
  
    
  
Chapter 8. Irrational numbers and rounding off



Introduction



 You have seen that repeating decimals may take a lot of paper and ink to write out. Not only is that impossible, but writing numbers out to many decimal places or a high accuracy is very inconvenient and rarely gives practical answers. For this reason we often estimate the number to a certain number of decimal places or to a given number of significant figures, which is even better.

Irrational Numbers



 Irrational numbers are numbers that cannot be written as a fraction with the numerator and denominator as integers. This means that any number that is not a terminating decimal number or a repeating decimal number is irrational. Examples of irrational numbers are:
(8.1)

 Tip
When irrational numbers are written in decimal form, they go on forever and
there is no repeated pattern of digits.

 If you are asked to identify whether a number is rational or irrational, first write the number in decimal form. If the number is terminated then it is rational. If it goes on forever, then look for a repeated pattern of digits. If there is no repeated pattern, then the number is irrational.
 When you write irrational numbers in decimal form, you may (if you have a lot of time and paper!) continue writing them for many, many decimal places. However, this is not convenient and it is often necessary to round off.
 Investigation : Irrational Numbers 



 Which of the following cannot be
written as a rational number?
 Remember: A rational number is a fraction with numerator and denominator as integers. Terminating decimal numbers or repeating decimal numbers are rational.
 	 
          
            
              π
              =
              3
              ,
              14159265358979323846264338327950288419716939937510
              ...
            
          
        

	 1,4


	 
          
        

	 100






Rounding Off



 Rounding off or approximating a decimal number to a given number of decimal places is the quickest way to approximate a number. For example, if you wanted to round-off 2,6525272 to three decimal places then you would first count three places after the decimal and place a | between the third and fourth number after the decimal.
(8.2)
          
            2
            ,
            652
            |
            5272
          
        
 All numbers to the right of the | are ignored after you determine whether the number in the third decimal place must be rounded up or rounded down. You round up the final digit if the first digit after the | was greater than or equal to 5 and round down (leave the digit alone) otherwise. In the case that the first digit before the | is 9 and you need to round up, then the 9 becomes a 0 and the second digit before the | is rounded up.
 So, since the first digit after the | is a 5, we must round up the digit in the third decimal place to a 3 and the final answer of 2,6525272 rounded to three decimal places is
(8.3)
          
            2
            ,
            653
          
        
Exercise 1.:  Rounding-Off 
 
       Round-off the following numbers to the indicated number of decimal places:

       	  to 3 decimal places


	 π=3,141592654... to 4 decimal places


	  to 4 decimal places


	 2,78974526... to 3 decimal places




      
      

 	  Determine the last digit that is kept and mark the cut-off point with | : 
      
 	 
          
        

	 
          
            
              π
              =
              3
              ,
              1415
              |
              92654
              ...
            
          
        

	 
          
        

	2,789|74526
                ...




      

	  Determine whether the last digit is rounded up or down : 
      
 	 The last digit of   must be rounded down.


	 The last digit of π=3,1415|92654... must be rounded up.


	 The last digit of  must be rounded up.


	 The last digit of 2,789|74526
                ... must be rounded up. Since this is a 9, we replace it with a 0 and round up the second last digit.




      

	  Write the final answer : 
      
 	  rounded to 3 decimal places


	 π=3,1416  rounded to 4 decimal places


	  rounded to 4 decimal places


	2,790




      
      








Summary



 	Irrational numbers are numbers that cannot be written as a fraction with the numerator and denominator as integers.

	For convenience irrational numbers are often rounded off to a specified number of decimal places




End of Chapter Exercises



 	 Write the following rational numbers to 2 decimal places:

 	 

	 1


	 

	 




Click here for the solution

	 Write the following irrational numbers to 2 decimal places:

 	 3,141592654...

	 

	 1,41421356...

	 2,71828182845904523536...




Click here for the solution

	 Use your calculator and write the following irrational numbers to 3 decimal places:

 	 

	 

	 

	 




Click here for the solution

	 Use your calculator (where necessary) and write the following numbers to 5 decimal places. State whether the numbers are irrational or rational.

 	 

	 

	 

	 

	 

	 

	 

	 

	 

	 

	 




Click here for the solution

	 Write the following irrational numbers to 3 decimal places and then write them as a rational number to get an approximation to the irrational number. For example, . To 3 decimal places, . . Therefore,  is approximately .

 	 3,141592654...

	 

	 1,41421356...

	 2,71828182845904523536...




Click here for the solution





Solutions


Chapter 2. Functions and graphs



Introduction to Functions and Graphs



 Functions are mathematical building blocks for designing machines, predicting natural disasters, curing diseases, understanding world economies and for keeping aeroplanes in the air. Functions can take input from many variables, but always give the same answer, unique to that function. It is the fact that you always get the same answer from a set of inputs that makes functions special.
 A major advantage of functions is that they allow us to visualise equations in terms of a graph. A graph is an accurate drawing of a function and is much easier to read than lists of numbers. In this chapter we will learn how to understand and create real valued functions, how to read graphs and how to draw them.
 In addition to their use in the problems facing humanity, functions also appear on a day-to-day level, so they are worth learning about. A function is always dependent on one or more variables, like time, distance or a more abstract quantity.

Functions and Graphs in the Real-World



 Some typical examples of functions you may already have met
include:-
 	 how much money you have, as a function of time. You never have more than one amount of money at any time because you can always add everything to give one number. By understanding how your money changes over time, you can plan to spend your money sensibly. Businesses find it very useful to plot the graph of their money over time so that they can see when they are spending too much. Such observations are not always obvious from looking at the numbers alone.


	 the temperature is a very complicated function because it has so many inputs, including; the time of day, the season, the amount of clouds in the sky, the strength of the wind, where you are and many more. But the important thing is that there is only one temperature when you measure it in a specific place. By understanding how the temperature is effected by these things, you can plan
for the day.


	 where you are is a function of time, because you cannot be in two places at once! If you were to plot the graphs of where two people are as a function of time, if the lines cross it means that the two people meet each other at that time. This idea is used in logistics, an area of mathematics that tries to plan where people and items are for businesses.


	 your weight is a function of how much you eat and how much exercise you do, but everybody has a different function so that is why people are all different sizes.





Recap



 The following should be familiar.
Variables and Constants



 In Review of past work, we were introduced to variables and constants. To recap, a variable can take any value in some set of numbers, so long as the equation is consistent. Most often, a variable will be written as a letter.
 A constant has a fixed value. The number 1 is a constant. Sometimes letters are used to represent constants, as they are easier to work with.
 Investigation : Variables and Constants 



 In the following expressions,
identify the variables and the constants:
 	 
            
              
                2
                x2
                =
                1
              
            
          

	 
            
              
                3
                x
                +
                4
                y
                =
                7
              
            
          

	 
            
          

	 
            
              
                y
                =
                7x
                –
                2
              
            
          





Relations and Functions



 In earlier grades, you saw that variables can be related to each other. For example, Alan is two years older than Nathan. Therefore the relationship between the ages of Alan and Nathan can be written as A=N+2, where A is Alan's age and N is Nathan's age.
 In general, a relation is an equation which relates two variables. For example, y=5x and y2+x2=5 are relations. In both examples x and y are variables and 5 is a constant, but for a given value of x the value of y will be very different in each relation.
 Besides writing relations as equations, they can also be represented as words, tables and graphs. Instead of writing y=5x, we could also say “y is always five times as big as x”. We could also give the following table:
Table 2.1. 	
                  
                    x
                  
                	
                  
                    
                      y
                      =
                      5
                      x
                    
                  
                
	2	10
	6	30
	8	40
	13	65
	15	75


 Investigation : Relations and Functions 



 Complete the following table
for the given functions:
Table 2.2. 	
                  
                    x
                  
                	
                  
                    
                      y
                      =
                      x
                    
                  
                	
                  
                    
                      y
                      =
                      2
                      x
                    
                  
                	
                  
                    
                      y
                      =
                      x
                      +
                      2
                    
                  
                
	1	 	 	 
	2	 	 	 
	3	 	 	 
	50	 	 	 
	100	 	 	 




The Cartesian Plane



 When working with real valued functions, our major tool is drawing graphs. In the first place, if we have two real variables, x and y, then we can assign values to them simultaneously. That is, we can say “let x be 5 and y be 3”. Just as we write “let x=5” for “let x be 5”, we have the shorthand notation “let (x,y)=(5,3)” for “let x be 5 and y be 3”. We usually think of the real numbers as an infinitely long line, and picking a number as putting a dot on that line. If we want to pick two numbers at the same time, we can do something similar, but now we must use two dimensions. What we do is use two lines, one for x and one for y, and rotate the one for y, as in Figure 2.1. We call this the Cartesian plane.
 [image: The Cartesian Plane]

Figure 2.1. 
The Cartesian plane is made up of an x–axis (horizontal) and a y–axis (vertical).


Drawing Graphs



 In order to draw the graph of a function, we need to calculate a few points. Then we plot the points on the Cartesian Plane and join the points with a smooth line.
 Assume that we were investigating the properties of the function f(x)=2x. We could then consider all the points (x;y) such that y=f(x), i.e. y=2x. For example, (1;2),(2,5;5), and (3;6) would all be such points, whereas (3;5) would not since 5≠2×3. If we put a dot at each of those points, and then at every similar one for all possible values of x, we would obtain the graph shown in Figure 2.2
 [image: Drawing Graphs]

Figure 2.2. 
Graph of f(x)=2x

 The form of this graph is very pleasing – it is a simple straight line through the middle of the plane. The technique of “plotting”, which we have followed here, is the key element in understanding functions.
 Investigation : Drawing Graphs and the Cartesian Plane 



 Plot the
following points and draw a smooth line through them.
(-6; -8),(-2; 0), (2; 8), (6; 16) 


Notation used for Functions



 Thus far you would have seen that we can use y=2x to represent a function. This notation however gets confusing when you are working with more than one function. A more general form of writing a function is to write the function as f(x), where f is the function name and x is the independent variable. For example, f(x)=2x and g(t)=2t+1 are two functions.
 Both notations will be used in this book.
Exercise 1.:  Function notation 
 
         If f(n)=n2–6n+9, find f(k–1) in terms of k. 

        

 	  Replace n with k–1 : 
        
(2.1)


        

	 Remove brackets on RHS and simplify :(2.2)

 We have now simplified the function in terms of k.
 







Exercise 2.:  Function notation 
 
         If f(x)=x2–4, calculate b if f(b)=45. 

        

 	  Replace x with b : 
        
(2.3)


        

	  f(b) = f(b) : 
        
(2.4)


        
        







Recap 



 	 
Guess the function in the form y=... that has the values listed in the table.

Table 2.3. 	x	1	2	3	40	50	600	700	800	900	1000
	y	1	2	3	40	50	600	700	800	900	1000


Click here for the solution

	 
Guess the function in the form y=... that has the values listed in the table.

Table 2.4. 	x	1	2	3	40	50	600	700	800	900	1000
	y	2	4	6	80	100	1200	1400	1600	1800	2000


Click here for the solution

	 
Guess the function in the form y=... that has the values listed in the table.

Table 2.5. 	x	1	2	3	40	50	600	700	800	900	1000
	y	10	20	30	400	500	6000	7000	8000	9000	10000


Click here for the solution

	 On a Cartesian plane, plot the following points: (1;2), (2;4), (3;6), (4;8), (5;10). Join the points. Do you get a straight line?

Click here for the solution

	 If f(x)=x+x2, write out:

 	 f(t)

	 f(a)

	 f(1)

	 f(3)



Click here for the solution

	 If g(x)=x and f(x)=2x, write out:

 	 f(t)+g(t)

	 f(a)–g(a)

	 f(1)+g(2)

	 f(3)+g(s)



Click here for the solution

	 A car drives by you on a straight highway. The car is travelling 10 m every
second. Complete the table below by filling in how far the car has travelled
away from you after 5, 10 and 20 seconds.

Table 2.6. 	Time (s)	0	1	2	5	10	20
	Distance (m)	0	10	20	 	 	 



Use the values in the table and draw a graph of distance on the y-axis and time on the x-axis.
Click here for the solution






Characteristics of Functions - All Grades



 There are many characteristics of graphs that help describe the graph of any function. These properties will be described in this chapter and are:
 	 dependent and independent variables


	 domain and range


	 intercepts with axes


	 turning points


	 asymptotes


	 lines of symmetry


	 intervals on which the function increases/decreases


	 continuous nature of the function




 Some of these words may be unfamiliar to you, but each will be clearly described. Examples of these properties are shown in Figure 2.3.
 [image: Characteristics of Functions - All Grades]

Figure 2.3. 
(a) Example graphs showing the characteristics of a function. (b) Example graph showing asymptotes of a function. The asymptotes are shown as dashed lines.

Dependent and Independent Variables



 Thus far, all the graphs you have drawn have needed two values, an x-value and a y-value. The y-value is usually determined from some relation based on a given or chosen x-value. These values are given special names in mathematics. The given or chosen x-value is known as the independent variable, because its value can be chosen freely. The calculated y-value is known as the dependent variable, because its value depends on the chosen x-value.

Domain and Range



 The domain of a relation is the set of all the x values for which there exists at least one y value according to that relation. The range is the set of all the y values, which can be obtained using at least one x value.
 If the relation is of height to people, then the domain is all living people, while the range would be about 0,1 to 3 metres — no living person can have a height of 0m, and while strictly it's not impossible to be taller than 3 metres, no one alive is. An important aspect of this range is that it does not contain all the numbers between 0,1 and 3, but at most six billion of them (as many as there are people).
 As another example, suppose x and y are real valued variables, and we have the relation y=2x. Then for any value of x, there is a value of y, so the domain of this relation is the whole set of real numbers. However, we know that no matter what value of x we choose, 2x can never be less than or equal to 0. Hence the range of this function is all the real numbers strictly greater than zero.
 These are two ways of writing the domain and range of a function, set notation and interval notation. Both notations are used in mathematics, so you should be familiar with each.
Set Notation



 A set of certain x values has the following form:
(2.5)
              
                x
                :
                
                   conditions, more conditions 
                
              
            
 We read this notation as “the set of all x values where all the conditions are satisfied”. For example, the set of all positive real numbers can be written as {x:x∈R,x>0} which reads as “the set of all x values where x is a real number and is greater than zero”.

Interval Notation



 Here we write an interval in the form 'lower bracket, lower number, comma, upper number, upper bracket'. We can use two types of brackets, square ones [;] or round ones (;). A square bracket means including the number at the end of the interval whereas a round bracket means excluding the number at the end of the interval. It is important to note that this notation can only be used for all real numbers in an interval. It cannot be used to describe integers in an interval or rational numbers in an interval.
 So if x is a real number greater than 2 and less than or equal to 8, then x is any number in the interval
(2.6)
              
                (
                2
                ;
                8
                ]
              
            
 It is obvious that 2 is the lower number and 8 the upper number. The round bracket means 'excluding 2', since x is greater than 2, and the square bracket means 'including 8' as x is less than or equal to 8.


Intercepts with the Axes



 The intercept is the point at which a graph intersects an axis. The x-intercepts are the points at which the graph cuts the x-axis and the y-intercepts are the points at which the graph cuts the y-axis.
 In Figure 2.3(a), the A is the y-intercept and B, C and F are x-intercepts.
 You will usually need to calculate the intercepts. The two most important things to remember is that at the x-intercept, y=0 and at the y-intercept, x=0.
 For example, calculate the intercepts of y=3x+5. For the y-intercept, x=0. Therefore the y-intercept is yint=3(0)+5=5. For the x-intercept, y=0. Therefore the x-intercept is found from 0=3xint+5, giving .

Turning Points



 Turning points only occur for graphs of functions whose highest power is greater than 1. For example, graphs of the following functions will have turning points.
(2.7)

 There are two types of turning points: a minimal turning point and a maximal turning point. A minimal turning point is a point on the graph where the graph stops decreasing in value and starts increasing in value and a maximal turning point is a point on the graph where the graph stops increasing in value and starts decreasing. These are shown in Figure 2.4.
 [image: ]

Figure 2.4. 
(a) Maximal turning point. (b) Minimal turning point.

 In Figure 2.3(a), E is a maximal turning point and D is a minimal turning point.

Asymptotes



 An asymptote is a straight or curved line, which the graph of a function will approach, but never touch.
 In Figure 2.3(b), the y-axis and line h are both asymptotes as the graph approaches both these lines, but never touches them.

Lines of Symmetry



 Graphs look the same on either side of lines of symmetry. These lines may include the x- and y- axes. For example, in Figure 2.5 is symmetric about the y-axis. This is described as the axis of symmetry. Not every graph will have a line of symmetry.
 [image: Lines of Symmetry]

Figure 2.5. 
Demonstration of axis of symmetry. The y-axis is an axis of symmetry, because the graph looks the same on both sides of the y-axis.


Intervals on which the Function Increases/Decreases



 In the discussion of turning points, we saw that the graph of a function can start or stop increasing or decreasing at a turning point. If the graph in Figure 2.3(a) is examined, we find that the values of the graph increase and decrease over different intervals. We see that the graph increases (i.e. that the y-values increase) from -∞ to point E, then it decreases (i.e. the y-values decrease) from point E to point D and then it increases from point D to +∞.

Discrete or Continuous Nature of the Graph



 A graph is said to be continuous if there are no breaks in the graph. For example, the graph in Figure 2.3(a) can be described as a continuous graph, while the graph in Figure 2.3(b) has a break around the asymptotes which means that it is not continuous.
In Figure 2.3(b), it is clear that the graph does have a break in it around the asymptote.
 Domain and Range 



 	 The domain of the function f(x)=2x+5 is -3; -3; -3; 0. Determine the range of f.
Click here for the solution

	 If g(x)=–x2+5 and x is between - 3 and 3, determine:

 	 the domain of g(x)

	 the range of g(x)



Click here for the solution

	 On the following graph label:

 	 the x-intercept(s)


	 the y-intercept(s)


	 regions where the graph is increasing


	 regions where the graph is decreasing




 [image: Domain and Range]

Figure 2.6. 

Click here for the solution

	 On the following graph label:

 	 the x-intercept(s)


	 the y-intercept(s)


	 regions where the graph is increasing


	 regions where the graph is decreasing




 [image: Domain and Range]

Figure 2.7. 

Click here for the solution






Graphs of Functions



Functions of the form y=ax+q



 Functions with a general form of y=ax+q are called straight line functions. In the equation, y=ax+q, a and q are constants and have different effects on the graph of the function. The general shape of the graph of functions of this form is shown in Figure 2.8 for the function f(x)=2x+3.
 [image: Functions of the form y=ax+q4.08y=ax+qy=ax+q]

Figure 2.8. 
Graph of f(x)=2x+3

 Investigation : Functions of the Form y=ax+q 



 	 On the same set of axes, plot the following graphs:

 	 a(x)=x–2

	 b(x)=x–1

	 c(x)=x

	 d(x)=x+1

	 e(x)=x+2




Use your results to deduce the effect of different values of q on the resulting graph.


	 On the same set of axes, plot the following graphs:

 	 f(x)=–2·x

	 g(x)=–1·x

	 h(x)=0·x

	 j(x)=1·x

	 k(x)=2·x




Use your results to deduce the effect of different values of a on the resulting graph.





 You may have noticed that the value of a affects the slope of the graph. As a increases, the slope of the graph increases. If a>0 then the graph increases from left to right (slopes upwards). If a<0 then the graph increases from right to left (slopes downwards). For this reason, a is referred to as the slope or gradient of a straight-line function.
 You should have also found that the value of q affects where the graph passes through the y-axis. For this reason, q is known as the y-intercept.
 These different properties are summarised in Table 2.7.
Table 2.7. Table summarising general shapes and positions of graphs of functions of the form y=ax+q.	 	
                  
                    
                      a
                      >
                      0
                    
                  
                	
                  
                    
                      a
                      <
                      0
                    
                  
                
	
                  
                    
                      q
                      >
                      0
                    
                  
                	
                   [image: Investigation : Functions of the Form y=ax+q4.08y=ax+qy=ax+q]

Figure 2.9. 


                	
                   [image: Investigation : Functions of the Form y=ax+q4.08y=ax+qy=ax+q]

Figure 2.10. 


                
	
                  
                    
                      q
                      <
                      0
                    
                  
                	
                   [image: Investigation : Functions of the Form y=ax+q4.08y=ax+qy=ax+q]

Figure 2.11. 


                	
                   [image: Investigation : Functions of the Form y=ax+q4.08y=ax+qy=ax+q]

Figure 2.12. 


                


Domain and Range



 For f(x)=ax+q, the domain is {x:x∈R} because there is no value of x∈R for which f(x) is undefined.
 The range of f(x)=ax+q is also {f(x):f(x)∈R} because there is no value of f(x)∈R for which f(x) is undefined.
 For example, the domain of g(x)=x–1 is {x:x∈R} because there is no value of x∈R for which g(x) is undefined. The range of g(x) is {g(x):g(x)∈R}.

Intercepts



 For functions of the form, y=ax+q, the details of calculating the intercepts with the x and y axis are given.
 The y-intercept is calculated as follows:
(2.8)

 For example, the y-intercept of g(x)=x–1 is given by setting x=0 to get:
(2.9)

 The x-intercepts are calculated as follows:
(2.10)

 For example, the x-intercepts of g(x)=x–1 is given by setting y=0 to get:
(2.11)


Turning Points



 The graphs of straight line functions do not have any turning points.

Axes of Symmetry



 The graphs of straight-line functions do not, generally, have any axes of symmetry.

Sketching Graphs of the Form f(x)=ax+q



 In order to sketch graphs of the form, f(x)=ax+q, we need to determine three characteristics:
 	 sign of a

	 y-intercept


	 x-intercept




 Only two points are needed to plot a straight line graph. The easiest points to use are the x-intercept (where the line cuts the x-axis) and the y-intercept.
 For example, sketch the graph of g(x)=x–1. Mark the intercepts.
 Firstly, we determine that a>0. This means that the graph will have an upward slope.
 The y-intercept is obtained by setting x=0 and was calculated earlier to be yint=–1. The x-intercept is obtained by setting y=0 and was calculated earlier to be xint=1.
 [image: Sketching Graphs of the Form f(x)=ax+q4.08f⎛⎝x⎞⎠=ax+qf(x)=ax+q]

Figure 2.13. 
Graph of the function g(x)=x–1

Exercise 3.:  Drawing a straight line graph 
 
           Draw the graph of y=2x+2 

          

 	 Find the y-intercept : To find the intercept on the y-axis, let x=0
(2.12)


	 Find the x-intercept : For the intercept on the x-axis, let y=0
(2.13)


	 Draw the graph by marking the two coordinates and joining them : 
            
 [image: ]
Figure 2.13. 


          







 Intercepts 



 	 List the y-intercepts for the following straight-line graphs:

 	 y=x

	 y=x–1

	 y=2x–1

	 y+1=2x



Click here for the solution

	 Give the equation of the illustrated graph below:


 [image: Intercepts]

Figure 2.14. 

Click here for the solution

	 Sketch the following relations on the same set of axes, clearly indicating the intercepts with the axes as well as the co-ordinates of the point of interception of the graph:
x+2y–5=0 and 3x–y–1=0
Click here for the solution






Functions of the Form y=ax2+q



 The general shape and position of the graph of the function of the form f(x)=ax2+q, called a parabola, is shown in Figure 2.15. These are parabolic functions.
 [image: Functions of the Form y=ax2+q4.08y=ax2+qy=ax2+q]

Figure 2.15. 
Graph of f(x)=x2–1.

 Investigation : Functions of the Form y=ax2+q 



 	 On the same set of axes, plot the following graphs:

 	 a(x)=–2·x2+1

	 b(x)=–1·x2+1

	 c(x)=0·x2+1

	 d(x)=1·x2+1

	 e(x)=2·x2+1




Use your results to deduce the effect of a.


	 On the same set of axes, plot the following graphs:

 	 f(x)=x2–2

	 g(x)=x2–1

	 h(x)=x2+0

	 j(x)=x2+1

	 k(x)=x2+2




Use your results to deduce the effect of q.




 The effects of a and q are a few examples are what are collectively called transformations of the function y=x2. The effect of q is what is called a translation because all points are moved the same distance in the same direction, specifically a vertical translation (because it slides the graph up and down) of x2 by q (note that a horizontal translation by q would look like ). The effect of a is what is called scaling. When a>1, it is usually called a stretch because the effect on the graph is to stretch it apart, and when a<1 (but greater than zero), it is often called a shrink because it makes the graph shrink in on itself. When a= –1, it is called a reflection, specifically a reflection about the x-axis because the x-axis acts as a mirror for the graph. If a is some other negative number, one would refer to it as a scaled reflection (or, alternatively, a 'stretched' or 'shrunk' reflection), because it is reflected and scaled. One often refers to reflections, translations, scaling, etc., as the effect of the transformation on the given function.
 A more in-depth look at transformations can be found here. This section on transformations is simply an extension and is not needed for examinations.
 
Complete the following table of values for the functions a to k to help with drawing the required graphs in this activity:
Table 2.8. 	
                  
                    x
                  
                	
                  
                	
                  
                	
                  
                	
                  
                	
                  
                
	
                  
                    
                      a
                      (
                      x
                      )
                    
                  
                	 	 	 	 	 
	
                  
                    
                      b
                      (
                      x
                      )
                    
                  
                	 	 	 	 	 
	
                  
                    
                      c
                      (
                      x
                      )
                    
                  
                	 	 	 	 	 
	
                  
                    
                      d
                      (
                      x
                      )
                    
                  
                	 	 	 	 	 
	
                  
                    
                      e
                      (
                      x
                      )
                    
                  
                	 	 	 	 	 
	
                  
                    
                      f
                      (
                      x
                      )
                    
                  
                	 	 	 	 	 
	
                  
                    
                      g
                      (
                      x
                      )
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 This simulation allows you to visualise the effect of changing a and q. Note that in this simulation q = c. Also an extra term bx has been added in. You can leave bx as 0, or you can also see what effect this has on the graph.

 
(This media type is not supported in this reader. Click to open media in browser.)
Figure 2.16. Phet simulation for graphing

 From your graphs, you should have found that a affects whether the graph makes a smile or a frown. If a<0, the graph makes a frown and if a>0 then the graph makes a smile. This is shown in Figure 2.17.
 [image: Phet simulation for graphing]

Figure 2.17. 
Distinctive shape of graphs of a parabola if a>0 and a<0.

 You should have also found that the value of q affects whether the turning point is to the left of the y-axis (q>0) or to the right of the y-axis (q<0).
 These different properties are summarised in Table 2.9.
Table 2.9. Table summarising general shapes and positions of functions of the form y=ax2+q.	 	
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                   [image: Phet simulation for graphing]

Figure 2.18. 


                	
                   [image: Phet simulation for graphing]

Figure 2.19. 
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                   [image: Phet simulation for graphing]

Figure 2.20. 


                	
                   [image: Phet simulation for graphing]

Figure 2.21. 


                


Domain and Range



 For f(x)=ax2+q, the domain is {x:x∈R} because there is no value of x∈R for which f(x) is undefined.
 The range of f(x)=ax2+q depends on whether the value for a is positive or negative. We will consider these two cases separately.
 If a>0 then we have:
(2.14)

 This tells us that for all values of x, f(x) is always greater than q. Therefore if a>0, the range of f(x)=ax2+q is {f(x):f(x)∈[q,∞)}.
 Similarly, it can be shown that if a<0 that the range of f(x)=ax2+q is {f(x):f(x)∈(–∞,q]}. This is left as an exercise.
 For example, the domain of g(x)=x2+2 is {x:x∈R} because there is no value of x∈R for which g(x) is undefined. The range of g(x) can be calculated as follows:
(2.15)

 Therefore the range is {g(x):g(x)∈[2,∞)}.

Intercepts



 For functions of the form, y=ax2+q, the details of calculating the intercepts with the x and y axis is given.
 The y-intercept is calculated as follows:
(2.16)

 For example, the y-intercept of g(x)=x2+2 is given by setting x=0 to get:
(2.17)

 The x-intercepts are calculated as follows:
(2.18)

 However, Equation 2.18 is only valid if  which means that either q≤0 or a<0. This is consistent with what we expect, since if q>0 and a>0 then  is negative and in this case the graph lies above the x-axis and therefore does not intersect the x-axis. If however, q>0 and a<0, then  is positive and the graph is hat shaped and should have two x-intercepts. Similarly, if q<0 and a>0 then  is also positive, and the graph should intersect with the x-axis.
 If q=0 then we have one intercept at x=0.
 For example, the x-intercepts of g(x)=x2+2 is given by setting y=0 to get:
(2.19)

 which is not real. Therefore, the graph of g(x)=x2+2 does not have any x-intercepts.

Turning Points



 The turning point of the function of the form f(x)=ax2+q is given by examining the range of the function. We know that if a>0 then the range of f(x)=ax2+q is {f(x):f(x)∈[q,∞)} and if a<0 then the range of f(x)=ax2+q is {f(x):f(x)∈(–∞,q]}.
 So, if a>0, then the lowest value that f(x) can take on is q. Solving for the value of x at which f(x)=q gives:
(2.20)

 ∴x=0 at f(x)=q. The co-ordinates of the (minimal) turning point is therefore (0,q).
 Similarly, if a<0, then the highest value that f(x) can take on is q and the co-ordinates of the (maximal) turning point is (0,q).

Axes of Symmetry



 There is one axis of symmetry for the function of the form f(x)=ax2+q that passes through the turning point. Since the turning point lies on the y-axis, the axis of symmetry is the y-axis.

Sketching Graphs of the Form f(x)=ax2+q



 In order to sketch graphs of the form, f(x)=ax2+q, we need to determine five characteristics:
 	 sign of a

	 domain and range


	 turning point


	 y-intercept


	 x-intercept




 For example, sketch the graph of . Mark the intercepts, turning point and axis of symmetry.
 Firstly, we determine that a<0. This means that the graph will have a maximal turning point.
 The domain of the graph is {x:x∈R} because f(x) is defined for all x∈R. The range of the graph is determined as follows:
(2.21)

 Therefore the range of the graph is {f(x):f(x)∈(–∞,–3]}.
 Using the fact that the maximum value that f(x) achieves is -3, then the y-coordinate of the turning point is -3. The x-coordinate is determined as follows:
(2.22)

 The coordinates of the turning point are: (0;–3).
 The y-intercept is obtained by setting x=0. This gives:
(2.23)

 The x-intercept is obtained by setting y=0. This gives:
(2.24)

 which is not real. Therefore, there are no x-intercepts which means that the function does not cross or even touch the x-axis at any point.
 We also know that the axis of symmetry is the y-axis.
 Finally, we draw the graph. Note that in the diagram only the y-intercept is marked. The graph has a maximal turning point (i.e. makes a frown) as determined from the sign of a, there are no x-intercepts and the turning point is that same as the y-intercept. The domain is all real numbers and the range is {f(x):f(x)∈(–∞,–3]}.
 [image: ]

Figure 2.22. 
Graph of the function 

Exercise 4.: Drawing a parabola
 
 
Draw the graph of y=3x2+5.



 	Determine the sign of a: The sign of a is positive. The parabola will therefore have a minimal turning point.

	Find the domain and range: The domain is: {x:x∈R} and the range is: {f(x):f(x)∈[5,∞)}.

	Find the turning point: The turning point occurs at (0,q). For this function q=5, so the turning point is at (0,5)

	Calculate the y-intercept: The y-intercept occurs when x=0. Calculating the y-intercept gives:

(2.25)

 

	Calculate the x-intercept: The x-intercepts occur when y=0. Calculating the x-intercept gives:

(2.26)


which is not real, so there are no x-intercepts.

	Plot the graph: Putting all this together gives us the following graph:

 [image: ]

Figure 2.22. 










 The following video shows one method of graphing parabolas. Note that in this video the term vertex is used in place of turning point. The vertex and the turning point are the same thing.


(This media type is not supported in this reader. Click to open media in browser.)
Figure 2.23. Khan academy video on graphing parabolas - 1

 Parabolas 



 	 Show that if a<0 that the range of f(x)=ax2+q is {f(x):f(x)∈(–∞;q]}.
Click here for the solution

	 Draw the graph of the function y=–x2+4 showing all intercepts with the axes.
Click here for the solution


	 Two parabolas are drawn: g:y=ax2+p and h:y=bx2+q.


 [image: Parabolas]

Figure 2.24. 

 	 Find the values of a and p.


	 Find the values of b and q.


	 Find the values of x for which ax2+p≥bx2+q.


	 For what values of x is g increasing ?




Click here for the solution






Functions of the Form 



 Functions of the form  are known as hyperbolic functions. The general form of the graph of this function is shown in Figure 2.25.
 [image: Functions of the Form 5.574999999999999y=ax+qy=ax+q]

Figure 2.25. 
General shape and position of the graph of a function of the form .

 Investigation : Functions of the Form  



 	 On the same set of axes, plot the following graphs:

 	 

	 

	 

	 

	 




Use your results to deduce the effect of a.


	 On the same set of axes, plot the following graphs:

 	 

	 

	 

	 

	 




Use your results to deduce the effect of q.





 You should have found that the value of a affects whether the graph is located in the first and third quadrants of Cartesian plane.
 You should have also found that the value of q affects whether the graph lies above the x-axis (q>0) or below the x-axis (q<0).
 These different properties are summarised in Table 2.10. The axes of symmetry for each graph are shown as a dashed line.
Table 2.10. Table summarising general shapes and positions of functions of the form . The axes of symmetry are shown as dashed lines.	 	
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                   [image: Investigation : Functions of the Form 5.574999999999999y=ax+qy=ax+q]

Figure 2.26. 


                	
                   [image: Investigation : Functions of the Form 5.574999999999999y=ax+qy=ax+q]

Figure 2.27. 
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                   [image: Investigation : Functions of the Form 5.574999999999999y=ax+qy=ax+q]

Figure 2.28. 


                	
                   [image: Investigation : Functions of the Form 5.574999999999999y=ax+qy=ax+q]

Figure 2.29. 


                


Domain and Range



 For , the function is undefined for x=0. The domain is therefore {x:x∈R,x≠0}.
 We see that  can be re-written as:
(2.27)

 This shows that the function is undefined at y=q. Therefore the range of  is {f(x):f(x)∈(–∞;q)∪(q;∞)}.
 For example, the domain of  is {x:x∈R,x≠0} because g(x) is undefined at x=0.
(2.28)

 We see that g(x) is undefined at y=2. Therefore the range is {g(x):g(x)∈(–∞;2)∪(2;∞)}.

Intercepts



 For functions of the form, , the intercepts with the x and y axis is calculated by setting x=0 for the y-intercept and by setting y=0 for the x-intercept.
 The y-intercept is calculated as follows:
(2.29)

 which is undefined because we are dividing by 0. Therefore there is no y-intercept.
 For example, the y-intercept of  is given by setting x=0 to get:
(2.30)

 which is undefined.
 The x-intercepts are calculated by setting y=0 as follows:
(2.31)

 For example, the x-intercept of  is given by setting x=0 to get:
(2.32)


Asymptotes



 There are two asymptotes for functions of the form . Just a reminder, an asymptote is a straight or curved line, which the graph of a function will approach, but never touch. They are determined by examining the domain and range.
 We saw that the function was undefined at x=0 and for y=q. Therefore the asymptotes are x=0 and y=q.
 For example, the domain of  is {x:x∈R,x≠0} because g(x) is undefined at x=0. We also see that g(x) is undefined at y=2. Therefore the range is {g(x):g(x)∈(–∞;2)∪(2;∞)}.
 From this we deduce that the asymptotes are at x=0 and y=2.

Sketching Graphs of the Form 



 In order to sketch graphs of functions of the form, , we need to determine four characteristics:
 	 domain and range


	 asymptotes


	 y-intercept


	 x-intercept




 For example, sketch the graph of . Mark the intercepts and asymptotes.
 We have determined the domain to be {x:x∈R,x≠0} and the range to be {g(x):g(x)∈(–∞;2)∪(2;∞)}. Therefore the asymptotes are at x=0 and y=2.
 There is no y-intercept and the x-intercept is xint=–1.
 [image: Sketching Graphs of the Form 5.574999999999999f(x)=ax+qf(x)=ax+q]

Figure 2.30. 
Graph of .

Exercise 5.: Drawing a hyperbola
  
Draw the graph of .



 	Find the domain and range: The domain is: {x:x∈R,x≠0} and the range is: {f(x):f(x)∈(–∞;7)∪(7;∞)}.

	Find the asympotes: We look at the domain and range to determine where the asymptotes lie. From the domain we see that the function is undefined when x=0, so there is one asymptote at x=0. The other asymptote is found from the range. The function is undefined at y=q and so the second asymptote is at y=7

	Calculate the y-intercept: There is no y-intercept for graphs of this form.

	Calculate the x-intercept: The x-intercept occurs when y=0. Calculating the x-intercept gives:

(2.33)


So there is one x-intercept at .

	Plot the graph: Putting all this together gives us the following graph:

 [image: ]

Figure 2.30. 










 Graphs 



 	 Using graph (grid) paper, draw the graph of xy=–6.

 	 Does the point (-2; 3) lie on the graph ? Give a reason for your answer.


	 Why is the point (-2; -3) not on the graph ?


	 If the x-value of a point on the drawn graph is 0,25, what is the corresponding y-value ?


	 What happens to the y-values as the x-values become very large ?


	 With the line y=–x as line of symmetry, what is the point symmetrical to (-2; 3) ?




Click here for the solution

	 Draw the graph of xy=8.

 	 How would the graph  compare with that of xy=8? Explain your answer fully.


	 Draw the graph of  on the same set of axes.




Click here for the solution






Functions of the Form y=ab(x)+q



 Functions of the form y=ab(x)+q are known as exponential functions. The general shape of a graph of a function of this form is shown in Figure 2.31.
 [image: Functions of the Form y=ab(x)+q4.080000000000002y=ab(x)+qy=ab(x)+q]

Figure 2.31. 
General shape and position of the graph of a function of the form f(x)=ab(x)+q.

 Investigation : Functions of the Form y=ab(x)+q 



 	 On the same set of axes, plot the following graphs:

 	 a(x)=–2·b(x)+1

	 b(x)=–1·b(x)+1

	 c(x)=0·b(x)+1

	 d(x)=1·b(x)+1

	 e(x)=2·b(x)+1




Use your results to deduce the effect of a.


	 On the same set of axes, plot the following graphs:

 	 f(x)=1·b(x)–2

	 g(x)=1·b(x)–1

	 h(x)=1·b(x)+0

	 j(x)=1·b(x)+1

	 k(x)=1·b(x)+2




Use your results to deduce the effect of q.





 You should have found that the value of a affects whether the graph curves upwards (a>0) or curves downwards (a<0).
 You should have also found that the value of q affects the position of the y-intercept.
 These different properties are summarised in Table 2.11.
Table 2.11. Table summarising general shapes and positions of functions of the form y=ab(x)+q.	 	
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                   [image: Investigation : Functions of the Form y=ab(x)+q4.080000000000002y=ab(x)+qy=ab(x)+q]

Figure 2.32. 


                	
                   [image: Investigation : Functions of the Form y=ab(x)+q4.080000000000002y=ab(x)+qy=ab(x)+q]

Figure 2.33. 
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                   [image: Investigation : Functions of the Form y=ab(x)+q4.080000000000002y=ab(x)+qy=ab(x)+q]

Figure 2.34. 


                	
                   [image: Investigation : Functions of the Form y=ab(x)+q4.080000000000002y=ab(x)+qy=ab(x)+q]

Figure 2.35. 


                


Domain and Range



 For y=ab(x)+q, the function is defined for all real values of x. Therefore, the domain is {x:x∈R}.
 The range of y=ab(x)+q is dependent on the sign of a.
 If a>0 then:
(2.34)

 Therefore, if a>0, then the range is {f(x):f(x)∈[q;∞)}.
 If a<0 then:
(2.35)

 Therefore, if a<0, then the range is {f(x):f(x)∈(–∞;q]}.
 For example, the domain of g(x)=3·2x+2 is {x:x∈R}.
For the range,
(2.36)

 Therefore the range is {g(x):g(x)∈[2;∞)}.

Intercepts



 For functions of the form, y=ab(x)+q, the intercepts with the x and y axis is calculated by setting x=0 for the y-intercept and by setting y=0 for the x-intercept.
 The y-intercept is calculated as follows:
(2.37)

 For example, the y-intercept of g(x)=3·2x+2 is given by setting x=0 to get:
(2.38)

 The x-intercepts are calculated by setting y=0 as follows:
(2.39)

 Which only has a real solution if either a<0 or q<0. Otherwise, the graph of the function of form y=ab(x)+q does not have any x-intercepts.
 For example, the x-intercept of g(x)=3·2x+2 is given by setting y=0 to get:
(2.40)

 which has no real solution. Therefore, the graph of g(x)=3·2x+2 does not have any x-intercepts.

Asymptotes



 Functions of the form y=ab(x)+q have a single horizontal asymptote. The asymptote can be determined by examining the range.
 We have seen that the range is controlled by the value of q. If a>0, then the range is {f(x):f(x)∈[q;∞)}.And if a>0, then the range is {f(x):f(x)∈[q;∞)}.
 This shows that the function tends towards the value of q as 
  x→–∞
. Therefore the horizontal asymptote lies at x=q.


Sketching Graphs of the Form f(x)=ab(x)+q



 In order to sketch graphs of functions of the form, f(x)=ab(x)+q, we need to determine four characteristics:
 	 domain and range


	 asymptote


	 y-intercept


	 x-intercept




 For example, sketch the graph of g(x)=3·2x+2. Mark the intercepts.
 We have determined the domain to be {x:x∈R} and the range to be {g(x):g(x)∈[2,∞)}.
 The y-intercept is yint=5 and there are no x-intercepts.
 [image: Sketching Graphs of the Form f(x)=ab(x)+q4.080000000000002f(x)=ab(x)+qf(x)=ab(x)+q]

Figure 2.36. 
Graph of g(x)=3·2x+2.

Exercise 6.: Drawing an exponential graph
  
Draw the graph of y=–2.3x+5.



 	Find the domain and range: The domain is: {x:x∈R} and the range is: {f(x):f(x)∈(–∞;5]}.

	Calculate the asymptote: There is one asymptote for functions of this form. This occurs at y=q. So the asymptote for this graph is at y=5

	Calculate the y-intercept: The y-intercept occurs when x=0.

(2.41)


So there is one y-intercept at (0,7).


	Calculate the x-intercept: The x-intercept occurs when y=0. Calculating the x-intercept gives:

(2.42)


So there is one x-intercept at (0,83,0).

	Plot the graph: Putting all this together gives us the following graph:

 [image: ]

Figure 2.36. 










 Exponential Functions and Graphs 



 	 Draw the graphs of y=2x and  on the same set of axes.

 	 Is the x-axis and asymptote or and axis of symmetry to both graphs ? Explain your answer.


	 Which graph is represented by the equation y=2–x ? Explain your answer.


	 Solve the equation  graphically and check that your answer is correct by using substitution.


	 Predict how the graph y=2.2x will compare to y=2x and then draw the graph of y=2.2x on the same set of axes.




Click here for the solution

	 The curve of the exponential function f in the accompanying diagram cuts the y-axis at the point A(0; 1) and B(2; 4) is on f.

 [image: Exponential Functions and Graphs]

Figure 2.37. 

 	 Determine the equation of the function f.


	 Determine the equation of h, the function of which the curve is the reflection of the curve of f in the x-axis.


	 Determine the range of h.




Click here for the solution







Summary



 	You should know the following charecteristics of functions: 
 	dependent and independent variables: The given or chosen x-value is known as the independent variable, because its value can be chosen freely. The calculated y-value is known as the dependent variable, because its value depends on the chosen x-value.

	domain and range: The domain of a relation is the set of all the x values for which there exists at least one y value according to that relation. The range is the set of all the y values, which can be obtained using at least one x value.

	intercepts with axes: The intercept is the point at which a graph intersects an axis. The x-intercepts are the points at which the graph cuts the x-axis and the y-intercepts are the points at which the graph cuts the y-axis. 

	turning points: Only for graphs of functions whose highest power is more than 1. There are two types of turning points: a minimal turning point and a maximal turning point. A minimal turning point is a point on the graph where the graph stops decreasing in value and starts increasing in value and a maximal turning point is a point on the graph where the graph stops increasing in value and starts decreasing. 

	asymptotes: An asymptote is a straight or curved line, which the graph of a function will approach, but never touch.

	lines of symmetry: A line about which the graph is symmetric

	intervals on which the function increases/decreases:  The interval on which a graph increases or decreases

	continuous nature of the function: A graph is said to be continuous if there are no breaks in the graph. 




	
Set notation
	A set of certain x values has the following form: {x : conditions, more conditions}

	
Interval notation
	Here we write an interval in the form ’lower bracket, lower number, comma, upper number, upper bracket’

	 You should know the following functions and their properties:
 	
Functions of the form y=ax+q. These are straight lines.

	
Functions of the Form y=ax2+q These are known as parabolic functions or parabolas.

	
Functions of the Form . These are known as hyperbolic functions.

	
Functions of the Form y=ab(x)+q. These are known as exponential functions.







End of Chapter Exercises



 	 Sketch the following straight lines: 

 	
y=2x+4 

	
y–x=0 

	 





Click here for the solution

	 Sketch the following functions: 

 	
y=x2+3 

	


	
y=2x2–4




Click here for the solution

	 Sketch the following functions and identify the asymptotes: 

 	
y=3x+2 

	
y=–4.2x+1 

	
y=2.3x–2 




Click here for the solution

	 Sketch the following functions and identify the asymptotes: 

 	
 

	
 

	
 




Click here for the solution

	 Determine whether the following statements are true or false. If the statement is false, give reasons why:

 	The given or chosen y-value is known as the independent variable.

	An intercept is the point at which a graph intersects itself.

	There are two types of turning points – minimal and maximal.

	A graph is said to be congruent if there are no breaks in the graph.

	Functions of the form y=ax+q are straight lines.

	Functions of the form  are exponential functions.

	 An asymptote is a straight or curved line which a graph will intersect once.

	Given a function of the form y=ax+q , to find the y-intersect put x=0 and solve for y.

	The graph of a straight line always has a turning point.




Click here for the solution

	 Given the functions f(x)=–2x2–18 and g(x)=–2x+6
 	 Draw f and g on the same set of axes.


	 Calculate the points of intersection of f and g.


	 Hence use your graphs and the points of intersection to solve for x when:

 	 f(x)>0

	 




	 Give the equation of the reflection of f in the x-axis.




Click here for the solution

	 After a ball is dropped, the rebound height of each bounce decreases. The equation y=5·(0,8)x shows the relationship between x, the number of bounces, and y, the height of the bounce, for a certain ball. What is the approximate height of the fifth bounce of this ball to the nearest tenth of a unit ?

Click here for the solution

	 Mark had 15 coins in five Rand and two Rand pieces. He had 3 more R2-coins than R5-coins. He wrote a system of equations to represent this situation, letting x represent the number of five rand coins and y represent the number of two rand coins. Then he solved the system by graphing.

 	 Write down the system of equations.


	 Draw their graphs on the same set of axes.


	 What is the solution?




Click here for the solution





Solutions


Chapter 6. Exponentials



Introduction



 In this chapter, you will learn about the short cuts to writing 2×2×2×2 . This is known as writing a number in exponential notation.

Definition



 Exponential notation is a short way of writing the same number multiplied by
itself many times. For example, instead of 5×5×5, we write 53 to show that the number 5 is multiplied by itself 3 times and we say “5 to the power of 3”. Likewise 52 is 5×5 and 35 is 3×3×3×3×3. We will now have a closer look at writing numbers using exponential notation.
	 Definition:  Exponential Notation 
	 
      
 Exponential notation means a number written like

      
(6.1)
          an
        

      
 where n is an integer and a can be any real number. a is called the base and n is called the exponent or index. 

      



 The nth power of a is defined as:
(6.2)

 with a multiplied by itself n times.
 We can also define what it means if we have a negative exponent –n. Then,
(6.3)

 Tip
Exponentials

 If n is an even integer, then an will always be positive for any non-zero real number a. For example, although –2 is negative, (–2)2=–2×–2=4 is positive and so is .
 
(This media type is not supported in this reader. Click to open media in browser.)
Figure 6.1. Khan Academy video on Exponents - 1

 
(This media type is not supported in this reader. Click to open media in browser.)
Figure 6.2. Khan Academy video on Exponents-2


Laws of Exponents



 There are several laws we can use to make working with exponential numbers easier. Some of these laws might have been seen in earlier grades, but we will list all the laws here for easy reference and explain each law in detail, so that you can understand them and not only remember them.
(6.4)

Exponential Law 1: a0=1



 Our definition of exponential notation shows that
(6.5)

 To convince yourself of why this is true, use the fourth exponential law above (division of exponents) and consider what happens when m=n.
 For example, x0=1 and .
 Application using Exponential Law 1: a0=1,(a≠0) 



 	 
            
          160
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            a0
          
        
      

	 
        
          
              (
              16
              +
              a
              )
            0
        
      

	 
        
          
              (
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              16
              )
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            160
          
         




Click here for the
solution
          





Exponential Law 2: am×an=am+n



 
(This media type is not supported in this reader. Click to open media in browser.)
Figure 6.3. Khan Academy video on Exponents - 3

 Our definition of exponential notation shows that
(6.6)

 For example,
(6.7)

 Interesting Fact 
 This simple law is the reason why exponentials were originally invented. In the days before calculators, all multiplication had to be done by hand with a pencil and a pad of paper. Multiplication takes a very long time to do and is very tedious. Adding numbers however, is very easy and quick to do. If you look at what this law is saying you will realise that it means that adding the exponents of two exponential numbers (of the same base) is the same as multiplying the two numbers together. This meant that for certain numbers, there was no need to actually multiply the numbers together in order to find out what their multiple was. This saved mathematicians a lot of time, which they could use to do something more productive.


 Application using Exponential Law 2: am×an=am+n 



 	 
            
              
                x2
                ·
                x5
          
        
      

	 
        
          
            23
            ·
            24
          
        
        [Take note that the base (2) stays the same.]
      

	 
        
          
            3
            ×
            3
                2
                a
              
            ×
            32
          
        




Click here for the solution
          





Exponential Law 3: 



 Our definition of exponential notation for a negative exponent shows that
(6.8)

 This means that a minus sign in the exponent is just another way of showing that the whole exponential number is to be divided instead of multiplied.
 For example,
(6.9)

 This law is useful in helping us simplify fractions where there are exponents in both the denominator and the numerator. For example:

()
 Application using Exponential Law 3:  



 	 
            
      

	 
        
      

	 
        
      

	 
        
      

	 
        




Click here for the
solution
          





Exponential Law 4: am÷an=am–n



 We already realised with law 3 that a minus sign is another way of saying that the exponential number is to be divided instead of multiplied. Law 4 is just a more general way of saying the same thing. We get this law by multiplying law 3 by am on both sides and using law 2.
(6.10)

 For example,
(6.11)

 
(This media type is not supported in this reader. Click to open media in browser.)
Figure 6.4. Khan academy video on exponents - 4

Application using Exponential Law 4: am÷an=am–n



 	 
            
      

	 
        
      

	 
        
      

	 
        




Click here for the
solution
          





Exponential Law 5: (ab)n=anbn



 The order in which two real numbers are multiplied together does not matter. Therefore,
(6.12)

 For example,
(6.13)

Application using Exponential Law 5: (ab)n=anbn 



 	 
            
             
            
                (
                2
                x
                y
                )
              3
            =
            23
            x3
            y3
          
        
      

	 
        
      

	 
        
          
              (
              5
              a
              )
            3
        




Click here for the
solution
          





Exponential Law 6: 



 We can find the exponential of an exponential of a number. An exponential of a number is just a real number. So, even though the sentence sounds complicated, it is just saying that you can find the exponential of a number and then take the exponential of that number. You just take the exponential twice, using the answer of the first exponential as the argument for the second one.
(6.14)

 For example,
(6.15)

Application using Exponential Law 6:  



 	 
            
      

	 
        
      

	 
        




Click here for the
solution
          




 
Exercise 1.:  Simplifying indices 
 
     Simplify:  

    

 	  Factorise all bases into prime factors: : 
    
()

    

	  Add and subtract the indices of the same bases as per laws 2 and 4: : 
    
()

    

	  Write the simplified answer with positive indices: : 
    
()

   
    









 Investigation : Exponential Numbers 



 Match the answers to the questions, by filling in the correct answer into the Answer column.
Possible answers are: , 1, –1, , 8. Answers may be repeated.
Table 6.1. 	
                  Question
                	
                  Answer
                
	
                  
                    23
                  
                	 
	
                  
                    7
                        3
                        –
                        3
                      
                  
                	 
	
                  
                	 
	
                  
                    8
                        7
                        –
                        6
                      
                  
                	 
	
                  
                    
                        (
                        –
                        3
                        )
                      
                        –
                        1
                      
                  
                	 
	
                  
                    
                        (
                        –
                        1
                        )
                      23
                  
                	 




 We will use all these laws in Equations and Inequalities to help us solve exponential equations.
 The following video gives an example on using some of the concepts covered in this chapter.

(This media type is not supported in this reader. Click to open media in browser.)
Figure 6.5. Khan Academy video on Exponents - 5


Summary



 	Exponential notation means a number written like 
          an
         where n is an integer and a can be any real number.

	a is called the base and n is called the exponent or index.

	The nth power of a is defined as: 

	 There are six laws of exponents: 
 	Exponential Law 1: a0=1

	Exponential Law 2: am×an=am+n

	Exponential Law 3: 

	Exponential Law 4: am÷an=am–n

	Exponential Law 5: (ab)n=anbn

	Exponential Law 6: 







End of Chapter Exercises



 	 Simplify as far as possible:

 	 
  
   3020
   

	 
   
    10
    

	  
   
    (xyz)0
    

	  
   
    

	  
    
     (2x)3
    

	 
    
     (–2x)3
    

	 
    
     (2x)4
    

	 
    
     (–2x)  4

    



Click here for the
solution
    

	 Simplify without using a calculator. Leave your answers with positive exponents.

 	 


	 

	 





Click here for the
solution

	 Simplify, showing all steps:

 	 


	 


	 


	 



	 


	 





Click here for the solution

	 Simplify, without using a calculator:

 	 


	 


	 


	 






Click here for the
solution





Glossary



	Definition:  Exponential Notation 
	
      
Exponential notation means a number written like

      
(6.16)simplemath
          mathml-miitalicsamathml-miitalicsn
        scrolldisplay
          
            a
            n
          
        

      
where simplemathmathml-miitalicsnscrolln is an integer and simplemathmathml-miitalicsascrolla can be any real number. simplemathmathml-miitalicsascrolla is called the italicsbase and simplemathmathml-miitalicsnscrolln is called the italicsexponent or italicsindex. 

      



Solutions
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