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Abstract
For high school and above, a discussion of the relationship of musical intervals and frequency ratios,
with examples and exercises.
note:

Are you really free to use this online resource? Join the discussion at Opening Measures1 .

In order to really understand tuning, the harmonic series, intervals, and harmonic relationships, it is very
useful to understand a little bit about the physics of sound and to be comfortable discussing ratios, fractions,
and decimals. This lesson is a short review of some basic math concepts for students who want to understand
some of the math and physics principles that underlie music theory.
Ratios, fractions, and decimals are basically three dierent ways of saying the same thing. (So are
percents, but they don't have anything to do with music.)

Example 1
If you have two apples and three oranges, that's ve pieces of fruit altogether. You
can say:
The ratio of apples to oranges is 2:3, or the ratio of oranges to apples is 3:2.
The ratio of apples to total fruit is 2:5, or the ratio of oranges to total fruit is 3:5.
2/5 of the fruit are apples, and 3/5 of the fruit are oranges.
There are 2/3 as many apples as oranges, and 1 and 1/2 times (or 3/2) as many oranges as
apples.
• There are 1.5 times as many oranges as apples, or there are only .67 times as many apples as
oranges.
• 0.4 (Four tenths) of the fruit is apples, and 0.6 (six tenths) of the fruit is oranges.
•
•
•
•

note: You should be able to see where the numbers for the ratios and fractions are coming from.
If you don't understand where the decimal numbers are coming from, remember that a fraction
can be understood as a quick way of writing a division problem. To get the decimal that equals a
fraction, divide the numerator by the denominator.
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Example 2
An adult is walking with a child. For every step the adult takes, the child has to take
two steps to keep up. This can be expressed as:
• The ratio of adult to child steps is 1:2, or the ratio of child to adult steps is 2:1.
• The adult takes half as many (1/2) steps as the child, or the child takes twice as many (2/1)

steps as the adult.

• The adult takes 0.5 as many steps as the child, or the child takes 2.0 times as many steps as

the adult.

Exercise 1

(Solution on p. 8.)

Exercise 2

(Solution on p. 8.)

The factory sends shirts to the store in packages of 10. Each package has 3 small, 3 medium, and
4 large shirts. How many dierent ratios, fractions, and decimals can you write to describe this
situation?
What has all this got to do with music? Quite a bit, as a matter of fact. For example, every note in
standard music notation is a fraction of a beat, and every beat is a fraction of a measure. You can explore
the relationship between fractions and rhythm in Fractions, Multiples, Beats, and Measures2 , Duration3 and
Time Signature4 .
The discussion here will focus on the relationship between ratio, frequency, and musical intervals. The
interval5 between two pitches depends on the ratio of their frequencies6 . There are simple, ideal ratios as
expressed in a harmonic series7 , and then there is the more complex reality of equal temperament8 , in which
the frequency ratios are not so simple and are best written as roots or decimals. Here is one more exercise
before we go on to discussions of music.
The kind of sound waves that music is made of are a lot like the adult and child walking along
steadily in the example above (Example 2). Low notes have long wavelengths, like the long stride
of an adult. Their frequencies, like the frequency of the adult's steps, are low. High notes have
shorter wavelengths, like the small stride of the child. Their frequencies, like the frequency of a
child's steps, are higher. (See Sound, Physics and Music9 for more on this.)

You have three notes, with frequencies 220, 440, and 660. (These frequencies are in
hertz, or waves per second, but that doesn't really matter much; the ratios will be the
same no matter what units are used.)
1.
2.
3.
4.
5.

Which note sounds highest, and which sounds lowest?
Which has the longest wavelength, and which the shortest?
What is the ratio of the frequencies? What is it in lowest terms?
How many waves of the 660 frequency are there for every wave of the 220 frequency?
Use a fraction to compare the number of waves in the 440 frequency to the number of waves
in the 660 frequency.

It is easy to spot simple frequency relationships, like 2:1, but what about more complicated ratios? Remember that you are saying the ratio of one frequency to another IS (equals) another ratio(or fraction
2 "Fractions, Multiples, Beats, and Measures" <http://cnx.org/content/m11807/latest/>
3 "Duration: Note Lengths in Written Music" <http://cnx.org/content/m10945/latest/>
4 "Time Signature" <http://cnx.org/content/m10956/latest/>
5 "Interval" <http://cnx.org/content/m10867/latest/>
6 "Frequency, Wavelength, and Pitch", Figure 1: Wavelength, Frequency, and Pitch

<http://cnx.org/content/m11060/latest/#g1b>
7 "Harmonic Series" <http://cnx.org/content/m11118/latest/>
8 "Tuning Systems": Section Temperament <http://cnx.org/content/m11639/latest/#s2>
9 "Frequency, Wavelength, and Pitch" <http://cnx.org/content/m11060/latest/>
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or decimal). This idea can be written as a simple mathematical expression. With enough information and
a little bit of algebra, you can solve this equation for any number that you don't have.
If you remember enough algebra, you'll notice that the units for frequency in this equation must be the
same: if frequency #1 is in hertz, frequency #2 must be in hertz also. In all the examples and problems
below, I am going to assume all frequencies are in hertz (waves per second), but you can use any frequency
unit as long as they are both the same. Most musicians don't talk about frequency much, and when
they do, they rarely mention units, but just say, for example, "A 440".

Figure 1: Remember that ratios, fractions and decimals are all just dierent ways of writing the same
idea. If you write the ratio as a fraction it becomes easy to use in simple algebra equations.

Example 3

Say you would like to compare the frequencies of two sounds. Sound #1 is 630 and sound #2 is
840. If you use the expression given above and do the division on a calculator, the answer will be a
decimal. If you simply reduce the fraction to lowest terms, or if you know the fraction that these
decimals represent, you can see that you have a simple ratio of 3:4. Notice that if you switch the
frequencies in the expression, the ratio also switches from 3:4 to 4:3. So it doesn't really matter
which frequency you put on top; you will get the right answer as long as you keep track of which
frequency is which.
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Figure 2

Sound waves in the real world of musical instruments often do have simple ratios like these. (See Standing
Waves and Musical Instruments10 for more about this.) In fact, a vibrating string or a tube of vibrating air
will generate a whole series of waves, called a harmonic series11 , that have fairly simple ratios. Musicians
describe sounds in terms of pitch12 rather than frequency and call the distance between two pitches (how
far apart their frequencies are) the interval13 between the pitches. The simple-ratio intervals between the
harmonic-series notes are called pure intervals14 . (The specic names of the intervals, such as "perfect fth"
are based on music notation and traditions rather than physics. If you need to understand interval names,
please see Interval15 .)

Example 4

Figure 3: You can use a harmonic series16 to nd frequency ratios for pure intervals17 . For example,
harmonics 2 and 3 are a perfect fth18 apart, so the frequency ratio of a perfect fth is 2:3. Harmonics
4 and 5 are a major third apart, so the frequency ratio for major thirds is 4:5. Harmonics 4 and 1 are
two octaves apart, so the frequency ratio of notes two octaves apart is 4:1.

10 "Standing Waves and Musical Instruments" <http://cnx.org/content/m12413/latest/>
11 "Harmonic Series" <http://cnx.org/content/m11118/latest/>
12 "Pitch: Sharp, Flat, and Natural Notes" <http://cnx.org/content/m10943/latest/>
13 "Interval" <http://cnx.org/content/m10867/latest/>
14 "Tuning Systems": Section Pythagorean Intonation <http://cnx.org/content/m11639/latest/#s11>
15 "Interval" <http://cnx.org/content/m10867/latest/>
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Perhaps you would like to nd the frequency of a note that is a perfect fth higher or lower than
another note. A quick look at the harmonic series here shows you that the ratio of frequencies of a
perfect fth is 3:2.
note: It does not matter what the actual notes are! If the ratio of the frequencies is 3:2, the
interval between the notes will be a perfect fth.
The higher number in the ratio will be the higher-sounding note. So if you want the frequency of
the note that is a perfect fth higher than A 440, you use the ratio 3:2 (that is, the fraction 3/2). If
you want the note that is a perfect fth lower than A 440, you use the ratio 2:3 (the fraction 2/3).

Figure 4: Remember that it is important to put the ratio numbers in the right place; if #2 is the
higher frequency, then #2 must be the higher number in the ratio, too. If you want #2 to be the lower
frequency, then #2 should be the lower ratio number, too. Always check your answer to make sure it
makes sense; a higher note should have a higher frequency.

In this example, I have done the algebra for you to show that you are really using the same
equation as in example 1, just rearranged a bit. If you are uncomfortable using algebra, use the
red expression if you know the interval but don't know one of the frequencies.
Pure intervals19 that are found in the physical world (such as on strings or in brass tubes) are nice simple
ratios like 2:3. But musicians in Western musical genres typically do not use pure intervals; instead they
use a tuning system called equal temperament20 . (If you would like to know more about how and why
this choice was made, please read Tuning Systems21 .) In equal temperament, the ratios for notes in equal
temperament22 are based on the twelfth root of two. (For more discussion and practice with roots and equal
temperament, please see Powers, Roots, and Equal Temperament23 .) This evens out the intervals between
the notes so that scales are more uniform, but it makes the math less simple.
16 "Harmonic Series" <http://cnx.org/content/m11118/latest/>
17 "Tuning Systems": Section Pythagorean Intonation <http://cnx.org/content/m11639/latest/#s11>
18 "Interval": Section Perfect Intervals <http://cnx.org/content/m10867/latest/#s21>
19 "Tuning Systems": Section Pythagorean Intonation <http://cnx.org/content/m11639/latest/#s11>
20 "Tuning Systems": Section Temperament <http://cnx.org/content/m11639/latest/#s2>
21 "Tuning Systems" <http://cnx.org/content/m11639/latest/>
22 "Tuning Systems": Section Temperament <http://cnx.org/content/m11639/latest/#s2>
23 "Powers, Roots, and Equal Temperament" <http://cnx.org/content/m11809/latest/>
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Example 5

Figure 5

Say you would like to compare a pure major third from the harmonic series to a equal temperament major third.

Figure 6
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By comparing the ratios as decimal numbers, you can see that a pure major third is quite a bit
smaller than an equal temperament major third.

Exercise 3

(Solution on p. 8.)

Exercise 4

(Solution on p. 9.)

A note has frequency 220. Using the pure intervals of the harmonic series, what is the frequency
of the note that is a perfect fourth higher? What is the frequency of the note that is a major third
lower?
The frequency of one note is 1333. The frequency of another note is 1121. What equal temperament
interval will these two notes sound like? (Hint: compare the frequencies, and then compare your
answer to the frequencies in the equal temperament gure above. (Figure 5))
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Solutions to Exercises in this Module
Solution to Exercise (p. 2)
• Ratio of small to medium is 3:3. Like fractions, ratios can be reduced to lowest terms, so ratio of 1:1

is also correct.

• Ratio of small to large, or medium to large, is 3:4; ratio of large to either of the others is 4:3.
• Ratio of small or medium to total is 3:10; ratio of large to total is 4:10.
• 3/10, or 0.3, of the shirts, are small; 3/10, or 0.3 of the shirts are medium, and 4/10, or 0.4 of the

shirts, are large.

• There are 3/4 as many small or medium shirts as there are large shirts, and there are 4/3 as many

large shirts as small or medium shirts.

• If you made more ratios, fractions, and decimals by combining various groups (say ratio of small and

medium to large is 6:4, and so on), give yourself extra credit.

Solution to Exercise (p. 2)

Figure 7: For every one wave of frequency 220, there are two of 440, and 3 of 660.

1. 660 sounds the highest; 220 lowest. (440 is a "tuning A" or A 440", by the way. 220 is the A one
octave lower, and 660 is the E above A 440.)
2. 220 has the longest wavelength, and 660 the shortest.
3. 220:440:660 in lowest terms is 1:2:3
4. 3
5. There are only 2/3 as many waves in the 440 frequency as in the 660 frequency.

Solution to Exercise (p. 7)
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Figure 8

Solution to Exercise (p. 7)

Figure 9
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