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Abstract
Angular quantities are not limited to rotation about xed axis only.
Angular quantities like angular displacement, velocity, acceleration and torque etc. have been discussed
in earlier modules. We were, however, restricted in interpreting and applying these quantities to circular
motion or pure rotational motion. Essentially, these physical quantities have been visualized in reference to
an axis of rotation and a circular path.
In this module, we shall expand the meaning and application of angular quantities in very general terms,
capable of representing pure as well as impure rotation and translation. We shall nd, in this module, that
pure translation and rotation are, as a matter of fact, special cases.

1 General interpretation of angular quantities
Here, we shall dene and interpret angular quantities very generally with respect to a "point" in the reference
system - rather than an axis. This change in reference of measurement allows us to extend application of
angular quantities beyond the context of rotational motion. We can actually associate all angular quantities
even with a straight line motion i.e. pure translational motion. For example, we can calculate torque on
a particle, which is moving along a straight line.

Similarly, we can determine angular displacement and

velocity for a projectile motion, which we have studied strictly from the point of view of translation. We
shall work out appropriate examples to illustrate extension of angular concepts to these motions.
We must understand here that the broadening the concept of angular quantities is not without purpose.
We shall nd out in the subsequent modules that the de-linking of angular concepts like torque and angular
momentum from an axis, lets us derive very powerful law known as conservation of angular momentum.
The example given below calculates average angular velocity of a projectile to highlight the generality of
angular quantity.

1.1 Example
Problem 1 :

A particle is projected with velocity "v" at an angle of "θ " with the horizontal. Find the

average angular speed of the particle between point of projection and point of impact.

Solution :
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The average angular speed is given by :
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Angular velocity

Figure 1: Average angular speed during the ight of a projectile.

∆θ
∆t

ωavg =

From the gure, magnitude of the total angular displacement is :

∆ θ = 2θ
On the other hand, time of ight is given by :

∆t =

2vsinθ
g

Putting these values in the expression of angular velocity, we have :

ωavg =
ωavg =

∆θ
∆t
θg
vsinθ

=

2θg
2vsinθ

rad / s

From this example, we see that we can indeed associate angular quantity like angular speed with motion
like that of projectile, which is not strictly rotational.

2 Angular velocity
As a particle moves, the line joining a xed point and particle, moves through angular displacement. Important thing to note here is that the particle may not follow a circular path - it can describe any curve even a
straight line. We, then, dene average angular velocity as :
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Denition 1: Average angular velocity
Average angular velocity of a particle about a point is equal to the ratio of change in angular
displacement about that point and time.

ωavg =

∆θ
∆t

(1)

Instantaneous angular velocity is obtained by taking the limit when time interval tends to become zero.
In other words, the instantaneous angular velocity (simply referred as angular velocity) is equal to the rst
dierential of angular displacement with respect to time :

⇒ ω =

dθ
dt

(2)

Angular velocity

Figure 2: The angular displacement in a small time interval as measured with respect to a point.

It is convenient to consider the point as the origin of the coordinate system. In the gure above, origin
serves as the point about which angular displacement and velocity are dened. Now since angle is measured
with respect to origin, the measurement of angular velocity, in turn, will depend on the coordinate system
chosen for the measurement.

Further note that the linear distance of the particle from the origin is not

constant like in circular motion.
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3 Angular and linear velocity
In the case of circular motion about an axis, we have seen that linear velocity of a particle is related to
angular velocity by the vector relation given by :

v = ωxr
In the case of rotation about a xed axis, the plane of velocity and position vector is same.

(3)

This is

not necessary for motion of a particle about any arbitrary point. The position vector and velocity can be
oriented in any direction. It means that plane of motion can be any plane in three dimensional coordinate
system and is not constrained in any manner.
Interpretation of the vector equation as given above is dicult for the motion of a particle along a path,
which is not circular. We observe that angular velocity is an operand of the cross product. What we mean to
say that it is not the vector, which is expressed in terms of other vectors. By looking at the vector relation,
we can say that linear velocity is perpendicular to the plane formed by angular velocity and position vector.
From the point of view of angular velocity, however, we can only say that it is perpendicular to linear velocity,
but it can have any orientation with respect to position vector. This presents diculty in interpreting this
relation for angular velocity about a point.
Here, we consider a situation as shown in the gure. We see that velocity of the particle and the position
vector form an angle, "θ " between them. For convenience, we have considered the point about which angular
velocity is dened as the origin of coordinate system.

Angular velocity

Figure 3: The angular displacement in a small time interval as measured with respect to a point.
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To analyze the situation, let us consider components of velocity in the radial and tangential directions.

Angular velocity

Figure 4: The angular displacement in a small time interval as measured with respect to a point.

The radial component of velocity is not a component for rotation. Its direction is along the line passing
through the origin. The rotation is accounted by the component of velocity perpendicular to position vector.
Now, tangential velocity is perpendicular to position vector. Thus, we can use the fact that instantaneous
angular velocity is equal to ratio of tangential velocity and linear distance from the origin (as dened for
circular motion about an axis). Hence, the magnitude of angular velocity is given as :

⇒ ω =

vsinθ
r

(4)

⇒ ω =

v⊥
r

(5)

We can use the expression as dened above to calculate the magnitude of angular velocity. The evaluation
of the rst expression will require us to determine angle between two vectors. The second expression, which
uses tangential velocity, gives easier option, when this component of velocity is known.

3.1 Direction of angular velocity
As the particle moves along a curved path, position of the particle changes with respect to point about which
angular velocity is measured. In order to determine the direction of angular velocity, we need to know the
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plane of rotation at a particular position. We dene plane of rotation as the plane, which contains the point
(origin of the coordinate system in our case) and the tangential velocity. The direction of angular velocity
is perpendicular to this plane.

Angular velocity

Figure 5: The angular displacement in a small time interval as measured with respect to a point.

By convention, we consider anticlockwise rotation as positive. Looking at the gure, we can see that this
direction is same that of the direction of vector product of "position vector" and "velocity".
Following the convention, we can write vector equation for angular velocity as :

⇒ ω =

rxv
r2

(6)

It can be easily visualized that plane of rotation can change as particle moves in three dimensional space.
Accordingly, direction of angular velocity can also change.

3.2 Example
Problem : The velocity of a particle conned to xy - plane is (8i  6j) m/s at an instant, when its position
is (2 m, 4m). Find the angular velocity of the particle about the origin at that instant.

Solution :

Angular velocity is related to linear velocity by the following relation,

v = ωxr
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From question, we can see that motion (including rotation) takes place in xy-plane.

It, then, follows

that angular velocity is perpendicular to xy-plane i.e. it is directed along z-axis. Let angular velocity be
represented as :

ω = ak
Putting the values, we have :

8i − 6j = a k x ( 2i + 4j )
⇒ 8i − 6j = 2a j − 4ai
Comparing the coecients of unit vectors on either side of the equation, we have :

2a = − 6
⇒ a = −3
and

− 4a = 8
⇒ a = −2
We see here that we do not get unique value of angular velocity. As a matter of fact, we have included
this example to highlight this aspect of the vector relation used here. It was pointed out that angular velocity
is one of the operands of the vector product. From the relation, we can only conclude that angular velocity
is perpendicular to linear velocity. We can see that this condition is fullled for any direction of velocity in
the plane of motion. As such, we do not get the unique value of angular velocity as required.
Let us now apply the other vector relation that we developed to dene angular velocity :

⇒ ω =

rxv
r2

Putting values, we have :

⇒ ω =

( 2i + 4j ) x ( 8i − 6j )
√
( 22 + 42 ) 2

⇒ ω =

( − 12k − 32k )
20

⇒ ω = − 1.71 k rad / s

3.3 Instantaneous axis of rotation
The notion of rotation with the motion of a particle is visualized in terms of moving axis. We have discussed
that the direction of angular velocity is perpendicular to the plane formed by tangential velocity and the
point about which angular velocity is measured. We can infer this direction to be the axial direction at this
point for the angular velocity at that instant.
In case, these instantaneous axes are parallel to each other, then it is possible to assign unique angular
velocity of the particle about any one of these instantaneous axes. We shall work out an example here to
illustrate determining angular velocity about an instantaneous axis.
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Problem 3 : A

8

rod of length 10 m lying against a vertical wall starts moving. At an instant, the rod

makes an angle of 30

◦

as shown in the gure. If the velocity of end A at that instant, is 10 m/s, then nd

the angular velocity of the rod about A.

Motion of a rod

Figure 6: The rod is constrained to move between a vertical wall and a horizontal surface.

Solution :

In this case, the point about which angular velocity is to be determined is itself moving

towards right with a velocity of 10 m/s. However, the instantaneous axis of rotation is parallel to each other.
As such, it is possible to assign unique angular velocity for the motion under consideration.
We shall examine the situation with the geometric relation of the length of rod with respect to the position
of its end A. This is a logical approach as the relation for the position of end A shall let us determine
both linear and angular velocity.
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Motion of a rod

Figure 7: The rod is constrained to move between a vertical wall and a horizontal surface.

x = ABcosθ
Note here that length of rod is constant. An inspection of the equation reveals that if we dierentiate
the equation with respect to time, then we shall be able to relate linear velocity with angular velocity.

x
t

= AB

t

( cosθ ) = − ABsinθ x

θ
t

⇒ v = − ABωsinθ
⇒ ω = −

v
ABsinθ

Putting values,

⇒ ω = −

10
10sin30

◦

= − 2 rad / s

Negative sign here needs some clarication. We can visualize that rod is rotating about instantaneous axis
in anticlockwise direction. As such, the sign of angular velocity should have been positive - not negative. But,
note that we are measuring angle from the negative x-direction as against positive x-direction. Therefore,
we conclude that the negative sign in this instant case represents rotation of rod about the instantaneous
axis in anticlockwise direction.
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Motion of a rod

Figure 8: The rod is constrained to move between a vertical wall and a horizontal surface.

4 Summary
1:

Angular quantities are general quantities, which can be dened and interpreted for any motion types 

pure/impure translation or rotation.

2:

Angular velocity is dened as the time rate of change of angular displacement with respect to a point

:

ω =

3:

dθ
dt

If the point, about which angular velocity is determined, is the origin of the reference system, then

the position of the particle is represented by position vector.

4:

The measurement and physical interpretation of angular velocity are dierent than that in the case

of circular (rotational) motion about an axis.

5:

The relation between linear and angular velocity has the following form,

v = ωxr

r

where   determines the position of the particle with respect to the point. The magnitude of angular
velocity can be determined, using any of the following two relations :

ω =

vsinθ
r

ω =

v⊥
r

and

where "

v⊥

" denotes tangential component of the velocity vector, which is perpendicular to the position

vector.

7:

Direction of angular velocity is perpendicular to the plane of motion. The plane of motion, however,

may not be xed like in the case of rotation. We dene plane of motion, which contains origin (or point)
and tangential component of velocity.
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