
Connexions module: m13348 1

Velocity
∗

Sunil Kumar Singh

This work is produced by The Connexions Project and licensed under the

Creative Commons Attribution License †

Abstract

Velocity determines motion of an object at a given instant in both magnitude and direction. An
object can have only one velocity at a given time. It is not possible for an object to have two velocities
at the same time.

Velocity is the measure of rapidity with which a particle covers shortest distance between initial and �nal
positions, irrespective of the actual path. It also indicates the direction of motion as against speed, which is
devoid of this information.

De�nition 1: Velocity
Velocity is the rate of change of displacement with respect to time and is expressed

as the ratio of displacement and time.

v = Displacement
∆t

(1)

⇒ Displacement = ∆vt

If the ratio of displacement and time is evaluated for �nite time interval, we call the ratio �average�
velocity, whereas if the ratio is evaluated for in�nitesimally small time interval(∆t→0) , then we call the
ratio �instantaneous� velocity. Conventionally, we denote average and instantaneous velocities as va and v
respectively to di�erentiate between the two concepts of velocity.

As against speed, which is de�ned in terms of distance, velocity is de�ned in terms of displacement.
Velocity amounts to be equal to the multiplication of a scalar (1/∆t) with a vector (displacement). As
scalar multiplication of a vector is another vector, velocity is a vector quantity, having both magnitude
and direction. The direction of velocity is same as that of displacement and the magnitude of velocity is
numerically equal to the absolute value of the velocity vector, denoted by the corresponding non bold face
counterpart of the symbol.

Dimension of velocity is LT − 1 and its SI unit is meter/second (m/s).

1 Position vector and velocity

The displacement is equal to the di�erence of position vectors between initial and �nal positions. As such,
velocity can be conveniently expressed in terms of position vectors.
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Displacement in terms of position vector

Figure 1: Displacement is equal to the change in position vector

Let us consider that r1 and r2 be the position vectors corresponding to the object positions at time
instants t1 and t2 . Then, displacement is given by :

v = r2−r1
t2−t1 = ∆r

∆t
(2)

De�nition 2: Velocity
Velocity is the rate of change of position vector with respect to time and is expressed

as the ratio of change in position vector and time.

The expression of velocity in terms of position vectors is generally considered more intuitive and basic
to the one expressed in terms of displacement. This follows from the fact that displacement vector itself is
equal to the di�erence in position vectors between �nal and initial positions.

2 Average velocity

Average velocity is de�ned as the ratio of total displacement and time interval.

va = ∆r
∆t = r2−r1

t2−t1
(3)

Average velocity gives the overall picture about the motion. The magnitude of the average velocity tells
us the rapidity with which the object approaches �nal point along the straight line � not the rapidity along
the actual path of motion. It is important to notice here that the magnitude of average velocity does not
depend on the actual path as in the case of speed, but depends on the shortest path between two points
represented by the straight line joining the two ends. Further, the direction of average velocity is from the
initial to �nal position along the straight line (See Figure).
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Direction of velocity

Figure 2

Average velocity may be di�erent to instantaneous velocities in between the motion in either magnitude
or direction or both. Consider the example of the tip of the second's hand of a wall clock. It moves along a
circular path of 2 r in 60 seconds. The magnitude of average velocity is zero in this period (60 seconds) as
the second's hand reaches the initial position. This is the overall picture. However, the tip of the second's
hand has actually traveled the path of 2 r, indicating that intermediate instantaneous velocities during the
motion were not zero.

Also, the magnitude of average velocity may be entirely di�erent than that of average speed. We know
that distance is either greater than or equal to the magnitude of displacement. It follows then that average
speed is either greater than or equal to the magnitude of average velocity. For the movement along semi-circle
as shown in the �gure below, the magnitude of velocity is 2r/30 m/s, where as average speed is r/30 = 3.14
r/30 m/s. Clearly, the average speed is greater than the magnitude of average velocity.
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Speed and velocity

Figure 3

3 Position � time plot and average velocity

Position � time plot is a convenient technique to interpret velocity of a motion. The limitation here is that
we can plot position � time graph only for one and two dimensional motions. As a matter of fact, it is only
one dimensional (linear or rectilinear) motion, which renders itself for convenient drawing.

On the plot, positions are plotted with appropriate sign against time. A positive value of position
indicates that particle is lying on the positive side of the origin, whereas negative value of position indicates
that the particle is lying on the opposite side of the origin. It must, therefore, be realized that a position
� time plot may extend to two quadrants of a two dimensional coordinate system as the value of x can be
negative.

On a position � time plot, the vertical intercept parallel to position axis is the measure of displacement,
whereas horizontal intercept is the measure of time interval (See Figure). On the other hand, the slope of
the chord is equal to the ratio of two intercepts and hence equal to the magnitude of average velocity.
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Average velocity

Figure 4

| va | = BC
AC = ∆x

∆t
(4)

Example 1: Average velocity
Problem : A particle completes a motion in two parts. It covers a straight distance of 10 m in 1
s in the �rst part along the positive x - direction and 20 m in 5 s in the second part along negative
x- direction (See Figure). Find average speed and velocity.
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Motion in straight line

Figure 5

Characteristics of motion : One dimensional
Solution : In order to �nd the average speed, we need to �nd distance and time. Here total

time is 1 + 5 = 6 s and total distance covered is 10 + 20 = 30 m. Hence,

va = 30
6 = 5 m/s

The displacement is equal to the linear distance between initial and �nal positions. The initial
and �nal positions are at a linear distance = -10 m. The value is taken as negative as �nal position
falls on the opposite side of the origin. Hence,

va = − 10
6 = −1.66 m/s

The negative value indicates that the average velocity is directed in the opposite direction to that
of the positive reference direction. We have discussed earlier that one dimensional motion consists
of only two direction and as such an one dimensional velocity can be equivalently represented by
scalar value with appropriate sign scheme. Though, the symbol for average velocity is shown to be
like a scalar symbol (not bold), but its value represents direction as well (the direction is opposite
to reference direction).

Also signi�cantly, we may note that average speed is not equal to the magnitude of average
velocity.

Exercise 1 (Solution on p. 14.)

Consider position � time plot as shown below showing a trip by a motor car.
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Motion in straight line

Figure 6

Determine :

1. Total distance
2. Displacement
3. Average speed and average velocity for the round trip
4. Average speed and average velocity during motion from O to C
5. The parts of motion for which magnitudes of average velocity are equal in each direction.
6. Compare speeds in the portion OB and BD

4 Instantaneous velocity

De�nition 3: velocity
Instantaneous velocity is equal to the rate of change of position vector i.e displacement
with respect to time at a given time and is equal to the �rst di�erential of position
vector.

Instantaneous velocity is de�ned exactly like speed. It is equal to the ratio of total displacement and time
interval, but with one quali�cation that time interval is extremely (in�nitesimally) small. Thus, instantaneous
velocity can be termed as the average velocity at a particular instant of time when ∆t tends to zero and
may have entirely di�erent value than that of average velocity. Mathematically,
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v = lim
∆t→0

∆r
∆ t = dr

dt

As ∆t tends to zero, the ratio de�ning velocity becomes �nite and equals to the �rst derivative of the
position vector. The velocity at the moment `t' is called the instantaneous velocity or simply velocity at
time `t'.

5 Instantaneous velocity and position - time plot

Position - time plot provides for calculation of the magnitude of velocity, which is equal to speed. The
discussion of position � time plot in the context of velocity, however, di�ers in one important respect that
we can also estimate the direction of motion.

Instantaneous Velocity

Figure 7

In the �gure above, as we proceed from point B to A through intermediate points B' and B�, the time
interval becomes smaller and smaller and the chord becomes tangent to the curve at point A as ∆ t → 0.
The magnitude of instantaneous velocity (speed) at A is given by the slope of the curve.

| v | = DC
AC = dx

dt

There is one important di�erence between average velocity and instantaneous velocity. The magnitude of
average velocity | vavg | and average speed vavg may not be equal, but magnitude of instantaneous velocity
| v | is always equal to instantaneous speed v.

We have discussed that magnitude of displacement and distance are di�erent quantities. The magnitude
of displacement is a measure of linear shortest distance, whereas distance is measure of actual path. As such,
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magnitude of average velocity | vavg | and average speed vavg are not be equal. However, if the motion is
along a straight line and without any change in direction (i.e unidirectional), then distance and displacement
are equal and so magnitude of average velocity and average speed are equal. In the case of instantaneous
velocity, the time interval is in�nitesimally small for which displacement and distance are in�nitesimally
small. In such situation, both displacement and distance are same. Hence, magnitude of instantaneous
velocity | v | is always equal to instantaneous speed v.

6 Components of velocity

Velocity in a three dimensional space is de�ned as the ratio of displacement (change in position vector) and
time. The object in motion undergoes a displacement, which has components in three mutually perpendicular
directions in Cartesian coordinate system.

∆r = ∆xi + ∆yj + ∆zk

It follows from the component form of displacement that a velocity in three dimensional coordinate space
is the vector sum of component velocities in three mutually perpendicular directions. For a small time
interval when ∆ t → 0,

v = dr
dt = dx

dt i + dy
dt j + dz

dtk

v = vxi + vyj + vzk

For the sake of clarity, it must be understood that components of velocity is a conceptual construct for
examining a physical situation. It is so because it is impossible for an object to have two velocities at a given
time. If we have information about the variations of position along three mutually perpendicular directions,
then we can �nd out component velocities along the axes leading to determination of resultant velocity. The
resultant velocity is calculated using following relation :

v = |v| =
√ (

v2
x + v2

y + v2
z

)
The component of velocity is a powerful concept that makes it possible to treat a three or two dimensional

motion as composition of component straight line motions. To illustrate the point, consider the case of two
dimensional parabolic motions. Here, the velocity of the body is resolved in two mutually perpendicular
directions; treating motion in each direction independently and then combining the component directional
attributes by using rules of vector addition

http://cnx.org/content/m13348/1.10/
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Parabolic motion

Figure 8: Motion is treated separately in two perpendicular directions

Similarly, the concept of component velocity is useful when motion is constrained. We may take the
case of the motion of the edge of a pole as shown in the �gure here. The motion of the ends of the pole is
constrained in one direction, whereas other component of velocity is zero.
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Constrained motion

Figure 9

The motion in space is determined by the component velocities in three mutually perpendicular directions.
In two dimensional or planar motion, one of three components is zero. 10. The velocity of the object is
determined by two relevant components of velocities in the plane. For example, motion in x and y direction
yields :

v = dr
dt = dx

dt i + dy
dt j

v = vxi + vyj

v = |v| =
√ (

v2
x + v2

y

)
Similarly, one dimensional motion (For example : x � direction) is described by one of the components

of velocity.

v = dr
dt = dx

dt i

v = vxi

v = |v| = vx

7 Few words of caution

Study of kinematics usually brings about closely related concepts, terms and symbols. It is always desirable
to be precise and speci�c in using these terms and symbols. Following list of the terms along with their
meaning are given here to work as reminder :
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1: Position vector : r : a vector specifying position and drawn from origin to the point occupied by point
object

2: Distance : s : length of actual path : not treated as the magnitude of displacement
3: Displacement : AB or ∆r : a vector along the straight line joining end points A and B of the path :

its magnitude, |AB| or |∆r | is not equal to distance, s.
4: Di�erence of position vector : ∆r : equal to displacement, AB. Direction of ∆r is not same as that

of position vector (r).
5: Magnitude of displacement : |AB| or |∆r |: length of shortest path.
6: Average speed : va : ratio of distance and time interval : not treated as the magnitude of average

velocity
7: Speed : v : �rst di�erential of distance with respect to time : equal to the magnitude of velocity, |v|
8: Average velocity : va : ratio of displacement and time interval : its magnitude, | va | is not equal to

average speed, va .
9: Velocity : v : �rst di�erential of displacement or position vector with respect to time

8 Summary

The paragraphs here are presented to highlight the similarities and di�erences between the two important
concepts of speed and velocity with a view to summarize the discussion held so far.

1: Speed is measured without direction, whereas velocity is measured with direction. Speed and velocity
both are calculated at a position or time instant. As such, both of them are independent of actual path.
Most physical measurements, like speedometer of cars, determine instantaneous speed. Evidently, speed is
the magnitude of velocity,

v = |v|

2: Since, speed is a scalar quantity, it can be plotted on a single axis. For this reason, tangent to
distance � time curve gives the speed at that point of the motion. As ds = v X dt , the area under speed
� time plot gives distance covered between two time instants.

3: On the other hand, velocity requires three axes to be represented on a plot. It means that a velocity
� time plot would need 4 dimensions to be plotted, which is not possible on three dimensional Cartesian
coordinate system. A two dimensional velocity and time plot is possible, but is highly complicated to be
drawn.

4: One dimensional velocity can be treated as a scalar magnitude with appropriate sign to represent
direction. It is, therefore, possible to draw one dimension velocity � time plot.

5: Average speed involves the length of path (distance), whereas average velocity involves shortest
distance (displacement). As distance is either greater than or equal to the magnitude of displacement,

s ≥ | ∆ r|andva ≥ |va|

9 Exercises

Exercise 2 (Solution on p. 15.)

The position vector of a particle (in meters) is given as a function of time as :

r = 2ti + 2t2j

Determine the time rate of change of the angle �θ� made by the velocity vector with positive
x-axis at time, t = 2 s.
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Exercise 3 (Solution on p. 17.)

Two particles A and B are connected by a rigid rod AB. The rod slides along perpendicular rails
as shown here. The velocity of A moving down is 10 m/s. What is the velocity of B when angle θ
= 60 ◦ ?

Motion of a leaning rod

Figure 10: One end of the ros is moving with a speed 10 m/s in vertically downward direction.

Exercise 4 (Solution on p. 17.)

Problem : The position vector of a particle is :

r = acosωti + asinωtj

where �a� is a constant. Show that velocity vector is perpendicular to position vector.

Exercise 5 (Solution on p. 18.)

Problem : A car of width 2 m is approaching a crossing at a velocity of 8 m/s. A pedestrian at
a distance of 4 m wishes to cross the road safely. What should be the minimum speed of pedestrian
so that he/she crosses the road safely?
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Solutions to Exercises in this Module

Solution to Exercise 1 (p. 6)
Characteristics of motion : One dimensional, variable speed
(i) Total distance in the round trip = 120 + 120 = 240 Km
(ii) Displacement = 120 � 120 = 0
(iii) Average speed for the round trip

vOD = 240
9 = 26.67 km/hr and average velocity for the round trip : vOD = 0

9 = 0

(iv) Average speed during motion from O to C

vOC = 120
5 = 24 km/hr and average velocity : vOC = 120

5 = 24 km/hr

As magnitude of average velocity is positive, the direction of velocity is in the positive x � direction. It
is important to note for motion in one dimension and in one direction (unidirectional), distance is equal to
the magnitude of displacement and average speed is equal to the magnitude of average velocity. Such is the
case for this portion of motion.

(v) The part of motion for which average velocity is equal in each direction.
By inspection of the plots, we see that time interval is same for motion from B to C and from C to B (on

return). Also, the displacements in these two segments of motion are equal. Hence magnitudes of velocities
in two segments are equal.
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Motion in straight line

Figure 11

(vi) Compare speeds in the portion OB and BD.
By inspection of the plots, we see that the motor car travels equal distances of 60 m. We see that

distances in each direction is covered in equal times i.e. 2 hrs. But, the car actually stops for 1 hour in the
forward journey and as such average speed is smaller in this case.

va,OB = 60
3 = 20 km/hr and va,BD = 60

2 = 30 km/hr

Solution to Exercise 2 (p. 12)
Solution : It is a two dimensional motion. The �gure below shows how velocity vector makes an angle
"θ" with x-axis of the coordinate system. In order to �nd the time rate of change of this angle "θ", we need
to express trigonometric ratio of the angle in terms of the components of velocity vector. From the �gure :
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Velocity of a particle in two dimensions

Figure 12: The velocity has two components.

tanθ = vy
vx

As given by the expression of position vector, its component in coordinate directions are :

x = 2t and y = 2t2

We obtain expression of the components of velocity in two directions by di�erentiating "x" and "y"
components of position vector with respect to time :

vx = 2 and vy = 4t

Putting in the trigonometric function, we have :

tanθ = vy
vx

= 4t
2 = 2t

Since we are required to know the time rate of the angle, we di�erentiate the above trigonometric ratio
with respect to time as,

sec2θ dθdt = 2

⇒
(

1 + tan2θ
)
dθ
dt = 2

⇒
(

1 + 4t2
)
dθ
dt = 2

⇒ dθ
dt = 2

( 1 + 4t2 )

At t = 2 s,

⇒ dθ
dt = 2

( 1 + 4 x 22 ) = 2
17 rad / s
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Solution to Exercise 3 (p. 12)
Solution : The velocity of B is not an independent velocity. It is tied to the velocity of the particle �A�
as two particles are connected through a rigid rod. The relationship between two velocities is governed by
the inter-particles separation, which is equal to the length of rod.

The length of the rod, in turn, is linked to the positions of particles �A� and �B� . From �gure,

x =
√

(L2 − y2)

Di�erentiatiting, with respect to time :

⇒ vx =
dx

dt
= − 2y

2
√

(L2 − y2)
X
dy

dt
= − yvy√

(L2 − y2)
= −vytanθ

Considering magnitude only,

⇒ vx = vytanθ = 10tan600 = 10
√

3
m

s

Solution to Exercise 4 (p. 13)
Solution : In order to prove as required, we shall use the fact that scalar (dot) product of two perpendicular
vectors is zero. Now, we need to �nd the expression of velocity to evaluate the dot product as intended. We
can obtain the same by di�erentiating the expression of position vector with respect to time as :

v = d r
d t = − aωsinωti + aωcosωtj

To check whether velocity is perpendicular to the position vector, we evalaute the scalar product of r
and v, which should be equal to zero.

r . v = 0

In this case,

⇒ r . v = ( acosωti + asinωtj ) . ( − aωsinωti + aωcosωtj )

⇒ − a2ωsinωtcosωt + a2ωsinωtcosωt = 0

This means that the angle between position vector and velocity are at right angle to each other. Hence,
velocity is perpendicular to position vector. It is pertinent to mention here that this result can also be
inferred from the plot of motion. An inspection of position vector reveals that it represents uniform circular
motion as shown in the �gure here.
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Circular motion

Figure 13: The particle describes a circular path.

The position vector is always directed radially, whereas velocity vector is always tangential to the circular
path. These two vectors are, therefore, perpendicular to each other.
Solution to Exercise 5 (p. 13)
Solution : We draw the �gure to illustrate the situation. Here, car travels the linear distance (AB +
CD) along the direction in which it moves, by which time the pedestrian travels the linear distance BD. Let
pedestrian travels at a speed �v� along BD, which makes an angle �θ� with the direction of car.

Motion of a car and a pedestrian

Figure 14: The pedestrian crosses the road at angle with direction of car.

We must understand here that there may be number of combination of angle and speed for which
pedestrian will be able to safely cross before car reaches. However, we are required to �nd the minimum
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speed. This speed should, then, correspond to a particular value of θ.
We can also observe that pedestrian should move obliquely. In doing so he/she gains extra time to cross

the road.
From triangle BCD,

tan ( 90 − θ ) = cotθ = CD
BC = CD

2

⇒ CD = 2cotθ

Also,

cos ( 90 − θ ) = sinθ = BC
BD = 2

BD

⇒ BD = 2
sinθ

According to the condition given in the question, the time taken by car and pedestrian should be equal
for the situation outlined above :

t = 4 + 2cotθ
8 =

2
sinθ
v

v = 8
2sinθ + cosθ

For minimum value of speed, d v
d θ = 0 ,

⇒ d v
d θ = − 8 x ( 2cosθ − sinθ )

( 2sinθ + cosθ ) 2 = 0

⇒ ( 2cosθ − sinθ ) = 0

⇒ tanθ = 2

In order to evaluate the expression of velocity with trigonometric ratios, we take the help of right angle
triangle as shown in the �gure, which is consistent with the above result.

Trigonometric ratio

Figure 15: The tangent of angle is equal to 2.

From the triangle, de�ning angle �θ�, we have :

sinθ = 2
√

5
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and

cosθ = 1√
5

The minimum velocity is :

v = 8
2 x 2

√
5 + 1√

5
= 8√

5 = 3.57m / s
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