows:

Table 2.12. 	# of movies	Frequency	Relative Frequency	Cumulative Relative Frequency
	0	5	 	 
	1	9	 	 
	2	6	 	 
	3	4	 	 
	4	1	 	 



         

          	
               a. Find the sample mean 
            
	
               b. Find the sample standard deviation, 
                  s
               
            
	
               c. Construct a histogram of the data. 
	
               d. Complete the columns of the chart. 
	
               e. Find the first quartile. 
	
               f. Find the median. 
	
               g. Find the third quartile. 
	
               h. Construct a box plot of the data. 
	
               i. What percent of the students saw fewer than three movies? 
	
               j. Find the 40th percentile. 
	
               k. Find the 90th percentile. 
	
               l. Construct a line graph of the data. 
	
               m. Construct a stem plot of the data. 


      


   


 Exercise 2.13.2.

       
          The median age for U.S. blacks currently is 30.1 years; for U.S. whites it is 36.6 years. (Source:  U.S. Census)
 
	
                  a. Based upon this information, give two reasons why the black median age could be lower than the white median age.
	
                  b. Does the lower median age for blacks necessarily mean that blacks die younger than whites?  Why or why not?
	
                  c. How might it be possible for blacks and whites to die at approximately the same age, but for the median age for whites to be higher?


         

      


   


 Exercise 2.13.3. (Go to Solution)

       
          
    Forty randomly selected students were asked the number of pairs of sneakers they owned.  Let X = the number of pairs of sneakers owned.  The results are as follows:
  

         Table 2.13. 	X	Frequency	Relative Frequency	Cumulative Relative Frequency
	1	2	 	 
	2	5	 	 
	3	8	 	 
	4	12	 	 
	5	12	 	 
	7	1	 	 



          	
               a. Find the sample mean 
            
	
               b. Find the sample standard deviation, 
                  s
               
            
	
               c. Construct a histogram of the data. 
	
               d. Complete the columns of the chart. 
	
               e. Find the first quartile. 
	
               f. Find the median. 
	
               g. Find the third quartile. 
	
               h. Construct a box plot of the data. 
	
               i. What percent of the students owned at least five pairs? 
	
               j. Find the 40th percentile. 
	
               k. Find the 90th percentile. 
	
               l. Construct a line graph of the data
	
               m. Construct a stem plot of the data


      


   


 Exercise 2.13.4.

       
          600 adult Americans were asked by telephone poll, 
What do you think constitutes a middle-class income?
  The results are below.  Also, include left endpoint, but not the right endpoint. (Source:  Time magazine; survey by Yankelovich Partners, Inc.)
  

          Note
"Not sure" answers were omitted from the results.


         Table 2.14. 	Salary ($)	Relative Frequency
	< 20,000	0.02
	20,000 - 25,000	0.09
	25,000 - 30,000	0.19
	30,000 - 40,000	0.26
	40,000 - 50,000	0.18
	50,000 - 75,000	0.17
	75,000 - 99,999	0.02
	100,000+	0.01



          	
               a. What percent of the survey answered 
"not sure"
?
	
               b. What percent think that middle-class is from $25,000 - $50,000 ?
	
               c. Construct a histogram of the data
 	
                        i: Should all bars have the same width, based on the data?  Why or why not?

	
                        ii: How should the 
<20,000
 and the 
100,000+
 intervals be handled? Why?




            
	
               d. Find the 40th and 80th percentiles
	
               e. Construct a bar graph of the data


      


   


 Exercise 2.13.5. (Go to Solution)

       
          Following are the published weights (in pounds) of all of the team members of the San Francisco 49ers from a previous year 
(Source:  San Jose Mercury News)

          177;  205;  210;  210;  232;  205;  185;  185;  178;  210;  206;  212;  184;  174;  185;  242;  188;  212;  215;  247;  241;  223;  220;  260;  245;  259;  278;  270;  280;  295;  275;  285;  290;  272;  273;  280;  285;  286;  200;  215;  185;  230;  250;  241;  190;  260;  250;  302;  265;  290;  276;  228;  265

          	
               a. Organize the data from smallest to largest value.
	
               b. Find the median.
	
               c. Find the first quartile.
	
               d. Find the third quartile.
	
               e. Construct a box plot of the data.
	
               f. The middle 50% of the weights are from _______ to _______.
	
               g. If our population were all professional football players, would the above data be a sample of weights or the population of weights?  Why?
	
               h. If our population were the San Francisco 49ers, would the above data be a sample of weights or the population of weights?  Why?
	
               i. Assume the population was the San Francisco 49ers.  Find: 	
                     i. the population mean, 
                        μ

                     .
	
                     ii. the population standard deviation, 
                        σ

                     .
	
                     iii. the weight that is 2 standard deviations below the mean.
	
                     iv. When Steve Young, quarterback, played football, he weighed 205 pounds.  How many standard deviations above or below the mean was he?


            
	
               j. That same year, the average weight for the Dallas Cowboys was 240.08 pounds with a standard deviation of 44.38 pounds.  Emmit Smith weighed in at 209 pounds.  With respect to his team, who was lighter, Smith or Young?  How did you determine your answer?


      


   


 Exercise 2.13.6.

       
          
An elementary school class ran 1 mile in an average of 11 minutes with a standard deviation of 3 minutes.  Rachel, a student in the class, ran 1 mile in 8 minutes. A junior high school class ran 1 mile in an average of 9 minutes, with a standard deviation of 2 minutes. Kenji, a student in the class, ran 1 mile in 8.5 minutes. A high school class ran 1 mile in an average of 7 minutes with a standard deviation of 4 minutes.  Nedda, a student in the class, ran 1 mile in 8 minutes.
  

          	
               a. Why is Kenji considered a better runner than Nedda, even though Nedda ran faster than he?
	
               b. Who is the fastest runner with respect to his or her class?  Explain why.


      


   


 Exercise 2.13.7.

       
          
  In a survey of 20 year olds in China, Germany and America, people were asked the number of foreign countries they had visited in their lifetime.  The following box plots display the results.
  

          [image: A set of three box plots plotted on the same graph comparing the survey results for each country.]



          	
               a. In complete sentences, describe what the shape of each box plot implies about the distribution of the data collected.
	
               b. Explain how it is possible that more Americans than Germans surveyed have been to over eight foreign countries.
	
               c. Compare the three box plots.  What do they imply about the foreign travel of twenty year old residents of the three countries when compared to each other?


      


   


 Exercise 2.13.8.

       
          Twelve teachers attended a seminar on mathematical problem solving.  Their attitudes were measured before and after the seminar.  A positive number change attitude indicates that a teacher's attitude toward math became more positive.  The twelve change scores are as follows:

            3;  8;  -1;  2;  0;  5;  -3;  1;  -1;  6;  5;  -2

          	
               a. What is the average change score?
	
               b. What is the standard deviation for this population?
	
               c. What is the median change score?
	
               d. Find the change score that is 2.2 standard deviations below the mean.


      

   


 Exercise 2.13.9. (Go to Solution)

       
          
Three students were applying to the same graduate school.  They came from schools with different grading systems.  Which student had the best G.P.A. when compared to his school?  Explain how you determined your answer.
  

         Table 2.15. 	Student	G.P.A.	School Ave. G.P.A.	School Standard Deviation
	Thuy	2.7	3.2	0.8
	Vichet	87	75	20
	Kamala	8.6	8	0.4



      


   


 Exercise 2.13.10.

       
          
    Given the following box plot:
  

          [image: A box plot indicating values between 0 and 13 with the first quartile at 2, the median at 10, and the third quartile at 12.]

          	
               a. Which quarter has the smallest spread of data?  What is that spread?
	
               b. Which quarter has the largest spread of data? What is that spread?
	
               c. Find the Inter Quartile Range (IQR).
	
               d. Are there more data in the interval 5 - 10 or in the interval 10 - 13?  How do you know this?
	
               e. Which interval has the fewest data in it?  How do you know this? 	
                     I.  0-2
	
                     II. 2-4
	
                     III. 10-12
	
                     IV. 12-13


            


      


   


 Exercise 2.13.11.

       
          
    Given the following box plot:
  

          [image: A box plot representing values from 0 to 150 with the first quartile at 0, the median at 20, and the third quartile at 100]



          	
               a. Think of an example (in words) where the data might fit into the above box plot.  In 2-5 sentences, write down the example.
	
               b. What does it mean to have the first and second quartiles so close together, while the second to fourth quartiles are far apart?


      


   


 Exercise 2.13.12.

       
          Santa Clara County, CA, has approximately 27,873 Japanese-Americans.  Their ages are as follows.  (Source:  West magazine)
  

         Table 2.16. 	Age Group	Percent of Community
	0-17	18.9
	18-24	8.0
	25-34	22.8
	35-44	15.0
	45-54	13.1
	55-64	11.9
	65+	10.3



          	
               a. Construct a histogram of the Japanese-American community in Santa Clara County, CA.  The bars will not be the same width for this example.  Why not?
	
               b. What percent of the community is under age 35?
	
               c. Which box plot most resembles the information above?



          [image: Three box plots with values between 0 and 100. Plot i has Q1 at 24, M at 34, and Q3 at 53; Plot ii has Q1 at 18, M at 34, and Q3 at 45; Plot iii has Q1 at 24, M at 25, and Q3 at 54.]

      


   


 Exercise 2.13.13.

       
          
Suppose that three book publishers were interested in the number of fiction paperbacks adult consumers purchase per month.  Each publisher conducted a survey.  In the survey, each asked adult consumers the number of fiction paperbacks they had purchased the previous month.  The results are below.
  

         Table 2.17. Publisher A	# of books	Freq.	Rel. Freq.
	0	10	 
	1	12	 
	2	16	 
	3	12	 
	4	8	 
	5	6	 
	6	2	 
	8	2	 



         Table 2.18. Publisher B	# of books	Freq.	Rel. Freq.
	0	18	 
	1	24	 
	2	24	 
	3	22	 
	4	15	 
	5	10	 
	7	5	 
	9	1	 



         Table 2.19. Publisher C	# of books	Freq.	Rel. Freq.
	0-1	20	 
	2-3	35	 
	4-5	12	 
	6-7	2	 
	8-9	1	 



          	
               a. Find the relative frequencies for each survey.  Write them in the charts.
	
               b. Using either a graphing calculator, computer, or by hand, use the frequency column to construct a histogram for each publisher's survey.  For Publishers A and B, make bar widths of 1. For Publisher C, make bar widths of 2.
	
               c. In complete sentences, give two reasons why the graphs for Publishers A and B are not identical.
	
               d. Would you have expected the graph for Publisher C to look like the other two graphs?  Why or why not?
	
               e. Make new histograms for Publisher A and Publisher B.  This time, make bar widths of 2.
	
               f. Now, compare the graph for Publisher C to the new graphs for Publishers A and B.  Are the graphs more similar or more different?  Explain your answer.


      


   


 Exercise 2.13.14.

       
          
    Often, cruise ships conduct all on-board transactions, with the exception of gambling, on a cashless basis.  At the end of the cruise, guests pay one bill that covers all on-board transactions.  Suppose that 60 single travelers and 70 couples were surveyed as to their on-board bills for a seven-day cruise from Los Angeles to the Mexican Riviera.  Below is a summary of the bills for each group.
  

         Table 2.20. Singles	Amount($)	Frequency	Rel. Frequency
	51-100	5	 
	101-150	10	 
	151-200	15	 
	201-250	15	 
	251-300	10	 
	301-350	5	 



         Table 2.21. Couples	Amount($)	Frequency	Rel. Frequency
	100-150	5	 
	201-250	5	 
	251-300	5	 
	301-350	5	 
	351-400	10	 
	401-450	10	 
	451-500	10	 
	501-550	10	 
	551-600	5	 
	601-650	5	 



          	
               a. Fill in the relative frequency for each group.
	
               b. Construct a histogram for the Singles group.  Scale the x-axis by $50. widths.  Use relative frequency on the y-axis.
	
               c. Construct a histogram for the Couples group.  Scale the x-axis by $50.  Use relative frequency on the y-axis.
	
               d. Compare the two graphs: 	
                     i. List two similarities between the graphs.
	
                     ii. List two differences between the graphs.
	
                     iii. Overall, are the graphs more similar or different?


            
	
               e. Construct a new graph for the Couples by hand.  Since each couple is paying for two individuals, instead of scaling the x-axis by $50, scale it by $100.  Use relative frequency on the y-axis.
	
               f. Compare the graph for the Singles with the new graph for the Couples: 	
                     i. List two similarities between the graphs.
	
                     ii. Overall, are the graphs more similar or different?


            
	
               i. By scaling the Couples graph differently, how did it change the way you compared it to the Singles?
	
               j. Based on the graphs, do you think that individuals spend the same amount, more or less, as singles as they do person by person in a couple?  Explain why in one or two complete sentences.


      


   


 Exercise 2.13.15. (Go to Solution)

       
          
   Refer to the following histograms and box plot. Determine which of the following are true and which are false. Explain your solution to each part in complete sentences.




          [image: Three graphs; the first is a histogram with a mode of 3 and fairly symmetrical distribution between 1 (minimum value) and 5 (maximum value); the second is a histogram with peaks at 1 (minimum value) and 5 (maximum value) with 3 having the lowest frequency; the third is a box plot with data between 0 and a value greater than 6, Q1 at 1, M at 3, and Q3 at 6.]


          	
               a. The medians for all three graphs are the same.
	
               b. We cannot determine if any of the means for the three graphs is different.
	
               c. The standard deviation for (b) is larger than the standard deviation for (a).
	
               d. We cannot determine if any of the third quartiles for the three graphs is different.


      


   


 Exercise 2.13.16.

       
          
 Refer to the following box plots.  
  


          [image: Two box plots showing data between 0 and 7. The Data 1 box plot shows Q1 at 2, M at 4, and Q3 at some unlabeled point greater than 4, while the Data 2 plot shows Q1 at an unlabeled point between 0 and 2, M at 2, and Q3 slightly greater than 2.]



          	
               a. In complete sentences, explain why each statement is false.
        	
                     i. 
                     Data 1 has more data values above 2 than Data 2 has above 2.
	
                     ii. The data sets cannot have the same mode.
	
                     iii. For Data 1, there are more data values below 4 than there are above 4.


            
	
               b. For which group, Data 1 or Data 2, is the value of “7” more likely to be an outlier?  
Explain why in complete sentences





      


   


 Exercise 2.13.17. (Go to Solution)

       
          In a recent issue of the IEEE Spectrum, 84 engineering conferences were announced. Four conferences lasted two days. Thirty-six lasted three days. Eighteen lasted four days. Nineteen lasted five days. Four lasted six days. One lasted seven days. One lasted eight days. One lasted nine days. Let X = the length (in days) of an engineering conference.
    

          	
               a. Organize the data in a chart.
	
               b. Find the median, the first quartile, and the third quartile.
	
               c. Find the 65th percentile.
	
               d. Find the 10th percentile.
	
               e. Construct a box plot of the data.
	
               f. The middle 50% of the conferences last from _______ days to _______ days.
	
               g. Calculate the sample mean of days of engineering conferences.
	
               h. Calculate the sample standard deviation of days of engineering conferences.
	
               i. Find the mode.
	
               j. If you were planning an engineering conference, which would you choose as the length of the conference: mean; median; or mode? Explain why you made that choice.
	
               k. Give two reasons why you think that 3 - 5 days seem to be popular lengths of engineering conferences.


      


   


 Exercise 2.13.18.

       
          A survey of enrollment at 35 community colleges across the United States yielded the following figures (source: Microsoft Bookshelf):


          
6414;  1550;  2109;  9350;  21828;  4300;  5944;  5722;  2825;  2044;  5481;  5200;  5853;  2750;  10012;  6357;  27000;  9414;  7681;  3200;  17500;  9200;  7380;  18314;  6557;  13713;  17768;  7493;  2771;  2861;  1263;  7285;  28165;  5080;  11622
  


          	
               a. Organize the data into a chart with five intervals of equal width. Label the two columns 
"Enrollment"
 and 
"Frequency."

	
               b. Construct a histogram of the data.
	
               c. If you were to build a new community college, which piece of information would be more valuable: the mode or the average size?
	
               d. Calculate the sample average.
	
               e. Calculate the sample standard deviation.
	
               f. A school with an enrollment of 8000 would be how many standard deviations away from the mean?


      


   


 Exercise 2.13.19. (Go to Solution)

       
          The median age of the U.S. population in 1980 was 30.0 years.  In 1991, the median age was 33.1 years.  (Source:  Bureau of the Census)
  

          	
               a. What does it mean for the median age to rise?
	
               b. Give two reasons why the median age could rise.
	
               c. For the median age to rise, is the actual number of children less in 1991 than it was in 1980? Why or why not?


      


   


 Exercise 2.13.20.

       
          
   A survey was conducted of 130 purchasers of new BMW 3 series cars, 130 purchasers of new BMW 5 series cars, and 130 purchasers of new BMW 7 series cars. In it, people were asked the age they were when they purchased their car. The following box plots display the results.
  



          [image: Three box plots on a chart scaled from less than 25 to 80. The BMW 3 series plot shows a minimum value under 25, Q1 around 30, M around 34, Q3 around 41, and a maximum value near 66. The BMW 5 series plot shows a minimum value around 31, Q1 around 40, M around 41, Q3 around 55, and a maximum value around 64, The BMW 7 series plot show a mimimum value around 35, Q1 around 41, M around 46, Q3 around 59, and a maximum value around 68.]

          	
               a. In complete sentences, describe what the shape of each box plot implies about the distribution of the data collected for that car series.
	
               b. Which group is most likely to have an outlier?  Explain how you determined that.
	
               c. Compare the three box plots.  What do they imply about the age of purchasing a BMW from the series when compared to each other?
	
               d. Look at the BMW 5 series.  Which quarter has the smallest spread of data?  What is that spread?
	
               e. Look at the BMW 5 series.  Which quarter has the largest spread of data? What is that spread?
	
               f. Look at the BMW 5 series.  Find the Inter Quartile Range (IQR).
	
               g. Look at the BMW 5 series.  Are there more data in the interval 31-38 or in the interval 45-55?  How do you know this?
	
               h. Look at the BMW 5 series.  Which interval has the fewest data in it?  How do you know this?
 	
                     i. 31-35
	
                     ii. 38-41
	
                     iii. 41-64


            


      


   


 Exercise 2.13.21. (Go to Solution)

       
          
The following box plot shows the U.S. population for 1990, the latest available year.  (Source:  Bureau of the Census, 1990 Census)
  


          [image: A box plot with values from 0 to 105, with Q1 at 17, M at 33, and Q3 at 50.]



          	
               a. Are there fewer or more children (age 17 and under) than senior citizens (age 65 and over)?  How do you know?
	
               b. 12.6% are age 65 and over.  Approximately what percent of the population are of working age adults (above age 17 to age 65)?


      


   


 Exercise 2.13.22.

       
          
Javier and Ercilia are supervisors at a shopping mall.  Each was given the task of estimating the mean distance that shoppers live from the mall.  They each randomly surveyed 100 shoppers.  The samples yielded the following information:


         Table 2.22. 	 	Javier	Ercilla
	
                        
                     	6.0 miles	6.0 miles
	
                        
                           s
                        
                     	4.0 miles	7.0 miles



          	
               a. How can you determine which survey was 
correct
?
	
               b. Explain what the difference in the results of the surveys implies about the data.
	
               c. If the two histograms depict the distribution of values for each supervisor, which one depicts Ercilia's sample?  How do you know?

 Figure 2.2. 
 [image: Two histograms. The first plot shows a fairly symmetrical distribution with a mode of 6. The second plot shows a uniform distribution.]





            
	
               d. If the two box plots depict the distribution of values for each supervisor, which one depicts Ercilia’s sample?  How do you know? Figure 2.3. 
 [image: Two box plots. The first has values from 0 to 21 with Q1 at 1, M at 6, and Q3 at 14. The second plot has values from 0 to 12 with Q1 at 4, M at 6, and Q3 at 9.]




            


      


   


 Exercise 2.13.23. (Go to Solution)

       
          Student grades on a chemistry exam were:  

           77, 78, 76, 81, 86, 51, 79, 82, 84, 99

          	
               a. Construct a stem-and-leaf plot of the data.
	
               b. Are there any potential outliers?  If so, which scores are they?  Why do you consider them outliers?


      


   


Try these multiple choice questions (Exercises 24 - 30).



 
         The next three questions refer to the following information.  We are interested in the number of years students in a particular elementary statistics class have lived in California. 
The information in the following table is from the entire section.

Table 2.23. 	Number of years	Frequency
	7	1
	14	3
	15	1
	18	1
	19	4
	20	3
	22	1
	23	1
	26	1
	40	2
	42	2
	 	Total = 20


 Exercise 2.13.24. (Go to Solution)

          
             
   What is the IQR?
  

             	
                  A. 8
	
                  B. 11
	
                  C. 15
	
                  D. 35


         


      


 Exercise 2.13.25. (Go to Solution)

          
             
   What is the mode?
  

             	
                  A. 19
	
                  B. 19.5
	
                  C. 14 and 20
	
                  D. 22.65


         


      


 Exercise 2.13.26. (Go to Solution)

          
             
    Is this a sample or the entire population?
  

             	
                  A. sample
	
                  B. entire population
	
                  C. neither


         


      


 
         The next two questions refer to the following table. 
         
            X
          = the number of days per week that 100 clients use a particular exercise facility.
Table 2.24. 	X	Frequency
	0	3
	1	12
	2	33
	3	28
	4	11
	5	9
	6	4


 Exercise 2.13.27. (Go to Solution)

          
             
    The 80th percentile is:
  

             	
                  A. 5
	
                  B. 80
	
                  C. 3
	
                  D. 4


         


      


 Exercise 2.13.28. (Go to Solution)

          
             
    The number that is 1.5 standard deviations BELOW the mean is approximately:
  

             	
                  A. 0.7
	
                  B. 4.8
	
                  C. -2.8
	
                  D. Cannot be determined 


         


      


 
         The next two questions refer to the following histogram.  Suppose one hundred eleven people who shopped in a special T-shirt store were asked the number of T-shirts they own costing more than $19 each.  
 [image: A histogram showing the results of a survey. Of 111 respondents, 5 own 1 t-shirt costing more than $19, 17 own 2, 23 own 3, 39 own 4, 25 own 5, 2 own 6, and no respondents own 7.]
 Exercise 2.13.29. (Go to Solution)

          
             
The percent of  people that own at most three (3) T-shirts costing more than $19 each is approximately:
  

             	
                  A. 21
	
                  B. 59
	
                  C. 41
	
                  D. Cannot be determined


         


      


 Exercise 2.13.30. (Go to Solution)

          
             
If the data were collected by asking the first 111 people who entered the store, then the type of sampling is:
  

             	
                  A. cluster
	
                  B. simple random
	
                  C. stratified
	
                  D. convenience


         


      



 Exercise 2.13.31. (Go to Solution)

       
          Below are the 2008 obesity rates by U.S. states and Washington, DC. (Source:  http://www.cdc.gov/obesity/data/trends.html#State)
  

Table 2.25. 	State	Percent (%)	State	Percent (%)
	Alabama	31.4	Montana	23.9
	Alaska	26.1	Nebraska	26.6
	Arizona	24.8	Nevada	25
	Arkansas	28.7	New Hampshire	24
	California	23.7	New Jersey	22.9
	Colorado	18.5	New Mexico	25.2
	Connecticut	21	New York	24.4
	Delaware	27	North Carolina	29
	Washington, DC	21.8	North Dakota	27.1
	Florida	24.4	Ohio	28.7
	Georgia	27.3	Oklahoma	30.3
	Hawaii	22.6	Oregon	24.2
	Idaho	24.5	Pennsylvania	27.7
	Illinois	26.4	Rhode Island	21.5
	Indiana	26.3	South Carolina	30.1
	Iowa	26	South Dakota	27.5
	Kansas	27.4	Tennessee	30.6
	Kentucky	29.8	Texas	28.3
	Louisiana	28.3	Utah	22.5
	Maine	25.2	Vermont	22.7
	Maryland	26	Virginia	25
	Massachusetts	20.9	Washington	25.4
	Michigan	28.9	West Virginia	31.2
	Minnesota	24.3	Wisconsin	25.4
	Mississippi	32.8	Wyoming	24.6
	Missouri	28.5	 	 




             
	
                  a.. Construct a bar graph of obesity rates of your state and the four states closest to your state.  Hint: Label the x-axis with the states.
	
                  b.. Use a random number generator to randomly pick 8 states.  Construct a bar graph of the obesity rates of those 8 states.
	
                  c.. Construct a bar graph for all the states beginning with the letter "A."
	
                  d.. Construct a bar graph for all the states beginning with the letter "M."


         

      



   


Solutions to Exercises



 Solution to Exercise 2.13.1. (Return to Exercise)

          	
               a. 1.48
	
               b. 1.12
	
               e. 1
	
               f. 1
	
               g. 2
	
               h. 
                [image: A box plot with a whisker between 0 and 1, a dotted line at 1, a solid line at 2, and a whisker between 2 and 4.]

            
	
               i. 80%
	
               j. 1
	
               k. 3


      


 Solution to Exercise 2.13.3. (Return to Exercise)

          	
               a. 3.78
	
               b. 1.29
	
               e. 3
	
               f. 4
	
               g. 5
	
               h. 
                [image: A box plot with a whisker between 0 and 3, a solid line at 3, a dashed line at 4, a solid line at 5, and a whisker between 5 and 7.]

            
	
               i. 32.5%
	
               j. 4
	
               k. 5


      


 Solution to Exercise 2.13.5. (Return to Exercise)

          	
               b. 241
	
               c. 205.5
	
               d. 272.5
	
               e. 
                [image: A box plot with a whisker between 174 and 205.5, a solid line at 205.5, a dashed line at 241, a solid line at 272.5, and a whisker between 272.5 and 302.]

            
	
               f. 205.5, 272.5
	
               g. sample
	
               h. population
	
               i. 
                	
                     i. 236.34
	
                     ii. 37.50
	
                     iii. 161.34
	
                     iv. 0.84 std. dev. below the mean


            
	
               j. Young


      


 Solution to Exercise 2.13.9. (Return to Exercise)

          Kamala

      


 Solution to Exercise 2.13.15. (Return to Exercise)

          	
               a. True
	
               b. True
	
               c. True
	
               d. False


      


 Solution to Exercise 2.13.17. (Return to Exercise)

          	
               b. 4,3,5
	
               c. 4
	
               d. 3
	
               e. 

                [image: A box plot with a whisker between 2 and 3, a solid line at three, a dashed line at 4, a solid line at 5, and a whisker between 5 and 9.]

            
	
               f. 3,5
	
               g. 3.94
	
               h. 1.28
	
               i. 3
	
               j. mode


      


 Solution to Exercise 2.13.19. (Return to Exercise)

          	
               c. Maybe


      


 Solution to Exercise 2.13.21. (Return to Exercise)

          	
               a. more children
	
               b. 62.4%


      


 Solution to Exercise 2.13.23. (Return to Exercise)

          	
               b. 51,99


      


 Solution to Exercise 2.13.24. (Return to Exercise)

          A

      


 Solution to Exercise 2.13.25. (Return to Exercise)

          A

      


 Solution to Exercise 2.13.26. (Return to Exercise)

          B

      


 Solution to Exercise 2.13.27. (Return to Exercise)

          D

      


 Solution to Exercise 2.13.28. (Return to Exercise)

          
    A
  

      


 Solution to Exercise 2.13.29. (Return to Exercise)

          C

      


 Solution to Exercise 2.13.30. (Return to Exercise)

          D

      


 Solution to Exercise 2.13.31. (Return to Exercise)

          Example solution for b using the random number generator for the Ti-84 Plus to generate a simple random sample of 8 states.  Instructions are below.
 
	Number the entries in the table 1 - 51 (Includes Washington, DC; Numbered vertically)
	Press MATH
	Arrow over to PRB
	Press 5:randInt(
	Enter 51,1,8)



Eight numbers are generated (use the right arrow key to scroll through the numbers).  The numbers correspond to the numbered states (for this example: {47 21 9 23 51 13 25 4}. If any numbers are repeated, generate a different number by using 5:randInt(51,1)).  Here, the states (and Washington DC) are {Arkansas, Washington DC, Idaho, Maryland, Michigan, Mississippi, Virginia, Wyoming}.  
Corresponding percents are {28.7 21.8 24.5 26 28.9 32.8 25 24.6}.


 [image: A bar graph showing 8 states on the x-axis and corresponding obesity rates on the y-axis.]



         

      




2.14. Lab: Descriptive Statistics*



 Class Time: 
 Names: 
Student Learning Objectives



 	The student will construct a histogram and a box plot.

	The student will calculate univariate statistics.

	The student will examine the graphs to interpret what the data implies.




Collect the Data



 Record the number of pairs of shoes you own:
 	Randomly survey 30 classmates.  Record their values.

Table 2.26. Survey Results	_____	_____	_____	_____	_____
	_____	_____	_____	_____	_____
	_____	_____	_____	_____	_____
	_____	_____	_____	_____	_____
	_____	_____	_____	_____	_____
	_____	_____	_____	_____	_____



            

	Construct a histogram. Make 5-6 intervals. Sketch the graph using a ruler and pencil. Scale the axes.

 Figure 2.4. 
 [image: A blank graph template for use with this problem.]




            

	Calculate the following:
  
 	
                         =


	
                        
                           s
                         = 




            

	Are the data discrete or continuous? How do you know?

	Describe the shape of the histogram. Use complete sentences.

	Are there any potential outliers? Which value(s) is (are) it (they)? Use a formula to check the end values to determine if they are potential outliers.





Analyze the Data



 	Determine the following:
 
 	Minimum value = 

	Median = 

	Maximum value = 

	First quartile = 

	Third quartile = 

	IQR = 




            

	Construct a box plot of data

	What does the shape of the box plot imply about the concentration of data? Use complete sentences.

	Using the box plot, how can you determine if there are potential outliers?

	How does the standard deviation help you to determine concentration of the data and whether or not there are potential outliers?

	What does the IQR represent in this problem?

	Show your work to find the value that is 1.5 standard deviations:
  
	
                     a. Above the mean:
	
                     b. Below the mean:


            






Chapter 6. The Normal Distribution



6.1. The Normal Distribution*



Student Learning Objectives



 
By the end of this chapter, the student should be able to:

 	Recognize the normal probability distribution and apply it
appropriately.

	Recognize the standard normal probability distribution and apply
it appropriately.

	Compare normal probabilities by converting to the standard
normal distribution.




Introduction



 The normal, a continuous distribution, is the most important of all the distributions. It is widely
used and even more widely abused. Its graph is bell-shaped. You see the bell curve in almost
all disciplines. Some of these include psychology, business, economics, the sciences, nursing,
and, of course, mathematics. Some of your instructors may use the normal distribution to help
determine your grade. Most IQ scores are normally distributed. Often real estate prices fit a
normal distribution. The normal distribution is extremely important but it cannot be applied to
everything in the real world.
 In this chapter, you will study the normal distribution, the standard normal, and applications
associated with them.

Optional Collaborative Classroom Activity



 
Your instructor will record the heights of both men and women in your class, separately.
Draw histograms of your data. Then draw a smooth curve through each histogram. Is each
curve somewhat bell-shaped? Do you think that if you had recorded 200 data values for men
and 200 for women that the curves would look bell-shaped? Calculate the mean for each data
set. Write the means on the x-axis of the appropriate graph below the peak. Shade the
approximate area that represents the probability that one randomly chosen male is taller than 72
inches. Shade the approximate area that represents the probability that one randomly chosen
female is shorter than 60 inches. If the total area under each curve is one, does either
probability appear to be more than 0.5?

 The normal distribution has two parameters (two numerical descriptive measures), the
mean (
            μ
         ) and the standard deviation (
            σ
         ).  If 
            X
          is a quantity to be measured that has a normal distribution with mean (
            μ
         ) and the standard deviation (
            σ
         ), we designate this by writing 
 
         NORMAL:
               X
            ~N(μ, σ)
         
      
 
          [image: Empty normal distribution curve.]
      
 The probability density function is a
rather complicated function. Do not
memorize it. It is not necessary.
 
         
      
 The cumulative distribution function is 

            

               P
(
X
 < 
x
)


         
It is calculated either by a calculator or a computer or it is looked up in a table
 The curve is symmetrical about a vertical line drawn through the mean, μ. In theory, the
mean is the same as the median since the graph is symmetric about μ. As the notation
indicates, the normal distribution depends only on the mean and the standard deviation.
Since the area under the curve must equal one, a change in the standard deviation, σ, causes
a change in the shape of the curve; the curve becomes fatter or skinnier depending on σ. A
change in μ causes the graph to shift to the left or right. This means there are an infinite
number of normal probability distributions. One of special interest is called the standard
normal distribution.

Glossary



	 Normal Distribution
	 
   A continuous random variable (RV) with pdf  
, where 
                  μ
                 is the mean of the distribution and 
                  σ
                 is the standard deviation. Notation: 
                  X
                 ~   
                  N
  (μ, σ). If 
                  μ = 0 and 
                  σ = 1, the RV is called the standard normal distribution.
    




6.2. The Standard Normal Distribution*



 The standard normal distribution is a normal distribution of standardized values called
z-scores
      . A z-score is measured in units of the standard deviation. For example, if the
mean of a normal distribution is 5 and the standard deviation is 2, the value 11 is 3 standard
deviations above (or to the right of) the mean. The calculation is:
    
(6.1)

         x
 = 
μ
 + 
(
z
)
σ

 = 

5
 + 
(
3
)
(
2
)

 = 

11


 The z-score is 3.
 The mean for the standard normal distribution is 0 and the standard deviation is 1. The transformation
 
      
produces the distribution

		       
			         Z
			      ~

	     .  
The value 
         x
       comes from a normal distribution with mean 
         μ
       and standard deviation 
         σ
      .
Glossary



	 Standard Normal Distribution
	 
A continuous random variable (RV) 

                  X~N(0,1)..  When X follows the standard normal distribution, it is often noted as 

                  Z~N(0,1).
    

	 z-score
	 
The linear transformation of the form 
. 

If this transformation is applied to any normal distribution

                  X~N(
μ
,
σ)  ,  
 
the result is the standard normal distribution 

                  Z~N(0,1). If this transformation is applied to any specific value 

                  x
                of the RV with mean 

                  μ
                and standard deviation 

                  σ
                , the result is called the  z-score of 

                  x
               . Z-scores allow us to compare data that are normally distributed but scaled differently.
    




6.3. Z-scores*



 If 
         X
       is a normally distributed random variable and 
         X
      ~N(μ, σ), then the z-score is:
(6.2)

 
      The z-score tells you how many standard deviations that the value 
            x
          is above (to the
right of) or below (to the left of) the mean, 
            μ
         . Values of 
         x
       that are larger than the mean
have positive z-scores and values of 
         x
       that are smaller than the mean have negative z-scores. If 
         x
       equals the mean, then 
         x
       has a z-score of 0.
 Example 6.1. 
 Suppose 
            X
          ~ N(5, 6). This says that 
            X
          is a normally distributed random
variable with mean μ = 5 and standard deviation σ = 6. Suppose x = 17. Then:

(6.3)

 This means that x = 17 is 2 standard deviations 
         (2σ)
above or to the right of the mean
μ = 5. The standard deviation is σ = 6.
 Notice that:
(6.4)

 Now suppose 
x=1. Then:
(6.5)

 
          This means that x = 1 is 0.67 standard deviations (- 0.67σ) below or to the left of
the mean μ = 5. Notice that:
      
 
         
5
 + 
(
-0.67
)
(
6
)

is approximately equal to 1

(This has the pattern

            μ
 + 
(
-0.67
)
σ
 = 
1

)

 Summarizing, when 
            z
          is positive, 
            x
          is above or to the right of 
            μ
          and when 
            z
          is negative, 
            x
          is to
the left of or below 
            μ
         .



 Example 6.2. 
 Some doctors believe that a person can lose 5 pounds, on the average, in a
month by reducing his/her fat intake and by exercising consistently. Suppose weight loss has a
normal distribution. Let 
            X
          = the amount of weight lost (in pounds) by a person in a month.
Use a standard deviation of 2 pounds. 
            X
         ~N(5, 2). Fill in the blanks.

 Problem 1. (Go to Solution)

          
             
Suppose a person lost 10 pounds in a month. The z-score when x = 10 pounds is z = 2.5
(verify). This z-score tells you that x = 10 is ________ standard deviations to the ________
(right or left) of the mean _____ (What is the mean?).
  

         



      


 Problem 2. (Go to Solution)

          
             
Suppose a person gained 3 pounds (a negative weight loss). Then 
                  z
                = __________. This
z-score tells you that x = -3 is ________ standard deviations to the __________ (right or left)
of the mean.
  

         



      


 Suppose the random variables 
            X
          and 
            Y
          have the following normal distributions:

            X
          ~ N(5, 6) and Y ~ N(2, 1). If x = 17, then 
            z = 2. (This was previously shown.)
If y = 4, what is 
            z
         ?
(6.6)

 The z-score for y = 4 is z = 2. This means that 4 is z = 2 standard deviations to the right of the
mean. Therefore, x = 17 and y = 4 are both 2 (of their) standard deviations to the right of
their respective means.
 
         The z-score allows us to compare data that are scaled differently. To understand the
concept, suppose 


            X
          ~ N(5, 6) represents weight gains for one group of people who are trying
to gain weight in a 6 week period and 
            Y
          ~ N(2, 1) measures the same weight gain for a
second group of people. A negative weight gain would be a weight loss.
Since x = 17 and y = 4 are each 2 standard deviations to the right of their means, they
represent the same weight gain in relationship to their means.



Solutions to Exercises



 Solution to Exercise 1. (Return to Problem)

          This z-score tells you that x = 10 is 2.5 standard deviations to the right
 of the mean 5.
  

      


 Solution to Exercise 2. (Return to Problem)

          
            
               z
             = -4. This
z-score tells you that x = -3 is 4 standard deviations to the left
of the mean.
  

      




6.4. Areas to the Left and Right of x*



 The arrow in the graph below points to the area to the left of 
         x
      . This area is
represented by the probability 

         

            P
(
X
 < 
x
)

. 

Normal tables, computers, and calculators
provide or calculate the probability 


         P
(
X
 < 
x
)

.
 
       [image: Normal distribution curve with a x value on the x-axis. The x-axis is equal to X. A vertical upward line extends from point x to the curve and the probability area occurs from the beginning of the curve to point x.]
  
 
      
The area to the right is then


            P
(
X
 > 
x
)

 = 

1
 – 
P
(
X
 < 
x
)

.

  
 Remember, 


         P
(
X
 < 
x
)

 = 


      Area to the left of the vertical line through 
         x
      .
 
      

         P
(
X
 > 
x
)

 = 

1
 – 
P
(
X
 < 
x
)

 = 
.
Area to the right
of the vertical line through 
         x
      
   
 
      

         P
(
X
 < 
x
)


is the same as
 

         P
(
X
 ≤ 
x
)


and
 

         P
(
X
 > 
x
)


is the same as
 

         P
(
X
 ≥ 
x
)


for continuous distributions.

6.5. Calculations of Probabilities*



 Probabilities are calculated by using technology. There are instructions in the chapter for the
TI-83+ and TI-84 calculators.
 Note
In the Table of Contents for Collaborative Statistics, entry 15. Tables has a link to a table of normal probabilities.  Use the probability tables if so desired, instead of a calculator. 

 Example 6.3. 
 
 If the area to the left is 0.0228, then the area to the right is 1 
 –  
0.0228
 =  
0.9772
.




 Example 6.4. 
 
The final exam scores in a statistics class were normally distributed with a mean
of 63 and a standard deviation of 5.

 Problem 1.

          
             
    Find the probability that a randomly selected student scored more than 65 on the exam.
  

         


          Solution

             Let 
		                X
		 = 
	 a score on the final exam.

		                X
		             ~
		                N
		(
		63
		,
		5
		)

, where 
		                μ
		 = 
		63
 and 
		                σ
		 = 
		5
	
            

             Draw a graph.


             Then, find


                  P
(
X
 > 
65
)

.

             
               

                  P
(
X
 > 
65
)

 = 
0.3446

(calculator or computer)

             
                [image: Normal distribution curve with values of 63 and 65. A vertical upward line extends from point 65 to the curve. The probability area from point 65 to the end of the curve is equal to 0.3446.]
            

             The probability that one student scores more than 65 is 0.3446.

             Using the TI-83+ or the TI-84 calculators, the calculation is as follows. Go into
2nd DISTR.

             After pressing 2nd DISTR, press 2:normalcdf.

             The syntax for the instructions are shown below.

             normalcdf(lower value, upper value, mean, standard deviation)
For this problem:
normalcdf(65,1E99,63,5) = 0.3446.
You get 1E99 ( = 1099
               ) by pressing 1, the EE key (a 2nd key) and
then 99. Or, you can enter 10^99 instead. The number 1099
                is way
out in the right tail of the normal curve. We are calculating the area
between 65 and 1099
               . In some instances, the lower number of the area
might be -1E99 ( = -1099
               ). The number -1099
                is way out in the left tail
of the normal curve.

             Historical Note
The TI probability program calculates a z-score and then the probability from the
z-score. Before technology, the z-score was looked up in a standard normal probability table
(because the math involved is too cumbersome) to find the probability. In this example, a standard
normal table with area to the left of the z-score was used. You calculate the z-score and look up the area to the left.
The probability is the area to the right.


             
               .
Area to the left is 0.6554.


                  P
(
X
 > 
65
)

 = 


P
(
Z
 > 
0.4
)

 = 
1
 – 
0.6554
 = 
0.3446

            

         



      


 Problem 2.

          
             
Find the probability that a randomly selected student scored less than 85.
  

         


          Solution

             
    Draw a graph.
  

             Then find

		
				              P
				(
				X
			 < 
				85
				)
			
	.
Shade the graph.

     (calculator or computer)

             The probability that one student scores less than 85 is approximately 1 (or 100%).

             The TI-instructions and answer are as follows:

             normalcdf(0,85,63,5) = 1 (rounds to 1)

         



      


 Problem 3.

          
             
Find the 90th percentile (that is, find the score k that has 90 % of the scores below k and
10% of the scores above k).
  

         


          Solution

             
    Find the 90th percentile. For each problem or part of a problem, draw a new graph. Draw
the x-axis. Shade the area that corresponds to the 90th percentile.
  

             
               Let 
                     k
                   = the 90th percentile. 
               
                  k
                is located on the x-axis.


                  P
(
X
 < 
k
)

 is the area to the left of

                  k
               . The 90th percentile 
                  k
                separates the exam scores into those that are the same or lower
than 
                  k
                and those that are the same or higher. Ninety percent of the test scores are the
same or lower than 
                  k
                and 10% are the same or higher. 
                  
                     k
                  
                is often called a critical value.

             
               
                  k
 = 
69.4

(calculator or computer)

             
                [image: Normal distribution curve with values of 63 and x on the x-axis. The x-axis is equal to X. A vertical upward line extends from point x to the curve. The probability area, occurring from the beginning of the curve to point x, is equal to 0.90.]
            

             The 90th percentile is 69.4. This means that 90% of the test scores fall at
or below 69.4 and 10% fall at or above.
For the TI-83+ or TI-84 calculators, use invNorm in 2nd DISTR.
invNorm(area to the left, mean, standard deviation)
For this problem,
invNorm(.90,63,5) = 69.4

         



      


 Problem 4.

          
             
  Find the 70th percentile (that is, find the score k such that 70% of scores are below k and
30% of the scores are above k).
  

         


          Solution

             
   Find the 70th percentile.
  

             Draw a new graph and label it appropriately. 

                  k
 = 
65.6

            

             The 70th percentile is 65.6. This means that 70% of the test scores fall at or
below 65.5 and 30% fall at or above.

             
               invNorm(.70,63,5) = 65.6
            


         



      





 Example 6.5. 
 More and more households in the United States have at least one computer. The
computer is used for office work at home, research, communication, personal finances, education,
entertainment, social networking and a myriad of other things. Suppose that the average number of hours a household
personal computer is used for entertainment is 2 hours per day. Assume the times for
entertainment are normally distributed and the standard deviation for the times is half an hour.

 Problem 1.

          
             
Find the probability that a household personal computer is used between 1.8 and 2.75 hours
per day.
  

         


          Solution

             Let 

                  X
                = the amount of time (in hours) a household personal computer is used for entertainment.

		                X
		             ~
		                N
		(
		2
		,
		0.5
		)
	
where 
                  μ = 2 and 

                  σ = 0.5.
  

             Find 
                  P
(
1.8
 < 
X
 < 
2.75
)
. 

             The probability for which you are
looking is the area between 


               
                  x
 = 
1.8

and 
            

             
                [image: Normal distribution curve with values 1.8, 2, and 2.75 on the x-axis. The x-axis is equal to X. Vertical upward lines extend upward from 1.8 and 2.75 to the curve.]
            

             normalcdf(1.8,2.75,2,.5) = 0.5886

             The probability that a household personal computer is used between 1.8 and 2.75 hours
per day for entertainment is 0.5886.

         



      


 Problem 2.

          
             
   Find the maximum number of hours per day that the bottom quartile of households use a
personal computer for entertainment.
  

         


          Solution

             To find the maximum number of hours per day that the bottom quartile of
households uses a personal computer for entertainment, find the 25th percentile, 
                     k
                  
               ,
where 


                  P
(
X
 <  
k
)

 = 
0.25
.
  

             
                [image: Normal distribution curve with value k on the x-axis. The probability area from k to the end of the curve is equal to 0.75 and the rest of the area is equal to 0.25.]
            

             invNorm(.25,2,.5) = 1.67

             The maximum number of hours per day that the bottom quartile of households uses a
personal computer for entertainment is 1.67 hours.

         



      






6.6. Summary of Formulas*



 Formula 6.1. Normal Probability Distribution

      
      
       
            
		             X
		          ~
		             N
		(
		μ
		,
		σ
		)
	
         
 
            
               μ
             = the mean  = the standard deviation


   


 Formula 6.2. Standard Normal Probability Distribution

      
      
       
            
		             Z
		          ~
		             N
		(
		0
		,
		1
		)
	
         
 
            
               Z
            
= a standardized value (z-score)
 mean = 0  standard deviation = 1


   


 Formula 6.3. Finding the kth Percentile

      
      
       To find the kth percentile when the z-score is known:

               
                  k
 = 
μ
 + 
(
z
)
σ
               
            
         


   


 Formula 6.4. z-score

      
      
       
            
         


   


 Formula 6.5. Finding the area to the left

      
      
       The area to the left: 


               P
(
X
 < 
x
)


         


   


 Formula 6.6. Finding the area to the right

      
      
       The area to the right:

		
				           P
				(
				X
			 > 
				x
				)
			
		 = 
		1
		 – 
		
				P
				(
				X
			 < 
				x
				)
			
	
         


   



6.7. Practice: The Normal Distribution*



Student Learning Outcomes



 	
The student will explore the properties of data with a normal distribution.




Given



 
The life of Sunshine CD players is normally distributed with a mean of 4.1 years and a standard deviation of 1.3 years. A CD player is guaranteed for 3 years. We are interested in the length of time a CD player lasts.


Normal Distribution



 Exercise 6.7.1.

          
             Define the Random Variable 
      
        
            
              
                  X
              
            
            
          
               
     in words.  
      
        
            
              
                
                  X
                   = 
                  
                
              
            
            
          
      
    
            

         



      


 Exercise 6.7.2.

          
             
               
                  X
               ~

         



      


 Exercise 6.7.3. (Go to Solution)

          
             
Find the probability that a CD player will break down during the guarantee period.
  

             	
                  a.  Sketch the situation. Label and scale the axes. Shade the region corresponding to the probability.

 Figure 6.1. 
 [image: Empty normal distribution curve.]




               
	
                  b.  
                  
        
            
              
                
                     P
                  (
                  
                    
                      0
                       < 
                      X
                    
                     < 
                    _________
                  
                  
                    )
                     = 
                    _________
                  
                
              
            
            
          
      
               


         



      


 Exercise 6.7.4. (Go to Solution)

          
             
    Find the probability that a CD player will last between 2.8 and 6 years.
  

             	
                  a.  Sketch the situation. Label and scale the axes. Shade the region corresponding to the probability.
 Figure 6.2. 
 [image: Empty normal distribution curve.]




               
	
                  b.  
                  
        
            
              
                
                     P
                  (
                  
                    
                      _______
                       < 
                      X
                    
                     < 
                    _______
                  
                  
                    )
                     = 
                    _________
                  
                
              
            
            
          
      
               


         



      


 Exercise 6.7.5. (Go to Solution)

          
             
Find the 70th percentile of the distribution for the time a CD player lasts.
  

             	
                  a.  Sketch the situation. Label and scale the axes. Shade the region corresponding to the lower 70%.

 Figure 6.3. 
 [image: Empty normal distribution curve.]




               
	
                  b.  
                  
                     P(X < k) = _________. Therefore, 

                     k = __________.


         



      



Solutions to Exercises



 Solution to Exercise 6.7.3. (Return to Exercise)

          	
               b.  
               
        
            
              
                
                  3,0
                  .
                  1979
                
              
            
            
          
      
            


      


 Solution to Exercise 6.7.4. (Return to Exercise)

          	
               b.  
               
        
            
              
                
                  2
                  .
                  8,6,0
                  .
                  7694
                
              
            
            
          
      
            


      


 Solution to Exercise 6.7.5. (Return to Exercise)

          	
               b.  
               0.70,4.78years


      




6.8. Homework*



 Exercise 6.8.1. (Go to Solution)

       
          According to a study done by De Anza students, the height for Asian adult males is normally distributed with an average of 66 inches and a standard deviation of 2.5 inches.  Suppose one Asian adult male is randomly chosen.  Let 
      
        
            
              
                
                  X
                   = 
                  
                
              
            
            
          
      height of the individual.
    
  

          	
               a. 
		             
                  X
               ~_______
(_______,_______)	
            
	
               b.  Find the probability that the person is between 65 and 69 inches.  Include a sketch of the graph and write a probability statement.
	
               c.  Would you expect to meet many Asian adult males over 72 inches?  Explain why or why not, and justify your answer numerically.
	
               d.  The middle 40% of heights fall between what two values?  Sketch the graph and write the probability statement.


      



   


 Exercise 6.8.2.

       
          IQ is normally distributed with a mean of 100 and a standard deviation of 15.  Suppose one individual is randomly chosen.  Let 
      
        
            
              
                
                  X
                   = 
                  
                
              
            
            
          
      IQ of an individual.
    

          	
               a. 
		             
                  X
		             ~_______
			(_______,_______)
	           
	
               b.  Find the probability that the person has an IQ greater than 120. Include a sketch of the graph and write a probability statement.
	
               c.  Mensa is an organization whose members have the top 2% of all IQs.  Find the minimum IQ needed to qualify for the Mensa organization.  Sketch the graph and write the probability statement.
	
               d.  The middle 50% of IQs fall between what two values?  Sketch the graph and write the probability statement.


      



   


 Exercise 6.8.3. (Go to Solution)

       
          
    The percent of fat calories that a person in America consumes each day is normally distributed with a mean of about 36 and a standard deviation of 10.  Suppose that one individual is randomly chosen.      
Let 
      
        
            
              
                
                  X
                   = 
                  
                
              
            
            
          
      percent of fat calories.
    

  

          	
               a. 
		             
                  X
		             ~_______
			(_______,_______)
	           
	
               b.  Find the probability that the percent of fat calories a person consumes is more than 40.  Graph the situation.  Shade in the area to be determined.
	
               c.  Find the maximum number for the lower quarter of percent of fat calories. Sketch the graph and write the probability statement.


      



   


 Exercise 6.8.4.

       
          
 Suppose that the distance of fly balls hit to the outfield (in baseball) is normally distributed with a mean of 250 feet and a standard deviation of 50 feet.
  

          	
               a.  If 

                  X =  distance in feet for a fly ball, then 

                  X
		             ~_______
			(_______,_______)
            
	
               b.  If one fly ball is randomly chosen from this distribution, what is the probability that this ball traveled fewer than 220 feet?  Sketch the graph.  Scale the horizontal axis X.  Shade the region corresponding to the probability.  Find the probability.
	
               c.  Find the 80th percentile of the distribution of fly balls.  Sketch the graph and write the probability statement.


      



   


 Exercise 6.8.5. (Go to Solution)

       
          
In China, 4-year-olds average 3 hours a day unsupervised.  Most of the unsupervised children live in rural areas, considered safe.  Suppose that the standard deviation is 1.5 hours and the amount of time spent alone is normally distributed.  We randomly survey one Chinese 4-year-old living in a rural area. We are interested in the amount of time the child spends alone per day.  (Source:  San Jose Mercury News)
  

          	
               a.  In words, define the random variable 

                  X
               . 

                  X = 
            
	
               b. 
		             
                  X
               ~	
	
               c.  Find the probability that the child spends less than 1 hour per day unsupervised. Sketch the graph and write the probability statement.
	
               d.  What percent of the children spend over 10 hours per day unsupervised?
	
               e.  70% of the children spend at least how long per day unsupervised?


      



   


 Exercise 6.8.6.

       
          
In the 1992 presidential election, Alaska’s 40 election districts averaged 1956.8 votes per district for President Clinton.  The standard deviation was  572.3.  (There are only 40 election districts in Alaska.)  The distribution of the votes per district for President Clinton was bell-shaped.  Let 
      
        
            
              
                
                  X
                   = 
                  
                
              
            
            
          
      
    number of votes for President Clinton for an election district.  (Source:  The World Almanac and Book of Facts)
  

          	
               a.  State the approximate distribution of 

                  X
               . 

                  X
               ~
	
               b.  Is 1956.8 a population mean or a sample mean?  How do you know?
	
               c.  Find the probability that a randomly selected district had fewer than 1600 votes for President Clinton. Sketch the graph and write the probability statement.
	
               d.  Find the probability that a randomly selected district had between 1800 and 2000 votes for President Clinton.
	
               e.  Find the third quartile for votes for President Clinton.


      


   


 Exercise 6.8.7. (Go to Solution)

       
          
 Suppose that the duration of a particular type of criminal trial is known to be normally distributed with a mean of 21 days and a standard deviation of  7 days.
  

          	
               a.  In words, define the random variable 

                  X
               . 

                  X = 
            
	
               b. 
		             
                  X
               ~	
	
               c.  If one of the trials is randomly chosen, find the probability that it lasted at least 24 days. Sketch the graph and write the probability statement.
	
               d.  60% of all of these types of trials are completed within how many days?


      



   


 Exercise 6.8.8.

       
          
Terri Vogel, an amateur motorcycle racer, averages 129.71 seconds per 2.5 mile lap (in a 7 lap race) with a standard deviation of 2.28 seconds . The distribution of her race times is normally distributed.  We are interested in one of her randomly selected laps.  (Source:  log book of Terri Vogel)
  

          	
               a.  In words, define the random variable 

                  X
               . 

                  X = 
            
	
               b. 
		             
                  X
               ~	
	
               c.  Find the percent of her laps that are completed in less than 130 seconds.
	
               d.  The fastest 3% of her laps are under _______ .
	
               e.  The middle 80% of her laps are from _______ seconds to _______ seconds.


      


   


 Exercise 6.8.9. (Go to Solution)

       
          
 Thuy Dau, Ngoc Bui, Sam Su, and Lan Voung conducted a survey as to how long customers at Lucky claimed to wait in the checkout line until their turn.  Let 
      
        
            
              
                
                  X
                   = 
                  
                
              
            
            
          
      time in line.  Below are the ordered real data (in minutes):
    
  

         Table 6.1. 	0.50	4.25	5	6	7.25
	1.75	4.25	5.25	6	7.25
	2	4.25	5.25	6.25	7.25
	2.25	4.25	5.5	6.25	7.75
	2.25	4.5	5.5	6.5	8
	2.5	4.75	5.5	6.5	8.25
	2.75	4.75	5.75	6.5	9.5
	3.25	4.75	5.75	6.75	9.5
	3.75	5	6	6.75	9.75
	3.75	5	6	6.75	10.75



          	
               a.  Calculate the sample mean and the sample standard deviation.
	
               b.  Construct a histogram. Start the 
 at 
 − 0.375 and make bar widths of 2 minutes.
	
               c.  Draw a smooth curve through the midpoints of the tops of the bars.
	
               d.  In words, describe the shape of your histogram and smooth curve.
	
               e.  Let the sample mean approximate 

                  μ
                and the sample standard deviation approximate 

                  σ
               . The distribution of 

                  X
                can then be approximated by 

                  X
               ~
	
               f.  Use the distribution in (e) to calculate the probability that a person will wait fewer than 6.1 minutes.
	
               g.  Determine the cumulative relative frequency for waiting less than 6.1 minutes.
	
               h.  Why aren’t the answers to (f) and (g) exactly the same?
	
               i.  Why are the answers to (f) and (g) as close as they are?
	
               j.  If only 10 customers were surveyed instead of 50, do you think the answers to (f) and (g) would have been closer together or farther apart?  Explain your conclusion.


      



   


 Exercise 6.8.10.

       
          
Suppose that Ricardo and Anita attend different colleges.  Ricardo’s GPA is the same as the average GPA at his school.  Anita’s GPA is 0.70 standard deviations above her school average. In complete sentences, explain why each of the following statements may be false.
  

          	
               a.  Ricardo’s actual GPA is lower than Anita’s actual GPA.
	
               b.  Ricardo is not passing since his z-score is zero.
	
               c.  Anita is in the 70th percentile of students at her college.


      


   


 Exercise 6.8.11. (Go to Solution)

       
          Below is a sample of the maximum capacity (maximum number of spectators) of sports stadiums.  The table does not include horse racing or motor racing stadiums.  (Source:  http://en.wikipedia.org/wiki/List_of_stadiums_by_capacity)
  

         Table 6.2. 	40,000	40,000	45,050	45,500	46,249	48,134
	49,133	50,071	50,096	50,466	50,832	51,100
	51,500	51,900	52,000	52,132	52,200	52,530
	52,692	53,864	54,000	55,000	55,000	55,000
	55,000	55,000	55,000	55,082	57,000	58,008
	59,680	60,000	60,000	60,492	60,580	62,380
	62,872	64,035	65,000	65,050	65,647	66,000
	66,161	67,428	68,349	68,976	69,372	70,107
	70,585	71,594	72,000	72,922	73,379	74,500
	75,025	76,212	78,000	80,000	80,000	82,300




          	
               a.  Calculate the sample mean and the sample standard deviation for the maximum capacity of sports stadiums (the data).
	
               b.  Construct a histogram of the data.
	
               c.  Draw a smooth curve through the midpoints of the tops of the bars of the histogram.
	
               d.  In words, describe the shape of your histogram and smooth curve.
	
               e.  Let the sample mean approximate 

                  μ
                and the sample standard deviation approximate 

                  σ
               . The distribution of 

                  X
                can then be approximated by 

                  X
               ~
	
               f.  Use the distribution in (e) to calculate the probability that the maximum capacity of sports stadiums is less than 67,000 spectators.
	
               g.  Determine the cumulative relative frequency that the maximum capacity of sports stadiums is less than 67,000 spectators.  Hint: Order the data and count the sports stadiums that have a maximum capacity less than 67,000.  Divide by the total number of sports stadiums in the sample.
	
               h.  Why aren’t the answers to (f) and (g) exactly the same?


      



   


Try These Multiple Choice Questions



 
         The questions below refer to the following:  The patient recovery time from a particular surgical procedure is normally distributed with a mean of 5.3 days and a standard deviation of 2.1 days.
 Exercise 6.8.12. (Go to Solution)

          
             
   What is the median recovery time?
  

             	
                  A.     2.7	
	
                  B. 	    5.3		
	
                  C.  7.4			
	
                  D.     2.1


         



      


 Exercise 6.8.13. (Go to Solution)

          
             
  What is the z-score for a patient who takes 10 days to recover?
  

             	
                  A.     1.5	
	
                  B. 	    0.2		
	
                  C.  2.2			
	
                  D.     7.3


         



      


 Exercise 6.8.14. (Go to Solution)

          
             What is the probability of spending more than 2 days in recovery?

             	
                  A.      0.0580		
	
                  B. 	    0.8447		
	
                  C.  0.0553				
	
                  D.      0.9420




         



      


 Exercise 6.8.15. (Go to Solution)

          
             The 90th percentile for recovery times is?

             	
                  A.        8.89			
	
                  B. 	    7.07		
	
                  C.   7.99				
	
                  D.      4.32




         



      


 
         The questions below refer to the following: The length of time to find a parking space at 9 A.M. follows a normal distribution with a mean of 5 minutes and a standard deviation of 2 minutes.
 Exercise 6.8.16. (Go to Solution)

          
             
  Based upon the above information and numerically justified, would you be surprised if it took less than 1 minute to find a parking space?
  

             	
                  A.        Yes
	
                  B. 	    No	
	
                  C.   Unable to determine			


         



      


 Exercise 6.8.17. (Go to Solution)

          
             
Find the probability that it takes at least 8 minutes to find a parking space.
  

             	
                  A.  0.0001	
	
                  B.  0.9270	
	
                  C.  0.1862
	
                  D.   0.0668


         



      


 Exercise 6.8.18. (Go to Solution)

          
             
 Seventy percent of the time, it takes more than how many minutes to find a parking space?
  

             	
                  A.  1.24	
	
                  B.   2.41 
	
                  C.  3.95	
	
                  D.   6.05


         



      


 Exercise 6.8.19. (Go to Solution)

          
             
   If the mean is significantly greater than the standard deviation, which of the following statements is true?
 
	
                     I . The data cannot follow the uniform distribution.
	
                     II .  The data cannot follow the exponential distribution..
	
                     III .  The data cannot follow the normal distribution.


            

             	
                  A.  I only	
	
                  B.  II only	
	
                  C.  III only	
	
                  D.  I, II, and III


         



      



Solutions to Exercises



 Solution to Exercise 6.8.1. (Return to Exercise)

          	
               a.  
               
        
            
              
                
           
                  N
                  (
                  66
                  ,
                  2.5
                  )
                
              
            
            
          
      
            
	
               b. 0.5404
	
               c. No
	
               d. Between 64.7 and 67.3 inches


      


 Solution to Exercise 6.8.3. (Return to Exercise)

          	
               a.  
               
        
            
              
                
                  
                  N
                  (
                  36
                  ,
                  10
                  )
                
              
            
            
          
      
            
	
               b.  
     0.3446


	
               c.  
29.3 


      


 Solution to Exercise 6.8.5. (Return to Exercise)

          	
               a.   the time (in hours) a 4-year-old in China spends unsupervised per day
	
               b.  
               
        
            
              
                
                  
                  N
                  (
                  3,1
                  .
                  5
                  )
                
              
            
            
          
      
            
	
               c.  
      0.0912
    
	
               d.  
      0
    
	
               e.  2.21 hours


      


 Solution to Exercise 6.8.7. (Return to Exercise)

          	
               a. The duration of a criminal trial
	
               b.  
               
        
            
              
                
                  
                    
                    N
                  
                  (
                  21
                  ,
                  7
                  )
                
              
            
            
          
      
            
	
               c.  
     
     0.3341
    
	
               d.  22.77


      


 Solution to Exercise 6.8.9. (Return to Exercise)

          	
               a.  The sample mean is 5.51 and the sample standard deviation is 2.15
	
               e.  
               
        
            
              
                

                  N
                  (
                  5
                  .
                  51
                  ,
                  2
                  .
                  15
                  )
                
              
            
            
          
      
            
	
               f.  
     0.6081
    
	
               g.  
     0.64
    


      


 Solution to Exercise 6.8.11. (Return to Exercise)

          	
               a.  The sample mean is 60,136.4 and the sample standard deviation is 10,468.1.
     
    
	
               e.  
               
        
            
              
                
                  N
                  (
                  60136
                  .
                  4
                  ,
                  10468
                  .
                  1
                  )
                
              
            
            
          
      
            
	
               f.  
     0.7440
    
	
               g.  
     0.7167
    


      


 Solution to Exercise 6.8.12. (Return to Exercise)

          
    B
  

      


 Solution to Exercise 6.8.13. (Return to Exercise)

          
C
  

      


 Solution to Exercise 6.8.14. (Return to Exercise)

          
   D
  

      


 Solution to Exercise 6.8.15. (Return to Exercise)

          
   C
  

      


 Solution to Exercise 6.8.16. (Return to Exercise)

          A

  

      


 Solution to Exercise 6.8.17. (Return to Exercise)

          
   D
  

      


 Solution to Exercise 6.8.18. (Return to Exercise)

          
  C
  

      


 Solution to Exercise 6.8.19. (Return to Exercise)

          B
  

      




6.9. Review*



 
      The next two questions refer to:  
	     
         X
      
~

         U
(
3
,
13
)

   
 Exercise 6.9.1. (Go to Solution)

       
          
    Explain which of the following are false and which are true.
  

          	
               a:  
               , 
3 ≤ x ≤ 13
            
	
               b:  There is no mode.
	
               c:  The median is less than the mean.
	
               d:  
               
        
            
              
                
                  P
                  (
                  
                    X
                     > 
                    10
                  
                  
                    )
                     = 
                    P
                  
                  (
                  
                    X
                     ≤ 
                    6
                  
                  )
                
              
            
            
          
      
            


      



   


 Exercise 6.9.2. (Go to Solution)

       
          
 Calculate:
  

          	
               a:  Mean
	
               b:  Median
	
               c:  65th percentile.


          [image: Horizontal boxplot with first whisker at 0 to 2, box from 2 to 5, line at 4, and second whisker from 5 to 7.]

      



   


 Exercise 6.9.3. (Go to Solution)

       
          
  Which of the following is true for the above box plot?
  

          	
               a:  25% of the data are at most 5.
	
               b:  There is about the same amount of data from 4 – 5 as there is from 5 – 7.
	
               c:  There are no data values of 3.
	
               d:  50% of the data are 4.


      



   


 Exercise 6.9.4. (Go to Solution)

       
          If 

               P(G ∣ H) = P(G), then which of the following is correct?

          	
               A:  
               
                  G
                and 

                  H
                are mutually exclusive events.
	
               B:  
               
        
            
              
                
                  P
                  (
                  G
                  
                    )
                     = 
                    P
                  
                  (
                  H
                  )
                
              
            
            
          
      
            
	
               C:  Knowing that 

                  H
                has occurred will affect the chance that 

                  G
                will happen.
	
               D:  
               
                  G
                and 

                  H
                are independent events.


      



   


 Exercise 6.9.5. (Go to Solution)

       
          
If 

               P(J) = 0.3, 

               P(K) = 0.6, and 

               J
             and 

               K
             are independent events, then explain which are correct and which are incorrect.
  

          	
               A: 
               
                  P(
J

and

K)
               
 = 
0
            
	
               B: 
               
                  P(
J
 or 
K)
 = 
0.9
            
	
               C: 
               
                  P(
J
 or 
K)
 = 
0.72
            
	
               D: 
               
                  P						(					J								)
								 ≠ 
									P							(J
 ∣ K)

            


      



   


 Exercise 6.9.6. (Go to Solution)

       
		        
    On average, 5 students from each high school class get full scholarships to 4-year colleges. Assume that most high school classes have about 500 students.  

          
            
               X
             = the number of students from a high school class that get full scholarships to 4-year school. Which of the following is the distribution of 
               X
            ? 


          	
               A. P(5)
	
               B. B(500,5)
	
               C. Exp(1/5)
	
               D. N(5, (0.01)(0.99)/500)


	     

	
   


Solutions to Exercises



 Solution to Exercise 6.9.1. (Return to Exercise)

          	
               a:  True
	
               b:  True
	
               c:  False – the median and the mean are the same for this symmetric distribution
	
               d:  True


      


 Solution to Exercise 6.9.2. (Return to Exercise)

          	
               a:  8
	
               b:  8
	
               c:  
               . 

                  k = 9.5
            


      


 Solution to Exercise 6.9.3. (Return to Exercise)

          	
               a:  False – 
 of the data are at most 5
	
               b:  True – each quartile has 25% of the data
	
               c:  False – that is unknown
	
               d:  False – 50% of the data are 4 or less


      


 Solution to Exercise 6.9.4. (Return to Exercise)

          D

      


 Solution to Exercise 6.9.5. (Return to Exercise)

          	
               A: 
False - J and K are independent so they are not mutually exclusive which would imply dependency (meaning P(J and K) is not 0).

	
               B: 
False - see answer C.

	
               C: 
True - P(J or K) = P(J) + P(K) - P(J and K) 
= P(J) + P(K) - P(J)P(K) 
= 0.3 + 0.6 - (0.3)(0.6) = 0.72.  
Note that P(J and K) = P(J)P(K) because J and K are independent.

	
               D: 
False - J and K are independent so P(J) = P(J|K).



      


 Solution to Exercise 6.9.6. (Return to Exercise)

		        A
  

	     




6.10. Lab 1: Normal Distribution (Lap Times)*



 Class Time: 
 Names:
Student Learning Outcome:



 	The student will compare and contrast empirical data and a theoretical distribution to determine if Terry Vogel's lap times fit a continuous distribution. 




Directions: 



 Round the relative frequencies and probabilities to 4 decimal places. Carry all other decimal answers to 2 places.

Collect the Data



 	Use the data from Terri Vogel’s Log Book. Use a Stratified Sampling Method by Lap (Races 1 – 20) and a random number generator to pick 6 lap times from each stratum. Record the lap times below for Laps 2 – 7.


Table 6.3. 	_______	_______	_______	_______	_______	_______
	_______	_______	_______	_______	_______	_______
	_______	_______	_______	_______	_______	_______
	_______	_______	_______	_______	_______	_______
	_______	_______	_______	_______	_______	_______
	_______	_______	_______	_______	_______	_______



	           

	
Construct a histogram. Make 5 - 6 intervals. Sketch the graph using a ruler and pencil. Scale the axes. 


 Figure 6.4. 
 [image: Blank graph with relative frequency on the vertical axis and lap time on the horizontal axis.]




            

	

Calculate the following.
		 
	
                     a. 
				                 
			               
	
                     b. 
				                 
					                   s
					 = 
				
			               


	           

	
Draw a smooth curve through the tops of the bars of the histogram. Use 1 – 2 complete sentences to describe the general shape of the curve. (Keep it simple. Does the graph go straight across, does it have a V-shape, does it have a hump in the middle or at either end, etc.?)




Analyze the Distribution



 Using your sample mean, sample standard deviation, and histogram to help, what was the approximate theoretical distribution of the data?

 	
                  
				                 X
			               
~

	How does the histogram help you arrive at the approximate distribution?




      

Describe the Data



 Use the Data from the section titled "Collect the Data" to complete the following statements.

 	The IQR goes from __________ to __________.

	IQR = __________. (IQR=Q3-Q1)

	The 15th percentile is:

	The 85th percentile is:

	The median is:

	The empirical probability that a randomly chosen lap time is more than 130 seconds = 

	Explain the meaning of the 85th percentile of this data.




      

Theoretical Distribution



 Using the theoretical distribution from the section titled "Analyse the Distribution" complete the following statements:

 	The IQR goes from __________ to __________.

	IQR = 

	The 15th percentile is: 

	The 85th percentile is:

	The median is:

	The probability that a randomly chosen lap time is more than 130 seconds =

	Explain the meaning of the 85th percentile of this distribution.




      

Discussion Questions



 	Do the data from the section titled "Collect the Data" give a close approximation to the theoretical distibution in the section titled "Analyze the Distribution"? In complete sentences and comparing the result in the sections titled "Describe the Data" and "Theoretical Distribution", explain why or why not.





6.11. Lab 2: Normal Distribution (Pinkie Length)*



 Class Time: 
 Names:
Student Learning Outcomes:



 	The student will compare empirical data and a theoretical distribution to determine if an everyday experiment fits a continuous distribution. 




Collect the Data



 Measure the length of your pinkie finger (in cm.)
 	Randomly  survey 30 adults. Round to the nearest 0.5 cm.

Table 6.4. 	_______	_______	_______	_______	_______
	_______	_______	_______	_______	_______
	_______	_______	_______	_______	_______
	_______	_______	_______	_______	_______
	_______	_______	_______	_______	_______
	_______	_______	_______	_______	_______



	           

	 Construct a histogram. Make 5-6 intervals. Sketch the graph using a ruler and pencil. Scale the axes.

 [image: Blank graph with frequency on the vertical axis and length of finger on the horizontal axis.]

	           

	Calculate the Following
 
	
                     a.  
                     
                  
	
                     b. 
                     
                        s
 = 

                  


            

	Draw a smooth curve  through the top of the bars of the histogram. Use 1-2 complete sentences to describe the general shape of the curve. (Keep it simple. Does the graph go straight across, does it have a V-shape, does it have a hump in the middle or at either end, etc.?)




Analyze the Distribution



 Using your sample mean, sample standard deviation, and histogram to help, what was the approximate theoretical distribution of the data from the section titled "Collect the Data"?

 	
                  
                     X
                   ~

	How does the histogram help you arrive at the approximate distribution?




      

Describe the Data



 Using the data in the section titled "Collect the Data" complete the following statements. (Hint: order the data)

 Remember
(
		IQR
		 = 
		Q
		3
		 – 
		Q
		1
		)
	
 	IQR = 

	15th percentile is: 

	85th percentile is: 

	Median is: 

	What is the empirical probability that a randomly chosen pinkie length is more than 6.5 cm? 

	Explain the meaning the 85th percentile of this data.




Theoretical Distribution



 Using the Theoretical Distribution in the section titled "Analyze the Distribution"

 	IQR = 

	15th percentile is: 

	85th percentile is: 

	Median is: 

	What is the theoretical probability that a randomly chosen pinkie length is more than 6.5 cm? 

	Explain the meaning of the 85th percentile of this data.




Discussion Questions



 	Do the data from the section entitled "Collect the Data" give a  close approximation to the theoretical distribution in "Analyze the Distribution."
	In complete sentences and comparing the results in the sections titled "Describe the Data" and "Theoretical Distribution", explain why or why not.






