
  
    
  
Chapter 8. An Introduction to MATLAB



8.1. An Introduction to MATLAB: Introduction*



 Note
This module is part of the collection, A First Course in Electrical and Computer Engineering. The LaTeX source files for this collection were created using an optical character recognition technology, and because of this process there may be more errors than usual. Please contact us if you discover any errors.


 Acknowledgment: This appendix, written with assistance from Cédric
J. Demeure and Peter Massey, was inspired by the MATLAB user's manual from The MATHWORKS, Inc. The MA TLAB Primer, available through
the MATLAB User's Group, is a useful learning aid for teachers and students. To join the MATLAB User's Group, send your request via E-mail to
matlab-users request@mcs.anl.gov.
Introduction



 MATLAB stands for “Matrix Laboratory.” It is a computing environment specifically designed for matrix computations. The program is ideally suited to circuit analysis, signal processing, filter design, control system analysis, and much more. Beyond that, its versatility with complex numbers and graphics makes it an attractive choice for many other programming tasks. MATLAB can be thought of as a programming language like PASCAL, FORTRAN, C, or BASIC. Like most versions of BASIC, MATLAB can be used in an interactive mode wherein statements are executed immediately as they are typed. Alternatively, a program can be written in advance and saved to a disc file using an editor and then executed in MATLAB. You will find both modes of operation useful.



8.2. An Introduction to MATLAB: Running MATLAB (Macintosh)*



 Note
This module is part of the collection, A First Course in Electrical and Computer Engineering. The LaTeX source files for this collection were created using an optical character recognition technology, and because of this process there may be more errors than usual. Please contact us if you discover any errors.


 In order to run MATLAB on a Macintosh SE or PLUS computer, you need the program called EDU-MATLAB. The program requires at least 1 Mbyte of memory, System 3.0 or above, Finder version 3.0 or above, and an 800K drive. A hard disc drive is highly recommended. In order to run MATLAB on a Macintosh II, IIx, IIcx, or SE / 30, you need the program called MacII-MATLAB, and the same system requirements apply.
 To start MATLAB, you may need to open the folder containing the MATLAB program. Then just “double-click” the program icon or the program name (for example, EDU-MATLAB). Figure A.1 shows a typical organization of the folder containing Mac II-MATLAB. It contains the main program, the settings file, the demonstrations folder, and any toolbox folders. The double-click on Mac II-MATLAB produces the Command window as shown in Figure A.2. You will also see a Graph window partially hidden behind it. (The fact that the window is not in ffont means that it is opened but not currently active.) If you do not know what “clicking,” “dragging,” “pop-up menu,” and “trash” mean, you should stop reading now and familiarize yourself with the Macintosh.
 Figure 8.1. 
 [image: An Introduction to MATLAB: Running MATLAB (Macintosh)]
The MATLAB Folder (©Apple Computer, Inc., used with permission.)



 In the command window, you should see the prompt  ≫ . The program interpreter is waiting for you to enter instructions. At this point it is a good idea to run the demonstration programs that are available in the “About MATLAB” menu under the Apple menu. Just click on the “demos” button and select a demo. During pauses, strike any key to continue. Whenever you have a MATLAB file in any folder, then you may double-click the file to launch the program. This allows you to have your own folder containing your own MATLAB files, separated from the MATLAB folder.
 Figure 8.2. 
 [image: An Introduction to MATLAB: Running MATLAB (Macintosh)]
The Command Window (©Apple Computer, Inc., used with permission.)



 MATLAB has four types of windows:
 	
            Command for computing, programming, and designing input/output displays;

	
            Graph for displaying plots and graphs;

	
            Edit for creating and modifying your own files; and

	
            Help for getting on-line help and for running demos.



 All windows follow the traditional behavior of Macintosh windows. You can
resize them (actually the help window has a fixed size) or move them. For more
details on menus and windows, see the Macintosh and MATLAB manuals.

8.3. An Introduction to MATLAB: Running MATLAB (PC)*



 Note
This module is part of the collection, A First Course in Electrical and Computer Engineering. The LaTeX source files for this collection were created using an optical character recognition technology, and because of this process there may be more errors than usual. Please contact us if you discover any errors.


 In order to run MATLAB (Version 3.5) on an IBM or compatible personal computer, you must have a floating point math coprocessor (80x87)installed and at least 512 kbytes of memory. The program is called PCMAT-LAB.EXE, but it is usually invoked via the batch file MATLAB.BAT in the MATLAB subdirectory. If you are using a menu system and MATLAB is one of your choices, just choose it. Otherwise, go to the MATLAB suiUirectory and type MATLAB.
 You may be able to usea more powerful implementation of MATLAB
if you have an 80286 or 80386 machine. AT-MATLAB runs on an 80286
with at least 1 Mbyte of extended memory. AT-MATLAB is distributed with
PC-MATLAB. 386-MATLAB, a special version for 80386 or 80486 machines
with virtual memory support and no limits on variable size, is sold separately.
 When you run MATLAB, you should see the prompt  ≫ . The program interpreter is waiting for you to enter instructions. Some MATLAB
instructions, such as plot, are graphics-type instructions which plot results
and data. Execution of one of these graphics instructions puts the PC screen
into the graphics mode, which displays the resulting plot. No instructions can
be executed in the graphics mode other than a screen-dump function. Striking any other key will return the PC to the command mode, but the graphics
are temporarily stored (like variables) and can be recalled by the shg (show
graphics) instruction. If you wish, you may run some of the demonstration
programs now by entering demo and following the on-screen instructions.


8.4. An Introduction to MATLAB: Interactive Mode*



 Note
This module is part of the collection, A First Course in Electrical and Computer Engineering. The LaTeX source files for this collection were created using an optical character recognition technology, and because of this process there may be more errors than usual. Please contact us if you discover any errors.


 In command mode, MATLAB displays a prompt ( ≫ ) and waits for
your input. You may type any legal mathematical expression for immediate
evaluation. Try the following three examples (press “enter” or “return” at
the end of each line):
 ≫ 2+2
≫ 5^2
≫ 2*sin(pi/4)

 The variable pi = 3.14 is built into MATLAB, as are the sin function and
hundreds of other functions. When you entered each of the preceding lines,
MATLAB stored the results in a variable called ans for answer. The value of
ans was then displayed. The last line should have produced the square root
of 2. We can manipulate ans to find out
 
≫ ans^2

 The new answer is very close to 2, as expected. Let's see what the roundoff
error is:
 
≫ ans-2


8.5. An Introduction to MATLAB: Variables*



 Note
This module is part of the collection, A First Course in Electrical and Computer Engineering. The LaTeX source files for this collection were created using an optical character recognition technology, and because of this process there may be more errors than usual. Please contact us if you discover any errors.


 Any result you wish to keep for a while may be assigned to a variable
other than ans:
 ≫ x = pi/7
≫ cos(x)
≫ y = sin(x)^2+cos(x)^2;
≫ y
 A semicolon (;) at the end of the line suppresses printing of the result, as when
we calculated 
         y
       in the next-to-last line just shown. This feature is especially
useful when writing MATLAB programs where intermediate results are not
of interest and when working with large matrices.
 MATLAB supports the dynamic creation of variables. You can create
your own variables by just assigning a value to a variable. For example, type x = 3.5+4.2. Then the real variable x contains the value 7.7. Variable names
must start with an alphabetical character and be less than nineteen characters
long. If you type x = -3*4.0, the content 7.7 is replaced by the value -12.
Some commands allow you to keep track of all the variables that you have
already created in your session. Type who or whos to get the list and names
of the variables currently in memory (whos gives more information than who).
To clear all the variables, type in clear. To clear a single variable (or several)
from the list, follow the command clear by the name of the variable you want
to delete or by a list of variable names separated by spaces. Try it now.
 MATLAB is case sensitive. In other words, 
         x
       and 
         X
       are two different variables. You can control the case sensitivity of MATLAB by entering the command casesen, which toggles the sensitivity. The command casesen on enforces case sensitivity, and casesen off cancels it.
 If one line is not enough to enter your command, then finish the first line with two dots (. . ) and continue on the next line. You can enter more than one command per line by separating them with commas if you want the result displayed or with semicolons if you do not want the result displayed. For example, type
 ≫ theta = pi/7; x = cos(theta); y = sin(theta);
≫ x,y
 to first compute theta,cos(theta), and sin(theta) and then to print 
         x
       and 
         y
      .

8.6. An Introduction to MATLAB: Complex Variables*



 Note
This module is part of the collection, A First Course in Electrical and Computer Engineering. The LaTeX source files for this collection were created using an optical character recognition technology, and because of this process there may be more errors than usual. Please contact us if you discover any errors.


 The number  is predefined in MATLAB and stored in the two variable locations denoted by i and j. This double definition comes from the preference of mathematicians for using 
         i
       and the preference of engineers for using 
         j
       (with 
         i
       denoting electrical current). i and j are variables, and their contents may be changed. If you type j = 5, then this is the value for j and j no longer contains . Type in j = sqrt(-1) to restore the original value. Note the way a complex variable is displayed. If you type i, you should get the answer
 i =
    0+1.0000i.
 The same value will be displayed for j. Try it. Using j, you can now
enter complex variables. For example, enter z1 = 1+2*j and z2 = 2+1.5*j.
As j is a variable, you have to use the multiplication sign *. Otherwise, you
will get an error message. MATLAB does not differentiate (except in storage)
between a real and a complex variable. Therefore variables may be added, subtracted, multiplied, or even divided. For example, type in x = 2, z = 4.5*j, and z/x. The real and imaginary parts of z are both divided by x.
MATLAB just treats the real variable x as a complex variable with a zero
imaginary part. A complex variable that happens to have a zero imaginary
part is treated like a real variable. Subtract 2*j from z1 and display the
result.
 MATLAB contains several built-in functions to manipulate complex numbers. For example, real (z) extracts the real part of the complex number z. Type
 ≫ z = 2+1.5*j, real(z)
 to get the result
 z =
   2.000+1.500i

ans =
   2
 Similarly, imag(z) extracts the imaginary part of the complex number z. The
functions abs(z) and angle(z) compute the absolute value (magnitude) of
the complex number z and its angle (in radians). For example, type
 ≫ z = 2+2*j;
≫ r = abs(z)
≫ theta = angle(z)
≫ z = r*exp(j*theta)
 The last command shows how to get back the original complex number from
its magnitude and angle. This is clarified in Chapter 1: Complex Numbers.
 Another useful function, conj (z), returns the complex conjugate of
the complex number z. If z = x+j*y where x and y are real, then conj (z) is
equal to x-j*y. Verify this for several complex numbers by using the function
conj (z).

8.7. An Introduction to MATLAB: Vectors and Matrices*



 Note
This module is part of the collection, A First Course in Electrical and Computer Engineering. The LaTeX source files for this collection were created using an optical character recognition technology, and because of this process there may be more errors than usual. Please contact us if you discover any errors.


 As its name indicates, MATLAB is especially designed to handle matrices. The simplest way to enter a matrix is to use an explicit list. In the
list, the elements are separated by blanks or commas, and the semicolon (;)
is used to indicate the end of a row. The list is surrounded by square brackets
. For example, the statement
 ≫ A = [1 2 3;4 5 6;7 8 9]
 results in the output
 A = 
   1 2 3
   4 5 6
   7 8 9
 The variable A is a matrix of size 3 × 3. Matrix elements can be any MATLAB
expression. For example, the command
 ≫ x = [-1.3 sqrt(3) (1+2+3)*4/5]
 results in the matrix
 x = 
   -1.3000  1.7321  4.8000
 We call a matrix with just one row or one column a vector, and a 1 × 1
matrix is a scalar. Individual matrix elements can be referenced with indices
that are placed inside parentheses. Type x(5) = abs(x(1)) to produce the
new vector
 x = 
   -1.3000  1.7321  4.8000  0.000  1.3000
 Note that the size of x has been automatically adjusted to accommodate the
new element and that elements not referenced are set equal to 0 (here x(4)).
New rows or columns can be added very easily. Try typing r = [10 11 12],A = [A;r]. Dimensions in the command must coincide. Try r = [13 14],A = [A;r].
 The command size(A) gives the number of rows and the number of
columns of A. The output from size(A) is itself a matrix of size 1 × 2. These
numbers can be stored if necessary by the command [m n] = size(A). In our
previous example, A = [A;r] is a 4 × 3 matrix, so the variable m will contain
the number 4 and n will contain the number 3. A vector is a matrix for which
either m or n is equal to 1. If m is equal to 1, the matrix is a row vector; if n is
equal to 1, the matrix is a column vector. Matrices and vectors may contain
complex numbers. For example, the statement
 ≫ A = [1 2;3 4]+j*[5 6;7 8]
 and the statement
 ≫ A = [1+5*j 2+6*j;3+7*j 4+8*j]
 are equivalent, and they both produce the matrix
 A =
   1.0000+5.0000i    2.0000+6.0000i
   3.0000+7.0000i    4.0000+8.0000i
 Note that blanks must be avoided in the second expression for A. Try typing
 ≫A = [1 + 5*j 2 + 6*j 2 + 6*j;3 +7*j 4 + 8*j]
 What is the size of A now?
 MATLAB has several built-in functions to manipulate matrices. The
special character, ', for prime denotes the transpose of a matrix. The statement A = [ 1 2 3;4 5 6;7 8 9]' produces the matrix
 A = 
   1 4 7 
   2 5 8
   3 6 9
 The rows of A' are the column of A, and vice versa. If A is a complex matrix, then A is its complex conjugate transpose or hermitian transpose. For an “unconjugate” transpose, use the two-character operator dot-prime (. '). Matrix and vector variables can be added, subtracted, and multiplied as regular variables if the sizes match. Only matrices of the same size can be added or subtracted. There is, however, an easy way to add or subtract a common scalar from each element of a matrix. For example, x = [1 2 3 4],x = x-1 produces the output
 x = 
   1 2 3 4

x = 
   0 1 2 3
 As discussed in the chapter on linear algebra, multiplication of two matrices is only valid if the inner sizes of the matrices are equal. In other words, A*B is valid if the second size of A (number of columns) is the same as the first size of B (number of rows). Let a
            i,j
         
       represent the element of A in the 
         i
         
            th
         
       row and the 
         j
         
            th
         
       column. Then the matrix A*B consists of elements
(8.1)

 where 
         n
       is the number of columns of A and the number of rows of B. Try
typing A = [1 2 3;4 5 6];B = [7;8;9]; A*B. You should get the result
 ans =
    50
    112
 The inner product between two column vectors x and y is the scalar defined as the product x'*y or equivalently as y'*x For example, x = [1;2],y = [3;4],x'*y, leads to the result
 ans =
    11
 Similarly, for row vectors the inner product is defined as x*y'. The Euclidean
norm of a vector is defined as the square root of the inner product between
a vector and itself. Try to compute the norm of the vector [1 2 3 4]. You
should get 5.4772. The outer product of two column (row) vectors is the
matrix x*y' (x'*y).
 Any scalar can multiply or be multiplied by a matrix. The multiplication is then performed element by element. Try A = [1 2 3;4 5 6;7 8 9];A*2. You should get
 ans =
    2  4  6
    8 10 12
   14 26 28
 Verify that 2*A gives the same result.
 The inverse of a matrix is computed by using the function inv(A) and
is only valid if A is square. If the matrix is singular, meaning that it has no
inverse, a message will appear. Try typing inv(A). You should get
 Warning: Matrix is close to singular or badly scaled.
   Results may be inaccurate. RCOND=2.937385e-18

ans =
     1.0e+16*
     0.3152  -0.6304   0.3152
    -0.6304   1.2609  -0.6304
     0.3152  -0.6304   0.3152  

 The inverse of a matrix may be used to solve a linear system of equations. For example, to solve the system
 you could type A = [1 2 3;1 -2 4;0 -2 1]; b = [2;7;3]; inv(A)*b and
get
 ans =
    1
   -1
    1
(8.2)

 Check to see that this is the correct answer by typing A*[1;-1;1]. What do
you see?
 MATLAB offers another way to solve linear systems, based on Gauss elimination, that is faster than computing the inverse. The syntax is A\b and is valid whenever A has the same number of rows as b. Try it.
 
      The “Dot” Operator. Sometimes you may want to perform an operation element by element. In MATLAB, these element-by-element operations are called array operations. Of course, matrix addition and subtraction are already element-by-element operations. The operation A. *B denotes the multiplication, element by element, of the matrices A and B. Make two 3  × 3 matrices, A and B, and try
 ≫ A*B
≫ A.*B
 Suppose we want to find the square of each number in A. The proper
way to specify this calculation is
 ≫ A_squared=A.^2
 where the period (dot) indicates an “array operation” to be performed on each
element of A. Without the dot, A is multiplied by A according to the rules of
matrix multiplication described in Chapter 4, giving a totally different result:
 ≫ A^2
 
      Subtleties. Because MATLAB can do so many different mathematical
functions with just a few keystrokes, there are times when a very slight change
in what you type will lead to a different result. Using the matrix A entered
earlier, type the following two lines:
 ≫ 2.^A
≫ 2 .^A                        %with a space after the 2.
 In the first case, the dot is “absorbed” by the 2 as a decimal point and the ^ is taken as a matrix exponential. But, when the dot is separated from the 2 by a space, it becomes part of the operator  and specifies that 2 should be raised to the power of each element in A. The point is, you should be very careful to type what you mean in an unambiguous way until you are familiar enough with MATLAB to know how the subtle situations wiIl be interpreted. An unambiguous way of typing the preceding lines is
 ≫ (2.)^A                     %for matrix exponential
≫ (2).^A                     %for array exponential.

8.8. An Introduction to MATLAB: The Colon*



 Note
This module is part of the collection, A First Course in Electrical and Computer Engineering. The LaTeX source files for this collection were created using an optical character recognition technology, and because of this process there may be more errors than usual. Please contact us if you discover any errors.


 You can use the colon several ways in MATLAB (see help :). Its basic
meaning is a vector of sequential values. For example, type
 ≫ x = 3:9
 to get
 x = 
   3 4 5 6 7 8 9
 For increments other than 1, use statements like
 ≫ x = 1:0.5:4
≫ x = 6:-1:0
 Most MATLAB functions will accept vector inputs and produce vector out-
puts. The statement
 ≫ y = sqrt(1:10)
 builds a vector of integers from 1 to 10 and takes the square root of each of
those numbers. Try it.
 Now for another subtlety–what is the effect of each of the following
statements and why?
 ≫ 1+1:5
≫ 1+(1:5)
 
      Appending to a Matrix or Vector. A matrix or vector can be
enlarged in size by appending new values to the old values. Let x=[1 3 5]:
(8.3)


8.9. An Introduction to MATLAB: Graphics*



 Note
This module is part of the collection, A First Course in Electrical and Computer Engineering. The LaTeX source files for this collection were created using an optical character recognition technology, and because of this process there may be more errors than usual. Please contact us if you discover any errors.


 In "Complex Numbers", you learn that complex variables can be represented as points in the plane. MATLAB makes it easy for you to plot complex variables in a graph. Type z1 = 1+.5*j;plot(z1,'o'). The graph window should be activated and the point z1 displayed by a 'o'. You must specify the symbol for display, and the authorized symbols for point display are '.', 'o', '+',
and '*'. When you are displaying a curve (to come later), no type is necessary. MATLAB automatically adjusts the scale on a graph to accommodate the value of the point being plotted. In this case, the range is [0,2] for the real part and [0,1] for the imaginary part.
 Let's now plot a second complex number by typing z2 = 2+1.5*j; plot(za,'o'). Note that the second plot command erases the first plot and changes the scaling to [0,4] and [0,3]. Sometimes you may want to have the points plotted on the same graph. To achieve this, you have to use the command hold on after the first plot. Try the following:
 ≫ plot(z2,'o')
≫ hold on
≫ plot(z1,'o')
≫ hold off
 The advantage in using the hold command is that there is no limit to the number of plot commands you can type before the hold is turned off, and
these plots may involve the same variable plotted over a range of values. You can also use different point displays. A disadvantage of the hold command is that the scaling is enforced by the first plot and is not adjusted for subsequent plots. This is why we plot the point z2 first. Try reversing the order of the plots and see what happens. This means that points outside the scaling will not be displayed. The command hold off permits erasing the current graph for the next plot command.
 You can freeze the scaling of the graph by using the command axis. MATLAB gives you the message
 Axis scales frozen
ans =
   0 4 0 3

 This freezes the current axis scaling for subsequent plots. Similarly, if you type axis a second time, MATLAB resumes the automatic scaling feature and prints the message
 Axis scales auto-ranged
ans =
   0 4 0 3
 The axis scaling can also be manually enforced by using the command
 ≫ axis([xmin xmax ymin ymax])
 where (xmin, ymin) is the lower left corner and (xmax, ymax) is the upper
right corner of the graph. This scaling remains in effect until the next axis
command is entered (with or without arguments).
 Another way to plot several complex numbers on the same graph is
to display them as a curve. For this purpose, you have to store the numbers
in a vector. For example, type z1 = z1,z(2) = z2,plot(z). Note that
the two points are at the two extremes of the line plotted on the graph. If
you specify a symbol, then no line is drawn, just the extreme points. Try
plot(z,'o') .
 If you examine your current graph carefully, you will notice that the
unit lengths on the x and y axes are not quite the same. In fact, MATLAB
adjusts the length of an axis to conform to the overall size of the graph window.
What this means is that a 45o
       line will actually be displayed at an angle
depending on the overall aspect ratio of the graph window. To ensure that
the aspect ratio is equal to 1, you may enter the command axis('square').
MATLAB will then enforce an aspect ratio equal to 1, regardless of the aspect
ratio for the outside graph window. This ensures that circles appear as circles
and not as ellipses. MATLAB will make the square graph as large as possible
to fit within the graph window. To go back to the default ratio, just type in axis('normal').
 To add labels to your graph, the functions xlabel('text'), ylabel('text'), and title('text') are useful and self-explanatory. The argument text contains a string of characters. Add the label Real on the horizontal axis and the label Imaginary on the vertical axis of your graph. The command grid draws a grid on your graph. The grid does not remain in effect for the next plots. Try it.
 
      The plot Instruction. The plot instruction in MATLAB is very
versatile. It can be used to plot several different types of data. Its syntax is
plot(x,y,' symbol and/or color') or plot(y,'symbol and/or color'). The
instruction will plot a vector of data versus another vector of data. The first
vector is referenced to the horizontal axis and the second to the vertical axis.
If only one vector is used, then it is plotted with reference to the vertical
axis while the horizontal axis is automatically forced to be the index of the
vector for the corresponding data point. The notation inside the apostrophes
is optionally used to designate whether each element of the vector is to be
plotted as a single point with a certain symbol or as a curve with a straight
line drawn between each data value. The colors can also be specified. Possible symbols are (*,o,+,.), and colors are (r,g,b,w) (red, green, blue, and
white). Complex valued vectors are plotted by making the horizontal axis the
real part of the vector and the vertical axis the imaginary part. Warning: A
complex valued vector will automatically be plotted correctly on the complex
plane (instead of real versus imaginary) only if every element of the vector is complex valued. Try plot (x,y,'*') , plot (x,'*'), plot (y,'*'), plot (y,x,'*') and plot (z,'*'), plot (Real (z), Imag (z),'*') to
clarify your understanding of plot. Use x = [1357],y = [2468],z = 
      [1 + j,2 + 2j,3 + 3j].
 We may summarize as follows:
Table 8.1. 	
                  plot(x,'*r')
               	(red star—points with the values of x on vertical and indicies on horizontal)
	
                  plot(y)
               	(line—connected curve of the value of y on vertical and the value of x on horizontal)
	
                  plot(x,y,'og')
               	(line—connected curve of the value of y on vertical and the value of x on horizontal)
	
                  plot(x,y,'og')
               	(circle—points of the value of y on vertical and the value of x on horizontal)
	
                  plot(real(z),imag(z))
               	(line—connectedplot of z on the complex plane)
	
                  plot(real(z),imag(z),'+b')
               	(blue plus—points of z on the complex plane). 


 Figure 8.3. 
 [image: An Introduction to MATLAB: Graphics]



 
      Subplots. It is possible to split the graphics screen up into several
separate smaller graphs rather than just one large graph. As many as four
subplots can be created. The MATLAB instruction subplot (mnp) signifies
which of the smaller graphs is to be accessed with the next plot statement.
The mnp argument consists of three digits. The m and n are the numbers of
rows (m) and columns (n) into which the screen should be divided. The p
designates which of the matrix elements is to be used. For example,
 
      Help and Demos. MATLAB has on-line help and a collection of
demonstrations. For a list of available functions, type
 ≫ help
 For help on a specific function, sin for example, type
 ≫ help sin
 To learn how to use colon (;, a very important and versatile character) in MATLAB, type
 ≫ help :
 The demos will also help you become more familiar with MATLAB and its capabilities. To run them, type
 ≫ demo

8.10. An Introduction to MATLAB: Editing Files and Creating Functions (Macintosh)*



 Note
This module is part of the collection, A First Course in Electrical and Computer Engineering. The LaTeX source files for this collection were created using an optical character recognition technology, and because of this process there may be more errors than usual. Please contact us if you discover any errors.


 If you quit MATLAB now, all the commands you have typed will be
lost. This is where the Edit window is useful. If you choose new from the File
menu, a new window appears with the title Edit 1: Untitled. In this window,
you should type in all the commands you would like MATLAB to execute at
once. When you are finished typing, you may save the file by choosing save
or save as in the file menu and by entering a name for the file. If the edit
window is active (that is, if it appears in front), then choose save and go from
the file menu to save the file and execute it. If the command window is active,
then you can execute the file by entering its name.
 
      Editing Files. To test your understanding of file editing, enter the
following commands in a file named myfile:
 
clear, clg                      %Clear variables and graphics
j=sqrt(-1);                     %To be sure
z1=1+.5*j,z2=2+1.5*j            %Enter variables
z3=z1+z2,z4=z1*z2               %Compute sum and product
axis([0 4 0 4]),                %First plot
  axis('square'),plot(z1,'o')
hold on                         %Allow overplot
plot(z2,'o'),plot(z3,'+'),      %Other plots
    plot(z4,'*')
hold off

 You do not have to type the % sign and the text that follows it. These are
simply comments in a file. They are ignored by the MATLAB interpreter.
You should, however, make a habit of adding comments (preceded by %) to
your file if you want to be able to understand programs that have been written
long ago.
 Do not forget to save your file. Such a file is called a script file. It
contains MATLAB commands that could have been entered one by one in the
command window. You have three ways to execute a script file:
 	with the edit window active, choose save and go from the file menu;

	with the command window active, enter the file name; or

	with the command window active, choose run script... from the M-file menu. In this case, a menu pops up to ask you which file you want to execute.



 Try each of these three methods in order to get used to their differences.
Figure 1 shows the plot that you should get.
 
      Creating Functions. MATLAB puts many commands at your disposal, and you just have to enter their names (with or without arguments)
to execute them. Some commands are built in to MATLAB, and others are
contained in files to which you have access (not to modify them, but to see
how things are done). You can try to display the contents of a command file
in the command window by entering the command type filename. Enter
type plot. You should get the message
 ??? Built-in function.
 Figure 8.4. 
 [image: An Introduction to MATLAB: Editing Files and Creating Functions (Macintosh)]
A Typical Graph (©Apple Computer, Inc., used with permission.)



 This means that the command plot is a build-in function and thus cannot
be typed by the user (it is compiled with the program). Similarly, try to type
the function file containing the command sinh by entering the command type sinh. You should get
 
function y=sinh(x)
%SINH SINH(X) is the hyperbolic sine of the elements of X.
y=(exp(x)-exp(-x))/2;

 This is a typical example of a function file. It differs from a script file by the
fact that the first line contains the word function. What it does is make the
command y = sinh(x) equivalent to the command y=(exp(x)-exp(-x))/2 .
The variable x is the input argument (there could be more than one), and y
is the output argument (there also could be more than one). The second line
contains comments about the function and its arguments. They can spread
to several lines. Display them by typing the command help sinh. The third
line contains the actual function commands (there could also be several lines).
 As an exercise, enter the function perp(x):
 
function y=perp(x)
%PERP PERP(X) is a complex value perpendicular to X.
j=sqrt(-1);
y=j*real(x)-imag(x);

 Evaluate perp on various complex numbers. Replace the last line by y = x*j;.
Do you get the same result? Why?
 Note that local variables are just that–local. Only the input and out-
put arguments are kept in memory after the function is called and executed.
For more on functions and multiple arguments, see the MATLAB manual. In
the previous example, the variable 
         j
       is local. If, before using the function
perp, you use the same variable 
         j
      , its contents will not be affected by the
command perp(z). Verify this.
 Normally, while a file (script or function) is executed, the commands
are not displayed on the command window. Just the results are displayed.
The command echo allows you to view all the instructions. This is useful for
debugging and demonstrations. It is turned off by typing echo off.


8.11. An Introduction to MATLAB: Editing Files and Creating Functions (PC)*



 Note
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 You should write a MATLAB program whenever you anticipate exe-
cuting some sequence of statements several times or again in a later session.
On an IBM PC, you may use any text editor to write a program, as long as
the file can be saved in ASCII format without the control codes used by most
word processors. Applicable text editors include Edix, Wordstar, XTree Pro,
and Turbo Pascal's editor.
 
      Editing Files. If you have enough memory, you can run your editor
without leaving MATLAB by using the exclamation point (!), like this:
 ≫ !EDIX
 The exclamation point may be used to execute any DOS command or program
from MATLAB. When the command or program finishes, your MATLAB
variables are just as you left them. Use your editor to write program lines
just as you would type them in MATLAB's command mode. Then save the
file with extension .m in the directory where you will run MATLAB. Such
MATLAB programs are called m-files. You may run your m-file by typing the
file name (without the .m extension) at the MATLAB command prompt ( ≫ ).
 
      Script Files. There are two kinds of m-files, called script files and
functions. Running a script file is exactly like typing the commands it contains
at the  ≫  prompt. Your m-file will automatically be a script file unless you
specify otherwise, as described later. Practice by entering, saving, and running
plotsin.m as listed next:
 t = -6:.2:6;
y = sin(t);
plot(t,y)
title('SINE')
pause
grid
xlabel('t')
ylabel('sin(t)')

 When the pause is executed, you will need to press a key to go on. If you type
whos after running plotsin, you will see that the variables t and y remain
in memory. Comments are important to a script file. They are marked with
the symbol %. Anything following this symbol on a line is assumed to be a
comment and is ignored by the MATLAB program interpreter.
 
      Functions. Functions differ from script files in that they have designated input and output variables. Any other variables used within a function are local variables, which do not remain after the function terminates and which have no effect on variables outside the function. Many of the functions supplied with MATLAB are actually m-files. A good example is triu.m:
 ≫ type triu
 The word function at the beginning of the file makes it a function rather than
a script file. The function name in this line must match the file name. The
input variables of triu are x and k, meaning that the first input argument
will be referred to as x and the second as k within the function. Likewise,
the function line designates y as the output. There is nothing special about
the variable names x,k, and y when the function is used. It is only that
whatever inputs and output you use will be referred to as x,k, and y inside
the function. The variables m,n,j, and i are created temporarily when triu
runs and disappear when it terminates. They are local variables and have no
effect on variables with the same names outside the function. In contrast, a
script file has no local variables and does no substitution of input and output
variable names.
 As an exercise, enter and save the function perp.m:
       function y=perp(x)
      % PERP(x) is a complex number perpendicular to x.
      j = sqrt(-1);
      y = j*real(x)-imag(x);

 Evaluate perp on various complex numbers. Replace the last line by y = x*j;. Do you get the same result? Why?
 
      Printing Files and Graphics. To display an m-file on the screen,
use the instruction ≫ type filename. To make a copy at a printer, use
the DOS command ≫ !print filename.m. Graphics hardcopy is available
through the commands meta and gpp. See the MATLAB manual for more
information.


8.12. An Introduction to MATLAB: Loops and Control*
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 MATLAB has control statements like those in most computer languages. We will only study the for loop here. See the MATLAB manual
for details on if and while statements.
 What for loops do is allow a statement or a group of statements to be
repeated. For example,
 for i = 1:n,x(i) = 0,end
 assigns the value 0 to the first n elements of the array x. If n is less than 1,
the instruction is still valid but nothing will be done. If n is not defined, then
the following message will appear:
 ??? Undefined function or variable.
Symbol in question==>n

 If n contains a real value, the integer part of n is used. If n is a complex
number, the integer part of the real part is taken. (This should, however, be
avoided.) If x is not declared earlier or is of smaller dimension than n, then
extra memory is allocated.
 The command end must follow the command for. If it is not present,
MATLAB will wait for remaining statements until you type t
      he command
end, and nothing will be executed in the meantime.
 More than one statement may be included in the loop. The statement 1:n is the way to specify all the integer values between 1 and n. A
step different than 1 may be specified. For example, the statement for i=1:2:5,x(i)=1,end is equivalent to x(1)=1,x(5)=1. Negative steps
are also allowed, as in i=n:-1:1.
 We may use a for loop to draw a circle of radius 1. Type
 ≫ j=sqrt(-1);
≫ n=360;
≫ for i=1:n,circle(1)=exp(2*j*i*pi/n);end;
≫plot(circle)
 Note how easy it is to plot a curve. But also note how slowly the for loop
is executed. MATLAB is not very good at executing things one by one. It
prefers, by far, a vector-oriented statement. Using the range specification as
in the for loop, it is possible to speed up the process by replacing the explicit
for loop by an implicit for loop using the colon, like this:
 ≫ circle = exp((2*j*pi/n)*[1:n]);
 Note how much faster this command is executed. In general, for loops should
be avoided as much as possible. For example, the first for loop you typed
could have been replaced by the command x=zeros(1,n);, which is much
more efficient. The function zeros fills the variable with 0's to the specified
size. Similarly, the function ones fills the variable with 1's. The size can also
be determined by the size of the argument. If A is a matrix of size m,n, then
the command B=ones(a) fills the matrix B with 1's and forces the matrix B
to have exactly the same size as the matrix A.
 
      Avoiding for Loops. Since for loops are very inefficient in MATLAB
(they are computed sequentially, adding several more computations for every
loop), it is preferable to use the matrix capabilities of MATLAB to replace
for loops and speed up processing time.
 	Replace the for loop
    
 
≫ for i = 1:10,
≫    x(i) = i;
≫ end;


with

 
≫ x = 1:10


to get

 
x = [1 2 3 4 5 6 7 8 9 10]

         

	Replace the for loop

 
≫ z = something;
≫ for i = 1:10,
≫   x(i) = z*i;
≫ end;


with

 
≫ z = something
≫ x = z*(1:10);


to get

 
x = [z 2*z 3*z ... 10*z]

         

	Replace the for loop

 
≫ z = something;
≫ x(1) = z;
≫ for i = 2:10.
≫    x(i) = z*x(i-1);
≫ end;


with

 
≫ z = something;
≫ x = z.^(1:10);


to get

 
x = [z z**2 z**3 ... z**10]

         

	Replace the for loop

 
≫ for i = 0:2:100,
≫    x(i) = 1.0*exp(j*2*pi*i/100);
≫ end;


with

 
≫ x = 1.0*exp(j*2*pi*(0:2:100)/100);


to get

 
x = [exp(0) exp(j*4*pi/100) ... exp(j*200*pi/100)]

         





Chapter 2. The Functions e^x and e^jΘ



2.1. The Functions e^x and e^jθ: Introduction*
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Notes to Teachers and Students



 It is essential to write out, term-by-term, every sequence and sum in
this chapter. This demystifies the seemingly mysterious notation. The example on compound interest shows the value of limiting arguments in everyday
life and gives 
            e
            
               x
            
          some real meaning. The function 
            e
            
               jθ
            
         , covered in the section "The Function of ejθ and the Unit Circle
and "Numerical Experiment (Approximating ejθ
         , must be understood by all students before proceeding to "Phasors" .
The Euler and De Moivre identities provide every tool that students need to
derive trigonometric formulas. The properties of roots of unity are invaluable
for the study of phasors in "Phasors" .
 The MATLAB programs in this chapter are used to illustrate sequences
and series and to explore approximations to 
sin 
θ
          and 

cos
θ
         . The numerical
experiment in "Numerical Experiment (Approximating ejθ
          illustrates, geometrically and algebraically, how
approximations to 
            e
            
               jθ
            
          converge.
 
         “Second-Order Differential and Difference Equations” is a
little demanding for freshmen, but we give it a once-over-lightly to illustrate
the power of quadratic equations and the functions ex
          and 
            e
            
               jθ
            
         . This section
also gives a sneak preview of more advanced courses in circuits and systems.

Introduction



 It is probably not too strong a statement to say that the function 
            e
            
               x
            
         
is the most important function in engineering and applied science. In this
chapter we study the function 
            e
            
               x
            
          and extend its definition to the function

            e
            
               jθ
            
         . This study clarifies our definition of 
            e
            
               jθ
            
          from "Complex Numbers" and leads us to
an investigation of sequences and series. We use the function 
            e
            
               jθ
            
          to derive
the Euler and De Moivre identities and to produce a number of important
trigonometric identities. We define the complex roots of unity and study
their partial sums. The results of this chapter will be used in "Phasors" when
we study the phasor representation of sinusoidal signals.



2.2. The Functions e^x and e^jθ: The Function e^x*



 Note
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 Many of you know the number e as the base of the natural logarithm,
which has the value 2.718281828459045. . . . What you may not know is that
this number is actually defined as the limit of a sequence of approximating
numbers. That is,
(2.1)

(2.2)

 This means, simply, that the sequence of numbers ,
. . . , gets arbitrarily close to 2.718281828459045. . . . But why should such
a sequence of numbers be so important? In the next several paragraphs we
answer this question.
 Exercise 2.2.1.

       
          (MATLAB) Write a MATLAB program to evaluate the expression  for 
               n = 1,2,4,8,16,32,64 to show that 
               f
               
                  n
                ≈ e
             for large

               n
            .

      

   


 
      Derivatives and the Number 
            e
         
      . The number  arises
in the study of derivatives in the following way. Consider the function

(2.3)

 and ask yourself when the derivative of 
         f(x) equals 
         f(x). The function 
         f(x)
is plotted in Figure 2.1 for 
         a > 1. The slope of the function at point 
         x
       is
(2.4)

 Figure 2.1. 
 [image: ]
The Function 
            f(x) = a
            
               x
            
         



 If there is a special value for a such that
(2.5)

 then  would equal 
         f(x). We call this value of 
         a
       the special (or exceptional) number 
         e
       and write
(2.6)

 The number 
         e
       would then be 
         e = f(1). Let's write our condition that 
converges to 1 as
(2.7)

 or as
(2.8)
         e ≅ (1 + Δ
         x)1 / Δ
            x
         .
 Our definition of  amounts to defining  and
allowing 
         n → ∞ in order to make 
         Δ
         x → 0. With this definition for 
         e
      , it is
clear that the function 
         e
         x
       is defined to be (e)
            x
         
       :
(2.9)

 By letting  we can write this definition in the more familiar form
(2.10)

 This is our fundamental definition for the function 
         e
         x
      . When evaluated at

         x = 1, it produces the definition of 
         e
       given in Equation 2.1.
 The derivative of 
         e
         x
       is, of course,
(2.11)

 This means that Taylor's theorem[3] may be used to find another characterization for 

         e
         
            x
         
       :
(2.12)

 When this series expansion for 
         e
         
            x
         
       is evaluated at 
         x = 1, it produces the
following series for 
         e
      :
(2.13)

 In this formula, 
         n
      ! is the product 
         n(n – 1)(n – 2)⋯(
2
)
1
. Read 
         n
      ! as "
         n
      
factorial.”
 Exercise 2.2.2.

       
          (MATLAB) Write a MATLAB program to evaluate the sum

         (2.14)


          for 
               N = 1,2,4,8,16,32,64 to show that 
               S
               
                  N
                ≅ e
             for large 
               N
            . Compare 
               S
               64
            
with 
               f
               64
             from Exercise 2.2.1.. Which approximation do you prefer?

      

   


 
      Compound Interest and the Function . There is an example
from your everyday life that shows even more dramatically how the function 
         e
         
            x
         
      
arises. Suppose you invest 
         V
         0
       dollars in a savings account that offers 
100
x
      %
annual interest. (When 
         x = 0.01, this is 1%; when 
         x = 0.10, this is 10%
interest.) If interest is compounded only once per year, you have the simple interest formula for 
         V
         1
      , the value of your savings account after 1 compound
(in this case, 1 year):
 
      
         V
         1 = (1 + x)V
         0
      .
This result is illustrated in the block diagram of Figure 2.2(a). In this diagram,
your input fortune V0
       is processed by the “interest block” to produce your
output fortune V1
      . If interest is compounded monthly, then the annual interest
is divided into 12 equal parts and applied 12 times. The compounding formula
for V12
      , the value of your savings after 12 compounds (also 1 year) is
(2.15)

 This result is illustrated in Figure 2.2. Can you read the block diagram?
The general formula for the value of an account that is compounded n times
per year is
(2.16)

 
      
         V
         
            n
         
       is the value of your account after 
         n
       compounds in a year, when the annual
interest rate is 100x%.
 Figure 2.2. 
 [image: ]
(a)
 [image: ]
(b)
Block Diagram for Interest Computations; (a) Simple Annual
Interest, and (b) Monthly Compounding



 Exercise 2.2.3.

       
          Verify in Equation 2.16 that a recursion is at work that terminates at 
               V
               
                  n
               
            . That is, show that 

 for 
               i = 0,1,...,n – 1
produces the result .

      

   


 Bankers have discovered the (apparent) appeal of infinite, or continuous, compounding:
(2.17)

 We know that this is just
(2.18)
         V
         ∞ = e
         
            x
         
         V
         0.
 So, when deciding between 100x
         1
       % interest compounded daily and 100x
         2%
interest compounded continuously, we need only compare
(2.19)

 We suggest that daily compounding is about as good as continuous compounding. What do you think? How about monthly compounding?
 Exercise 2.2.4.

       
          (MATLAB) Write a MATLAB program to compute and plot
simple interest, monthly interest, daily interest, and continuous interest versus
interest rate 100x
            . Use the curves to develop a strategy for saving money.


      

   



2.3. The Functions e^x and e^jθ: The Function e^jθ and the Unit Circle*
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 Let's try to extend our definitions of the function 
         e
         
            x
         
       to the argument 
         x
 = 
j
         Θ
      . Then 
         e
         
            jΘ
         
       is the function
(2.20)

 The complex number  is illustrated in Figure 2.3. The radius to the
point  is  and the angle is  This means that
the 
         n
         
            th
         
       power of  has radius  and angle 
(Recall our study of powers of 
         z.) Therefore the complex number 
may be written as
(2.21)

 For 
         n
       large, , and . Therefore 
is approximately
(2.22)

 
      ( cosθ + j
       sin θ).
 This finding is consistent with our previous definition of 
         e
         
            jθ
         
       !
 Figure 2.3. 
 [image: ]
The Complex Number 



 The series expansion for 
         e
         
            jθ
         
       is obtained by evaluating Taylor's formula at 
         x = j
         θ
      :
(2.23)

 When this series expansion for 
         e
         
            jθ
         
       is written out, we have the formula
(2.24)

 It is now clear that cosθ
       and sinθ
       have the series expansions
(2.25)

(2.26)

 When these infinite sums are truncated at 
         N – 1, then we say that we have N-term approximations for cosθ
       and sinθ
      :
(2.27)

(2.28)

 The ten-term approximations to cosθ
       and sinθ
       are plotted over exact expressions for cosθ
       and sinθ
       in Figure 2.4. The approximations are very good over
one period (0 ≤ θ ≤ 2π), but they diverge outside this interval. For more accurate approximations over a larger range of 
         θ
          ' s, we would need to use more terms. Or, better yet, we could use the fact that cosθ
       and sinθ
       are periodic
in 
         θ
      . Then we could subtract as many multiples of 2π
       as we needed from 
         θ
      
to bring the result into the range [0,2π] and use the ten-term approximations
on this new variable. The new variable is called 
         θ
      -modulo 2π
      .
 Figure 2.4. 
 [image: ]
Ten-Term Approximations to cosθ
          and sinθ
         



 Exercise 2.3.1.

       
          Write out the first several terms in the series expansions for cosθ
             and sinθ
            .

      

   


 
      Demo 2.1 (MATLAB). Create a MATLAB file containing the following demo MATLAB program that computes and plots two cycles of cosθ
      
and sin θ versus θ. You should observe Figure 2.5. Note that two cycles take in 2(2π) radians, which is approximately 12 radians.
 clg;
j = sqrt(-1);
theta = 0:2*pi/50:4*pi;
s = sin(theta);
c = cos(theta);
plot(theta,s);
elabel('theta in radians');
ylabel('sine and cosine');
hold on
plot(theta,c);
hold off
 Figure 2.5. 
 [image: ]
The Functions cosθ
          and sinθ
         



 Exercise 2.3.2.

       
          (MATLAB) Write a MATLAB program to compute and plot the ten-term approximations to 


cos
θ
             and 


sin
θ
             for 


               θ
             running from 0 to 



2
(
2
π
)

 in steps of 



2
π
 / 
50

. Compute and overplot exact expressions for 


cos
θ
             and 


sin
θ
            . You should observe a result like Figure 2.4.

      

   


 
      The Unit Circle. The unit circle is defined to be the set of all complex numbers 
         z
       whose magnitudes are 1. This means that all the numbers on the unit circle may be written as 
         z = e
         
            jθ
         
      . We say that the unit circle consists of all numbers generated by the function 
         z = e
         
            jθ
         
       as 
         θ
       varies from 0 to 2π
      . See Figure 2.6.
 
      A Fundamental Symmetry. Let's consider the two complex numbers 
         z
         1
       and , illustrated in 
Figure 2.6. We call  “reflection of 
         z
       through the unit circle” (and vice versa). Note that 
         z
         1 = r
         1
         e
         
            j
            θ
            1
         
       and . The complex numbers 
         z
         1 – e
         
            jθ
         
       and  are illustrated in Figure 2.6. The magnitude squared of each is
(2.29)

(2.30)

 The ratio of these magnitudes squared is
(2.31)

 This ratio may be manipulated to show that it is independent of 
         θ
      , meaning that the points 
         z
         1
       and  maintain a constant relative distance from every point on the unit circle:
(2.32)

 This result will be of paramount importance to you when you study digital
filtering, antenna design, and communication theory.
 Figure 2.6. 
 [image: ]
The Unit Circle



 Exercise 2.3.3.

       
          Write the complex number 
               z – e
               
                  jθ
               
             as 
               r
               e
               
                  jφ
               
            . What are 
               r
             and

               φ
            ?


      

   



2.4. The Functions e^x and e^jθ: The Euler and De Moivre Identities*
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 The Euler and De Moivre identities are the fundamental identities for
deriving trigonometric formulas. From the identity 
         e
         
            jθ
          = cosθ + j
      
      sinθ
       and the conjugate identity 
      sinθ
      , we have the Euler identities for cosθ
       and sinθ
      :
(2.33)

 These identities are illustrated in Figure 2.7.
 Figure 2.7. 
 [image: ]
Euler's Identities



 The identity 
         e
         
            jθ
          = cosθ + jsin θ
       also produces the De Moivre identity:
(2.34)

 When the left-hand side of this equation is expanded with the binomial expansion, we obtain the identity
(2.35)

 
      Binomial Coefficients and Pascal's Triangle. The binomial coefficients  in Equation 2.35 are shorthand for the number
(2.36)

 This number gives the coefficient of 
         x
         
            n – k
         
         y
         
            k
         
       in the expansion of (x + y)
            n
         
      . How do we know that there are  terms of the form 
         x
         
            n – k
         
         y
         
            k
         
      ? One way to answer this question is to use Pascal's triangle, illustrated in Figure 2.8. Each node on Pascal's triangle shows the number of routes that terminate at that node. This number is always the sum of the number of routes that terminate at the nodes just above the node in question. If we think of a left-hand path as an occurrence of an 
         x
       and a right-hand path as an occurrence of a 

         y
      , then we see that Pascal's triangle keeps track of the number of occurrences of 
         x
         
            n – k
         
         y
         
            k
         
      .
 Figure 2.8. 
 [image: ]
Pascal's Triangle and the Binomial Coefficients



 Exercise 2.4.1.

       
          Prove .

      

   


 Exercise 2.4.2.

       
          Find an identity for .

      

   


 Exercise 2.4.3.

       
          Find “half-angle” formulas for cos2θ
             and sin2θ
            .

      

   


 Exercise 2.4.4.

       
          Show that

          	 
                  cos3θ = cos2
                     θ – 3
                  cosθ
                  
                  sin2
                     θ
                  ;

	 
                  sin3θ = 34cos2
                     θ
                  
                  sinθ – sin3
                     θ
                  .




      

   


 Exercise 2.4.5.

       
          Use 
to prove

          	
                   ;

	
                  .




      

   



2.5. The Functions e^x and e^jθ: Roots of Unity and Related Topics*
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 The complex number 
         z = e
         
            j2π / N
         
       is illustrated in Figure 2.9. It lies
on the unit circle at angle 
         θ = 2π / N
      . When this number is raised to the

         n
         
            th
         
       power, the result is 
         z
         
            n
          = e
         
            j2π
            n / N
         
      . This number is also illustrated in
Figure 2.9. When one of the complex numbers 
         e
         
            j2π
            n / N
         
       is raised to the 
         N
         
            th
         
      
power, the result is
(2.37)

 Figure 2.9. 
 [image: ]
The Complex Numbers 
            e
            
               j2π / N
            
          and 
            e
            
               j2π
               n / N
            
         



 We say that 
         e
         
            j2π
            n / N
         
       is one of the 
         N
         
            th
         
       roots of unity, meaning that 
         e
         
            j2π
            n / N
         
      
is one of the values of z for which
(2.38)
        
          z
         
            N
         
           – 
          1
           = 
          0
          .
        
      
 There are N such roots, namely,
(2.39)

 As illustrated in Figure 2.10, the 12
            th
         
       roots of unity are uniformly distributed
around the unit circle at angles 2π
         n / 12. The sum of all of the 
         N
         
            th
         
       roots of unity is zero:
(2.40)

 This property, which is obvious from Figure 2.10, is illustrated in Figure 2.11,
where the partial sums  are plotted for 
         k = 1,2,...,N
      .
 Figure 2.10. 
 [image: ]
Roots of Unity



 These partial sums will become important to us in our study of phasors and
light diffraction in "Phasors" and in our discussion of filters in "Filtering".
 Figure 2.11. 
 [image: ]
Partial Sums of the Roots of Unity



 
      Geometric Sum Formula. It is natural to ask whether there is an
analytical expression for the partial sums of roots of unity:
(2.41)

 We can imbed this question in the more general question, is there an analytical
solution for the “geometric sum”
(2.42)

 The answer is yes, and here is how we find it. If 
         z = 1, the answer is 
         S
         
            k
          = k
      .
If 
         z ≠ 1, we can premultiply 

         S
         
            k
         
       by 

         z
       and proceed as follows:
(2.43)

 From this formula we solve for the geometric sum:
(2.44)

 This basic formula for the geometric sum Sk
       is used throughout electromagnetic theory and system theory to solve problems in antenna design and spectrum analysis. Never forget it.
 Exercise 2.5.1.

       
          Find formulas for  and for 
         

      

   


 Exercise 2.5.2.

       
          Prove .

      

   


 Exercise 2.5.3.

       
          Find formulas for the magnitude and phase of the partial sum .

      

   


 Exercise 2.5.4.

       
          (MATLAB) Write a MATLAB program to compute and plot the partial sum  for 
               k = 1,2,...,N
            . You should observe Figure 2.11.

      

   


 Exercise 2.5.5.

       
          Solve the equation (z + 1)3 = z
               3
            .

      

   


 Exercise 2.5.6.

       
          Find all roots of the equation 
               z
               3 + z
               2 + 3z – 15 = 0.

      

   


 Exercise 2.5.7.

       
          Find 
               c
             so that (1 + j) is a root of the equation 
               z
               17 + 2z
               15 – c = 0.


      

   



2.6. The Functions e^x and e^jθ: Second-Order Differential and Difference Equations*



 Note
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 With our understanding of the functions 
         e
         
            x
         
      ,

         e
         
            jΘ
         
      , and the quadratic equation , we can undertake a rudimentary study of differential and difference equations. 
 
      Differential Equations. In your study of circuits and systems you will encounter the homogeneous differential equation
(2.45)

 Because the function 
         e
         
            st
         
       reproduces itself under differentiation, it is plausible
to assume that 
         x(t) = e
         
            st
         
       is a solution to the differential equation. Let's
try it:
(2.46)

 If this equation is to be satisfied for all 
         t
      , then the polynomial in 
         s
       must be
zero. Therefore we require
(2.47)
         s
         2 + a
         1
         s + a
         2 = 0.
 As we know from our study of this quadratic equation, the solutions are
(2.48)

 This means that our assumed solution works, provided 
         s = s
         1
       or 
         s
         2
      . It is a fundamental result from the theory of differential equations that the most general solution for 
         x(t) is a linear combination of these assumed solutions:
(2.49)
         x(t) = A
         1
         e
         
            s
            1
            t
          + A
         2
         e
         
            s
            2
            t
         .
 If 
         a
         2
         1 – 4a
         2
       is less than zero, then the roots 
         s
         1
       and 

         s
         2
       are complex:
(2.50)

 Let's rewrite this solution as
(2.51)
        
          s
         
              1
              ,
              2
            
           = 
          σ
           ± 
          j
          ω
        
      
 where σ and ω are the constants
(2.52)

(2.53)

 With this notation, the solution for 
         x(t) is
(2.54)
         x(t) = A
         1
         e
         
            σt
         
         e
         
            jωt
          + A
         2
         e
         
            σt
         
         e
          – jtω
            t
         .
 If this solution is to be real, then the two terms on the right-hand side must
be complex conjugates. This means that 
         A
         2 = A
          * 
         1
       and the solution for 
         x(t) is
(2.55)

 The constant 
         A
         1
       may be written as 
         A
         1 = |A|e
         
            jφ
         
      . Then the solution for 
         x(t)
is
(2.56)
         x(t) = 2|A|e
         
            σt
         cos(ω
         t + φ).
 This “damped cosinusoidal solution” is illustrated in Figure 2.12.
 Figure 2.12. 
 [image: ]
The Solution to a Second-Order Differential Equation



 Exercise 2.6.1.

       
          Find the general solutions to the following differential equations:

          	 
                  ;

	 
                  ;

	
                  .




      

   


 
      Difference Equations. In your study of digital filters you will encounter homogeneous difference equations of the form
(2.57)
         x
         
            n
          + a
         1
         x
         
            n – 1 + a
         2
         x
         
            n – 2 = 0.
 What this means is that the sequence
       obeys a homogeneous recursion:
(2.58)
        
          x
         
            n
         
           = 
           – 
          a
         1
          x
         
              n
               – 
              1
            
           – 
          a
         2
          x
         
              n
               – 
              2
            
          .
        
      
 A plausible guess at a solution is the geometric sequence 
         x
         
            n
          = z
         
            n
         
      . With this guess, the difference equation produces the result
(2.59)

 If this guess is to work, then the second-order polynomial on the left-hand side must equal zero:
 
      
        
          1
           + 
          a
         1
          z
         
               – 
              1
            
           + 
          a
         2
          z
         
               – 
              2
            
           = 
          0
        
      
    
(2.60)

 The solutions are
(2.61)

 The general solution to the difference equation is a linear combination of the
assumed solutions:
(2.62)

 This general solution is illustrated in Figure 2.13.
 Figure 2.13. 
 [image: ]
The Solution to a Second-Order Difference Equation



 Exercise 2.6.2.

       
          Find the general solutions to the following difference equations:

          	
                  
                     x
                     
                        n
                      + 2x
                     
                        n – 1 + 2 = 0;

	
                  
                     x
                     
                        n
                      – 2x
                     
                        n – 1 + 2 = 0;

	
                  
                     x
                     
                        n
                      + 2x
                     
                        n – 2 = 0.





      

   



2.7. The Functions e^x and e^jθ: Numerical Experiment (Approximating e^jθ)*



 Note
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 We have demonstrated that the function 
         e
         
            jθ
         
       has two representations:
 	
             ; and

	
            .



 In this experiment, you will write a MATLAB program to evaluate the two
functions 
         f
         
            n
         
       and 

         S
         
            n
         
       for twenty values of 
         n
      :
 	
            ; and

	

            .



 Choose 
         θ = π / 4( = pi / 4). Use an implicit for loop to draw and plot a circle
of radius 1. Then use an implicit for loop to compute and plot 
         f
         
            n
         
       and an
explicit for loop to compute and plot 
         S
         
            n
         
       for 
         n = 1,2,...,100. You should
observe plots like those illustrated in Figure 2.14. Interpret them.
 Figure 2.14. 
 [image: The Functions e^x and e^jθ: Numerical Experiment (Approximating e^jθ)](a)
 [image: The Functions e^x and e^jθ: Numerical Experiment (Approximating e^jθ)](b)
Plots for Convergence;(a) of fn
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[3] Taylor's theorem says that a function may be completely characterized by all of its derivatives (provided they all exist).



Chapter 6. Filtering



6.1. Filtering: Introduction*
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Notes to Teachers and Students:



 Filtering is one of the most important things that electrical and computer engineers do. In this chapter we extend everyday understanding of filters to numerical filters. We then study weighted moving averages and exponential averages. We define the important test signals for electrical and computer engineering and show how filters respond to them. The idea that filters are characterized by their response to simple test signals is fundamental. In the numerical experiment, students explore the frequency response of a simple filter, a concept that forms the basis of circuit theory, electronics, optics and lasers, solid-state devices, communications, and control.

Introduction



 A filter is any device that passes material, light, sound, current, velocity, or information according to some rule of selectivity. Material (or mechanical) filters are commonplace in your everyday life:
 	coffee filters pass flavored water while filtering out coffee grounds;

	Goretex fibers pass small, warm perspiration droplets while filtering out large, cool droplets of rain or snow;

	fiberglass strands in a furnace filter pass warm air while filtering out particles of dirt and dust;

	a centrifuge retains material of low density while spinning out (or filtering out) material of high density; and

	an electrostatic precipitator filters out dust and other effluents by attaching charge to them and using an electric field to move the charged particles to a high potential drain.



 The first three of these examples selectively pass material according to size; the last two selectively pass material according to its mass density.
 Typical filters for light are
 	UV filters on camera lenses and eyeglasses that pass light in the range of visible wavelengths while blocking light in the invisible (but damaging) ultraviolet range;

	polaroid lenses that pass light that is randomly polarized while blocking out glare that is linearly polarized;

	green fabrics that reflect green light and absorb other colors;

	red taillights that pass light in the long wavelength red range and reflect light in the short wavelength violet range (look at the inside of your taillights to see violet); and

	glacial ice that absorbs all but the blue wavelengths so that it appears blue.



 Exercise 6.1.1.

          
             List as many examples of natural and man-made sound filters
as you can.

         

      


 
         Satellite Television. Among current filters, the tuner in a super-heterodyne receiver is, perhaps, the first example that comes to mind. But satellite TV filters are another fascinating example. A typical C-band satellite has twelve transponders (or repeaters), each of which transmits microwave radiation in a personalized 36 MHz band. (The abbreviation MHz stands for megahertz, or 106
          Hz, or 106
          cycles per second. Other common abbreviations are Hz for 1 Hz, kHz for 103
          Hz, and GHz for 109
          Hz.) Each transponder actually transmits two channels of information, one vertically polarized and one horizontally polarized. There is an 8 MHz guard band between each band, and the vertical and horizontal channels are offset by 20 MHz. The transmission scheme for the 24 channels is illustrated in Figure 1. The entire transmission band extends over 540 MHz, from 3.7 × 109
          Hz to 4.24 × 109
          Hz. The satellite receiver has two different microwave detectors, one for vertical and one for horizontal polarization, and a microwave tuner to tune into the microwave band of interest.
 Exercise 6.1.2.

          
             Check that the transmission scheme of Figure 1 consumes
540 MHz of bandwidth.

         

      


 Exercise 6.1.3.

          
             List as many examples of natural and man-made devices for
velocity filtering as you can.

         

      


 Figure 6.1. 
 [image: Introduction]
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         An Aside on Hertz and Seconds. The abbreviation Hz stands for hertz, or cycles/second. It is used to describe the frequency of a sinusoidal
signal. For example, house current is 60 Hz, meaning that it has 60 cycles each second. The inverse of Hz is seconds or, more precisely, seconds/cycle, the period of 1 cycle. For example, the period of 1 cycle for house current is 1/60 second. When we are dealing with sound, electricity, and electromagnetic radiation, we need a concise language for dealing with signals and waves whose frequencies range from 0 Hz (called DC or direct current) to 1018
          Hz (visible light). Table 1 summarizes the terms and symbols used to describe the frequency and period of signals that range in frequency from 0 Hz to 1012
          Hz.
Table 6.1. Terms and symbols for Sinusoidal Signals	Frequency	Period	 
	Hz	Term	Units	Seconds	Term	Units	Example
	Hz	hertz	1 Hz	sec	second	1 sec	battery current: 0 Hz

house current: 60 Hz
	kHz	kilohertz	103 Hz	msec	millisecond	10-3 sec	midfrequency sound
	MHz	megahertz	106 Hz	µsec	microsecond	10-6sec	clock frequencies in microcomputers
	GHz	gigahertz	109 Hz	nsec	nanosecond	10-9sec	microwave radiation for satellite communication
	THz	terahertz	1012 Hz	psec	picosecond	10-12 sec	infrared radiation


 
         Numerical Filters. Rather amazingly, these ideas extend to the domain of numerical filters, the topic of this chapter. Numerical filters are just
schemes for weighting and summing strings of numbers. Stock prices are typically averaged with numerical filters. The curves in Figure 2 illustrate the daily closing average for Kellogg's common stock and two moving averages. The 50-day moving average is obtained by passing the daily closing average through a numerical filter that averages the most current 50 days' worth of closing averages. The 200-day moving average for the stock price is obtained by passing the daily closing prices through a numerical filter that averages the most current 200 days' worth of daily closing averages. The daily closing averages show fine-grained variation but tend to conceal trends. The 50-day and 200-day averages show less fine-grained variation but give a clearer picture of trends. In fact, this is one of the key ideas in numerical filtering: by selecting our method of averaging, we can filter out fine-grained variations and pass long-term trends (or vice versa), or we can filter out periodic variations and pass nonperiodic variations (or vice versa). Figure 2 illustrates that moving averages typically lag increasing sequences of numbers and lead decreasing sequences. Can you explain why?
 We will call any algorithm or procedure for transforming one set of numbers into another set of numbers a numerical filter or digital filter. Digital filters, consisting of memories and arithmetic logic units (ALUs), are implemented in VLSI circuits and used for communication, control, and instrumentation. They are also implemented in random–or semicustom–logic circuits and in programmable microcomputer systems. The inputs to a digital filter are typically electronic measurements that are produced by A/D (analog-to-digital) conversion of the output of an electrical or mechanical sensor. The outputs of the filter are “processed,” “filtered,” or “smoothed” versions of the measurements. In your more advanced courses in electrical and computer engineering you will study signal processing and system theory, assembly language programming, microprocessor system development, and computer design. In these courses you will study the design and programming of hardware that may be used for digital filtering.
 Figure 6.2. 
 [image: Terms and symbols for Sinusoidal Signals]
Dow-Jones Averages (Adapted from the New York Stock Exchange, Daily Graphs, William O'Neil and Co., Inc., Los Angeles, California)





6.2. Filtering: Simple Averages*
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 The simplest numerical filter is the simple averaging filter. This filter
is defined by the equation
(6.1)

 The filter output x is the average of the N filter inputs 
         u
         1,u
         2,... , uN
      . These
inputs may be real or complex numbers, and x may be real or complex. This
simple averaging filter is illustrated in Figure 1.
 Figure 6.3. 
 [image: ]
A Simple Averaging Filter



 Example 6.1. 
 If the averaging filter is excited by the constant sequence 
            u
            1 = u
            2 = ⋯ = u
            
               N
             = u
         , then the output is
(6.2)

 The output is, truly, the average of the inputs. Now suppose the filter is
excited by the linearly increasing sequence
(6.3)

 This sequence is plotted in Figure 2. How do we sum such a sequence in
order to produce the average 
            x
         ? For 
            N
          even, the average may be written as
(6.4)

 Each pair-sum in parentheses equals 
            N + 1, and there are  such pair-sums,
so the average is
(6.5)

 This is certainly a reasonable answer for the average of a linearly increasing
sequence. See Figure 2.



 Figure 6.4. 
 [image: ]
Linearly Increasing Sequence



 Exercise 6.2.1.

       
          Write  as a sum of pair-sums for 
               N
             odd. What
does 
               x
             equal?

      

   


 
      General Sum Formula. Suppose the input to the simple averaging filter is the polynomial sequence
(6.6)

 where 
         k
       is a non-negative integer such as 
         k = 0,1,2,.... The output of the filter is
(6.7)

 We rewrite 
         x
       as  to remind ourselves that we are averaging 
         N
       numbers, each of which is 
         n
         
            k
         
      . For example, when 
         N = 8 and 
         k = 2,
(6.8)

 Rather than study the average , we will study the sum  and divide by 
         N
       at the very end:
(6.9)

 The sum  may be rewritten as the sum
(6.10)

 This result is very important because it tells us that the sum , viewed as
a function of 
         N
      , obeys a recursion in which  is just the sum using one less
input, namely, , plus 
         N
         
            k
         
      . Now, since polynomials are the most general
functions that obey such recursions, we know that  must be a polynomial
of order 
         k + 1 in the variable 
         N
      :
(6.11)

 Let's check to see that this polynomial really can obey the required recursion.
First note that  is the following polynomial:
(6.12)

 The term (N – 1)
            k + 1
       produces . (Remember the binomial expansion?) Therefore the difference between  and  is
(6.13)

 This recursion is general enough to produce the difference Nk
       provided we can solve for 
         a
         0,a
         1,... , 
         a
         
            k + 1
       to make 
         c
         0 = c
         1 = ⋯ = c
         
            k – 1 = 0 and 
         c
         
            k
          = 1. We know that  for 
         N = 0, so we know that 
         a
         0 = 0, meaning that the polynomial for  can really be written as
(6.14)

 In order to solve for the coefficients of this polynomial, we propose to
write out our equation for  as follows:
(6.15)

 Using the linear algebra we learned earlier, we may write these equations
as the matrix equation
(6.16)

 The terms on the right-hand side of the equal sign are “initial conditions”
that tell us how the sum  begins for 
         N = 1,2,...,k + 1. These initial
conditions must be computed directly. (For example, ) Then
the linear system of (k + 1) equations in (k + 1) unknowns may be solved for

         a
         1,a
         2,...,a
         
            k + 1
      . The solution for 
         S
         
            k
         
         
            N
         
       is then complete, and we may use it to
solve for 
         S
         
            k
         
         
            N
         
       for arbitrary 
         N
      .
 Example 6.2. 
 When 
            k = 2, we have the following equation for the
coefficients 
            a
            1,a
            2
         , and 
            a
            3
          in the polynomial  :
(6.17)




 Exercise 6.2.2.

       
          Solve for 
               a
               1,a
               2,a
               3
             in the linear equation of Example 2. Show
that  obeys the recursion .

      

   


 Exercise 6.2.3.

       
          (MATLAB) Write a MATLAB program to determine the coefficients 
               a
               1,a
               2,...,a
               
                  k + 1
             for the polynomial . Generate a table of formulas for the averages  for 
               k = 1,2,...,5. Evaluate these formulas for 
               N = 2,
4, 8, and 16. 

      

   


 
      Exponential Sums. When the input to an averaging filter is the
sequence
(6.18)

 we say that the input is exponential (or geometric). Typical sequences are
illustrated in Figure 6.5 for 
         a = 0.9,a = 1, and 
         a = 1.1. Don't let it throw
you that we have changed the index to run from 0 to 
         N – 1 rather than from
1 to 
         N
      . This change is not fundamentally important, but it simplifies our
study. The sum of the inputs is
(6.19)

 Figure 6.5. 
 [image: ]
Exponential Sequences



 How do we evaluate this sum? Well, we note that the sum 
         a
         S
         
            N
         
       is
(6.20)

 Therefore, provided 
         a ≠ 1, the sum 
         S
         
            N
         
       is
(6.21)

 This formula, discovered already in the chapter covering the functions 
            e
            
               x
            
          and 
            e
            
               jθ
            
         
      , works for 
         a ≠ 1. When 
         a = 1,
then 
         S
         
            N
          = N
      :
(6.22)

 When |a| < 1, then 
         a
         
            N
          → 0 for 
         N → ∞, and we have the asymptotic formula
(6.23)

 Exercise 6.2.4.

       
          Evaluate  and  for 
               a = 0.9,1, and 1.1
and for 
               N = 1,2,4,8,16, and 32. 

      

   


 Exercise 6.2.5.

       
          Prove that  obeys the recursion

         (6.24)
        
               S
               
                  N
               
           = 
          S
               
                  N
               – 
              1
            
           + 
          a
               
                  N
               – 
              1
            
          .
        
      

          Prove that 
               S
               
                  N
                = N
             obeys this recursion for 
               a = 1 and that  obeys
it for 
               a ≠ 1.

      

   


 
      Recursive Computation. Every sum of the form
(6.25)

 obeys the recursion
(6.26)
         S
         
            N
          = S
         
            N – 1 + u
         
            N – 1.
 This means that when summing numbers you may “use them and discard them.” That is, you do not need to read them, store them, and sum them.
 You may read 
         u
         0
       to form 

         S
         1
      
 and discard

         u
         0
      ; add 
         u
         1
       to 

         S
         1
      
 and discard 
         u
         1
       ; add

         u
         2
       to 
         S
         2
       ; and continue.
 Figure 6.6. 
 [image: ]
The Recursion 
            S
            
               n + 1 = S
            
               n
             + u
            
               n
            
         



 This is very important for hardware and software implementations of running sums. You need only store the current sum, not the measurements that produced it. Two illustrations of the recursion 
         S
         
            n + 1 = S
         
            n
          + u
         
            n
         
       are provided in Figure 4. The diagram on the left is self-explanatory. The diagram on the right says that the sum 
         S
         
            n
         
       is stored in a memory location, to be added to 
         u
         
            n
         
       to produce 
         S
         
            n + 1
      , which is then stored back in the memory location to be added to 
         u
         
            n + 1
      , and so on.


6.3. Filtering: Weighted Averages*



 Note
This module is part of the collection, A First Course in Electrical and Computer Engineering. The LaTeX source files for this collection were created using an optical character recognition technology, and because of this process there may be more errors than usual. Please contact us if you discover any errors.


 Weighted, tapered, or windowed averages are straightforward generalizations of simple averages. They take the form
(6.27)

 with the constraint that the “weights in the window,” 
         w
         
            n
         
      , sum to 1:
(6.28)

 When 
then 
         x
       is the simple average studied in the section on "Simple Averages".
 Example 6.3. 
 There are many windows that are commonly used in engineering practice. For 
            N
          odd, the standard triangular window is
(6.29)

 This window, illustrated in Figure 1, weights the input 
            u
            (N + 1) / 2
          by 
and the inputs 
            u
            1
          and 
            u
            
               N
            
          by  The most general triangular window
takes the form
(6.30)




 Figure 6.7. 
 [image: ]
Triangular Window



 Exercise 6.3.1.

       
          Determine the constraints on 
               α
             and 
               β
             to make the general triangular window a valid window (i.e., ). Show that  is a valid solution. Propose another solution that you like.

      

   


 Exercise 6.3.2.

       
          You are taking three 3-credit courses, one 5-credit course, and one 2-credit course. Write down the weighted average for computing your GPA in a system that awards 4.0 points for an A,3.0 points for a B,..., and (horrors!) 0 points for an 
               F
            .

      

   



6.4. Filtering: Moving Averages*
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 Moving averages are generalizations of weighted averages. They are designed to “run along an input sequence, computing weighted averages as they go.” A typical moving average over N inputs takes the form
(6.31)

 The most current input, 
         u
         
            n
         
      , is weighted by 
         w
         0
      ; the next most current input,

         u
         
            n – 1
      , is weighted by 
         w
         1
       ; and so on. This weighting is illustrated in Figure 1.
The sequence of weights, 
         w
         0
       through 
         w
         
            N – 1
      , is called a “window,” a “weighting
sequence,” or a “filter.” In the example illustrated in Figure 6.8, the current
value 
         u
         
            n
         
       is weighted more heavily than the least current value. This is typical
(but not essential) because we usually want 
         x
         
            n
         
       to reflect more of the recent
past than the distant past.
 Figure 6.8. 
 [image: ]
Moving Average



 Example 6.4. 
 When the weights 
            w
            0,w
            1,...,w
            
               N – 1
          are all equal to , then the moving average 
            x
            
               n
            
          is a “simple moving average”:
(6.32)

 This is the same as the simple average, but now the simple average moves along the sequence of inputs, averaging the 
            N
          most current values.



 Exercise 6.4.1.

       
          Evaluate the moving average  for the inputs

          	 
                  
               

	 
                  
               




          Interpret your findings.

      

   


 Exercise 6.4.2.

       
          Evaluate the simple moving average  when

               u
               
                  n
               
             is the sequence

         (6.33)


          Interpret your result.

      

   


 Example 6.5. 
 When the weights 
            w
            
               n
            
          equal 
            w
            0
            a
            
               n
            
          for 
            n = 0,1,...,N – 1, then the moving average 
            x
            
               n
            
          takes the form
 
         .
 When 
            a < 1, then un
          is weighted more heavily than 
            u
            
               n – (N – 1);
          when 
            a > 1,

            u
            
               n – (N – 1)
          is weighted more heavily than un
          ; when 
            a = 1,u
            
               n
            
          is weighted the
same as 
            u
            
               n – (N – 1).
      



 Exercise 6.4.3.

       
          Evaluate 
               w
               0
             so that the exponential weighting sequence 
               w
               
                  n
                = 
            
               w
               0
               a
               
                  n
               (n = 0,1,...,N – 1) is a valid window (i.e., ).

      

   


 Exercise 6.4.4.

       
          Compute the moving average  when the input sequence 
               u
               
                  n
               
             is

         (6.34)


          What happens when 
               b = a
            ? Can you explain this?


      

   



6.5. Filtering: Exponential Averages and Recursive Filters*
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 Suppose we try to extend our method for computing finite moving averages to infinite moving averages of the form
(6.35)

 In general, this moving average would require infinite memory for the weighting coefficients 
         w
         0,w
         1,... and for the inputs 
         u
         
            n
         ,u
         
            n – 1,.... Furthermore, the hardware for multiplying 
         w
         
            k
         
         u
         
            n – k
         
       would have to be infinitely fast to compute the infinite moving average in finite time. All of this is clearly fanciful and implausible (not to mention impossible). But what if the weights take the exponential form
(6.36)

 Does any simplification result? There is hope because the weighting sequence
obeys the recursion
(6.37)

 This recursion may be rewritten as follows, for 
         k ≥ 1:
(6.38)

 Let's now manipulate the infinite moving average and use the recursion for the weights to see what happens. You must follow every step:
(6.39)

 This result is fundamentally important because it says that the output of the
infinite exponential moving average may be computed by scaling the previous
output 
         x
         
            n – 1
       by the constant a, scaling the new input 
         u
         
            n
         
       by 
         w
         0
      , and adding.
Only three memory locations must be allocated: one for 
         w
         0
      , one for 
         a
      , and
one for 
         x
         
            n – 1
      . Only two multiplies must be implemented: one for 
         a
         x
         
            n – 1
       and
one for 
         w
         0
         u
         
            n
         
      . A diagram of the recursion is given in Figure 1. In this
recursion, the old value of the exponential moving average, 
         x
         
            n – 1
      , is scaled
by 
         a
       and added to 
         w
         0
         u
         
            n
         
       to produce the new exponential moving average 
         x
         
            n
         
      .
This new value is stored in memory, where it becomes 
         x
         
            n – 1
       in the next step
of the recursion, and so on.
 Figure 6.9. 
 [image: ]
Recursive Implementation of an Exponential Moving Average



 Exercise 6.5.1.

       
          Try to extend the recursion of the previous paragraphs to the
weighted average

         (6.40)


          What goes wrong?

      

   


 Exercise 6.5.2.

       
          Compute the output of the exponential moving average 
               x
               
                  n
                = 
            
               a
               x
               
                  n – 1 + w
               0
               u
               
                  n
               
             when the input is

         (6.41)


          Plot your result versus 
               n
            .

      

   


 Exercise 6.5.3.

       
          Compute 
               w
               0
             in the exponential weighting sequence

         (6.42)


          to make the weighting sequence a valid window. (This is a special case of
Exercise 3 from Filtering: Moving Averages.) Assume  – 1 < a < 1
         

      

   



6.6. Filtering: Test Sequences*



 Note
This module is part of the collection, A First Course in Electrical and Computer Engineering. The LaTeX source files for this collection were created using an optical character recognition technology, and because of this process there may be more errors than usual. Please contact us if you discover any errors.


 When we design a filter, we design it for a purpose. For example, a
moving average filter is often designed to pass relatively constant data while
averaging out relatively variable data. In an effort to clarify the behavior of
a filter, we typically analyze its response to a standard set of test signals. We
will call the impulse, the step, and the complex exponential the standard test
signals.
 
      Unit Pulse Sequence. The unit pulse sequence is the sequence
(6.43)

 This sequence, illustrated in Figure 1, consists of all zeros except for a
single one at 
         n = 0. If the unit pulse sequence is passed through a moving
average filter (whether finite or not), then the output is called the unit pulse response:
(6.44)

 Figure 6.10. 
 [image: ]
Unit Pulse Sequence



 (Note that 
         δ
         
            n – k
          = 0 unless 
         n = k.) So the unit pulse sequence may be used to read out the weights of a moving average filter. It is common practice to use 
         w
         
            k
         
       (the 
         k
         
            th
         
       weight) and 
         h
         
            k
         
       (the 
         k
         
            th
         
       impulse response) interchangeably.
 Exercise 6.6.1.

       
          Find the unit pulse response for the finite moving average . Caution: You must consider 
               n < 0,0 ≤ n ≤ N – 1, and 
               n ≥ N
            .

      

   


 Exercise 6.6.2.

       
          Find the unit pulse response for the recursive filter 
               x
               
                  n
                = a
               x
               
                  n – 1 + w
               0
               u
               
                  n
               
            .

      

   


 
      Unit Step Sequence. The unit step sequence is the sequence
(6.45)

 This sequence is illustrated in Figure 2. When this sequence is applied to a moving average filter, the result is the unit step response
   
(6.46)

 The unit step response is just the sequence of partial sums of the unit pulse response.
 Figure 6.11. 
 [image: ]
Unit Step Sequence



 Exercise 6.6.3.

       
          Find the unit step response for the finite moving average filter . Specialize your general result to the special case where  for 
               k = 0,1,...,N – 1.

      

   


 Exercise 6.6.4.

       
          Find the unit step response for the recursive filter 
               x
               
                  n
                = a
               x
               
                  n – 1 + w
               0
               u
               
                  n
               
            .

      

   


 
      Complex Exponential Sequence. The complex exponential sequence is the sequence
(6.47)

 This sequence, illustrated in Figure 3, is a “discrete-time phasor” that
“ratchets” counterclockwise (CCW) as 
         k
       moves to 
         k + 1 and clockwise (CW)
as 
         k
       moves to 
         k – 1. Each time the phasor ratchets, it turns out an angle
of 
         θ
      . Why should such a sequence be a useful test sequence? There are two
reasons.
 Figure 6.12. 
 [image: ]
Discrete-Time Phasor



 
      (i) 
            e
            
               jkθ
            
          represents (or codes) 
      cosk
         θ
      . The real part of the sequence 
         e
         
            jkθ
         
       is the cosinusoidal sequence cosk
         θ
      :
(6.48)

 Therefore the discrete-time phasor 
         e
         
            jkθ
         
       represents (or codes) cosk
         θ
       in the
same way that the continuous-time phasor 
         e
         
            jωt
         
       codes cosω
         t
      . If the moving
average filter
(6.49)

 has real coefficients, we can get the response to a cosinusoidal sequence by
taking the real part of the following sum:
(6.50)

 In this formula, the sum
(6.51)

 is called the complex frequency response of the filter and is given the symbol
(6.52)

 This complex frequency response is just a complex number, with a magnitude
 and a phase arg . Therefore the output of the moving average
filter is
(6.53)

 This remarkable result says that the output is also cosinusoidal, but its amplitude is  rather than 1, and its phase is  rather than 0. In the examples to follow, we will show that the complex “gain”  can be highly selective in 
         θ
      , meaning that cosines of some angular frequencies are passed with little attenuation while cosines of other frequencies are dramatically attenuated. By choosing the filter coefficients, we can design the frequency selectivity we would like to have.
 
      (ii) e
               jkθ
            
          is a sampled data version of 


            e
            
               jωt
            
         . The discrete-time phasor 
         e
         
            jkθ
         
       can be produced physically by sampling the continuous-time phasor

         e
         
            jωt
         
       at the periodic sampling instants 
         t
         
            k
          = k
         T
      :
(6.54)

 The dimensions of 
         θ
       are radians, the dimensions of 
         ω
       are radians/second, and
the dimensions of 
         T
       are seconds. We call 
         T
       the sampling interval and  the
sampling rate or sampling frequency. If the original angular frequency of the
phasor 
         e
         
            jωt
         
       is increased to , then the discrete-time phasor remains

         e
         
            jkθ
         
       :
(6.55)
         e
         
            j[ω + m(2π / T)]t
         |
            t = k
            T
          = e
         
            j(ω
            k
            T + k
            m2π) = e
         
            jkθ
         .
 This means that all continuous-time phasors of the form 
         e
         
            j[ω + m(2π / T)]t
         
       “hide
under the same alias” when viewed through the sampling operation. That
is, the sampled-data phasor cannot distinguish the frequency 
         ω
       from the frequency . In your subsequent courses you will study aliasing in more
detail and study the Nyquist rule for sampling:
(6.56)

 This rule says that you must sample signals at a rate  that exceeds the

bandwidth

       of the signal.
 Example 6.6. 
 Let's pass the cosinusoidal sequence 
            u
            
               k
             =  cos 
            kθ
          through the finite moving average filter
(6.57)

 We know from our previous result that the output is
(6.58)

 The complex frequency response for this example is
(6.59)

 (Do you see your old friend, the finite sum formula, at work?) Let's try to
manipulate the result into a more elegant form:
(6.60)

 The magnitude of the function  is
(6.61)

 At 
            θ = 0, corresponding to a “DC phasor,”  equals 1; at 
         . The magnitude of the complex frequency response is plotted in
Figure 4.
 Figure 6.13. 
 [image: ]
Frequency Selectivity of a Moving Average Filter



 This result shows that the moving average filter is frequency selective, passing
low frequencies with gain near 1 and high frequencies with gain near 0.



 Exercise 6.6.5.

       
          Compute the phase of the complex frequency response

         (6.62)


      

   


 Exercise 6.6.6.

       
          Choose the filter length 
               N
             for the filter , so that a 60 Hz cosine, sampled at the rate , is perfectly zeroed
out as it comes through the filter.

      

   


 Exercise 6.6.7.

       
          (MATLAB) Write a MATLAB program to compute and plot
the magnitude  and the phase arg  versus  – π < θ < π
             when

         (6.63)


          Choose suitable increments for 
               θ
            .

      

   


 Exercise 6.6.8.

       
          Compute the complex frequency response  for the recursive filter 
               x
               
                  n
                = a
               x
               
                  n – 1 + w
               0
               u
               
                  n
               
            .


      

   



6.7. Filtering: Numerical Experiment (Frequency Response of First-Order Filter)*



 Note
This module is part of the collection, A First Course in Electrical and Computer Engineering. The LaTeX source files for this collection were created using an optical character recognition technology, and because of this process there may be more errors than usual. Please contact us if you discover any errors.


 Consider the exponential moving average filter
(6.64)

 	Write out a few terms of the sum to show how the filter works.

	Write xn
             as a recursion and discuss the computer memory required to implement the filter.

	Compute the complex frequency response  for the filter.

	Write a MATLAB program to plot the magnitude and phase of the complex frequency response  versus θ for  in steps of  Do this for two values of a, namely, 
               a = 0.98 and 
               a =  – 0.98.
Explain your findings.

	Write a MATLAB program to pass the following signals through the filter when 
               a = 0.98:

 	
                     
                        u
                        
                           n
                         = δ
                        
                           n
                        
                     
                  

	
                     
                        u
                        
                           n
                         = ξ
                        
                           n
                        
                     
                  

	
                     
                  

	
                     
                  

	
                     
                  

	
                     
                  

	
                     
                  

	
                     .




         



 Plot the outputs for each case and interpret your findings in terms of the complex frequency response . Repeat step 5 for 
         a =  – 0.98. Interpret your findings.
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