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Abstract

Gravitational potential is scalar description of gravitational field.

Description of force having “action at a distance” is best described in terms of force field. The “per
unit” measurement is central idea of a force field. The field strength of a gravitational field is the measure
of gravitational force experienced by unit mass. On a similar footing, we can associate energy with the
force field. We shall define a quantity of energy that is associated with the position of unit mass in the
gravitational field. This quantity is called gravitational potential (V) and is different to potential energy as
we have studied earlier. Gravitational potential energy (U) is the potential energy associated with any mass
- as against unit mass in the gravitational field.

Two quantities (potential and potential energy) are though different, but are closely related. From the
perspective of force field, the gravitational potential energy (U) is the energy associated with the position of
a given mass in the gravitational field. Clearly, two quantities are related to each other by the equation,

U=mV

The unit of gravitational potential is Joule/kg.

There is a striking parallel among various techniques that we have so far used to study force and motion.
One of the techniques employs vector analysis, whereas the other technique employs scalar analysis. In
general, we study motion in terms of force (vector context), using Newton’s laws of motion or in terms of
energy employing “work-kinetic energy” theorem or conservation law (scalar context).

In the study of conservative force like gravitation also, we can study gravitational interactions in terms
of either force (Newton’s law of gravitation) or energy (gravitational potential energy). It follows, then,
that study of conservative force in terms of “force field” should also have two perspectives, namely that of
force and energy. Field strength presents the perspective of force (vector character of the field), whereas
gravitational potential presents the perspective of energy (scalar character of field).

1 Gravitational potential

The definition of gravitational potential energy is extended to unit mass to define gravitational potential.

Definition 1: Gravitational potential
The gravitational potential at a point is equal to “negative” of the work by the gravitational force
as a particle of unit mass is brought from infinity to its position in the gravitational field.

Or
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Definition 2: Gravitational potential
The gravitational potential at a point is equal to the work by the external force as a particle of
unit mass is brought from infinity to its position in the gravitational field.
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Here, we can consider gravitational field strength, “E” in place of gravitational force, “ Fz ” to account
for the fact we are calculating work per unit mass.

Mathematically,

2 Change in gravitational potential in a field due to point mass

The change in gravitational potential energy is equal to the negative of work by gravitational force as a
particle is brought from one point to another in a gravitational field. Mathematically,
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Clearly, change in gravitational potential is equal to the negative of work by gravitational force as a
particle of unit mass is brought from one point to another in a gravitational field. Mathematically, :

éAVZ&:—/Edr
m

We can easily determine change in potential as a particle is moved from one point to another in a
gravitational field. In order to find the change in potential difference in a gravitational field due to a point
mass, we consider a point mass “M”, situated at the origin of reference. Considering motion in the reference
direction of ‘“r”, the change in potential between two points at a distance ‘“r” and “r+dr” is :

Gravitational potential
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Figure 1: Gravitational potential difference in a gravitational field due to a point.
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In the expression, the ratio “ % is smaller than * Hence, change in gravitational potential is
positive as we move from a point closer to the mass responsible for gravitational field to a point away from
it.

2.1 Example

Problem 1: A particle of mass 2 kg is brought from one point to another. The increase in kinetic energy
of the mass is 4 J, whereas work done by the external force is -10 J. Find potential difference between two
points.

Solution : So far we have considered work by external force as equal to change in potential energy.
However, if we recall, then this interpretation of work is restricted to the condition that work is done slowly
in such a manner that no kinetic energy is imparted to the particle. Here, this is not the case. In general, we
know from the conservation of mechanical energy that work by external force is equal to change in mechanical
energy:

Wr =AE e = AK + AU

Putting values,

= -10=4+4+ AU

=>=AU=-10-4=-14 J

As the change in potential energy is negative, it means that final potential energy is less than initial
potential energy. It means that final potential energy is more negative than the initial.
Potential change is equal to potential energy change per unit mass. The change in potential energy per
unit mass i.e. change in potential is :
AU 14
= AV=—=——=

m 2

-7 J

3 Absolute gravitational potential in a field due to point mass

The expression for change in gravitational potential is used to find the expression for the potential at a point
by putting suitable values. When,
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This is the expression for determining potential at a point in the gravitational field of a particle of mass
“M”. We see here that gravitational potential is a negative quantity. As we move away from the particle, 1/r
becomes a smaller fraction. Therefore, gravitational potential increases being a smaller negative quantity.
The magnitude of potential, however, becomes smaller. The maximum value of potential is zero for r = co.

This relation has an important deduction. We know that particle of unit mass will move towards the
particle responsible for the gravitational field, if no other force exists. This fact underlies the natural tendency
of a particle to move from a higher gravitational potential (less negative) to lower gravitational potential
(more negative). This deduction, though interpreted in the present context, is not specific to gravitational

field, but is a general characteristic of all force fields. This aspect is more emphasized in the electromagnetic
field.

4 Gravitational potential and field strength
A change in gravitational potential (AV) is equal to the negative of work by gravity on a unit mass,

AV = —FEAr

For infinitesimal change, we can write the equation,

= dV = —FEdr
A%
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Thus, if we know potential function, we can find corresponding field strength. In words, gravitational
field strength is equal to the negative potential gradient of the gravitational field. We should be slightly
careful here. This is a relationship between a vector and scalar quantity. We have taken the advantage by
considering field in one direction only and expressed the relation in scalar form, where sign indicates the
direction with respect to assumed positive reference direction. In three dimensional region, the relation is
written in terms of a special vector operator called “grad”.

Further, we can see here that gravitational field — a vector — is related to gravitational potential (scalar)
and position in scalar form. We need to resolve this so that evaluation of the differentiation on the right
yields the desired vector force. As a matter of fact, we handle this situation in a very unique way. Here, the
differentiation in itself yields a vector. In three dimensions, we define an operator called “grad” as :

o. 0. 0
grad = (axz—l— 07yj + azk>

where " % ” is partial differentiation operator with respect to "x". This is same like normal differentiation

except that it considers other dimensions (y,z) constant. In terms of “grad”,

E=—gradV

5 Gravitational potential and self energy of a rigid body

Gravitational potential energy of a particle of mass “m” is related to gravitational potential of the field by
the equation,

U=mV
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This relation is quite handy in calculating potential energy and hence “self energy” of a system of particles
or arigid body. If we recall, then we calculated “self energy” of a system of particles by a summation process of
work in which particles are brought from infinity one by one. The important point was that the gravitational
force working on the particle kept increasing as more and more particles were assembled. This necessitated
to calculate work by gravitational forces due to each particle present in the region, where they are assembled.

Now, we can use the “known” expressions of gravitational potential to determine gravitational potential
energy of a system, including rigid body. We shall derive expressions of potential energy for few regular
geometric bodies in the next module. One of the important rigid body is spherical shell, whose gravitational
potential is given as :

Gravitational potential due to spherical shell

To

Figure 2: Gravitational potential at points inside and outside a spherical shell.

For a point inside or on the shell of radius “a”,

GM
V=-————-
a
This means that potential inside the shell is constant and is equal to potential at the surface.

For a point outside shell of radius “a” (at a linear distance, “r” from the center of shell) :

Ve-—"
.

This means that shell behaves as a point mass for potential at a point outside the shell. These known
expressions allow us to calculate gravitational potential energy of the spherical shell as explained in the
section below.

5.1 Self energy of a spherical shell

The self potential energy is equal to work done by external force in assembling the shell bit by bit. Since
zero gravitational potential energy is referred to infinity, the work needs to be calculated for a small mass
at a time in bringing the same from infinity.
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In order to calculate work, we draw a strategy in which we consider that some mass has already been
placed symmetrically on the shell. As such, it has certain gravitational potential. When a small mass “dm”

is brought, the change in potential energy is given by :
Self energy of a spherical shell

Figure 3: Self energy is equal to work in bringing particles one by one from the infinity.

ﬂ]:Vﬂm::—%?dm

We can determine total potential energy of the shell by integrating the expressions on either side of the

i/dUz—%/mdm

Taking constants out from the integral on the right side and taking into account the fact that initial

equation,

potential energy of the shell is zero, we have :

G [mQ}M
=U=—=|—
R 2],
GM?
=U=-73R

This is total potential energy of the shell, which is equal to work done in bringing mass from infinity to
form the shell. This expression, therefore, represents the self potential energy of the shell.
In the same manner, we can also find “self energy” of a solid sphere, if we know the expression for the

gravitational potential due to a solid sphere.
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