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Abstract
Motion of Two body system is the elementary unit of motion of heavenly bodies.

Two body system represents the starting point for studying motion of celestial bodies, including Earth.
In general, gravitational force is dominant for a pair of masses in such a manner that inuence of all other
bodies can be neglected as rst approximation. In that case, we are left with an isolated two body system.
The most important deduction of this simplifying assumption is that isolated system is free of external force.
This means that center of mass of the isolated system in not accelerated.
In the solar system, one of the massive bodies is Sun and the other is one of the planets. In this case,
Sun is relatively much larger than second body. Similarly, in Earth-moon system, Earth is relatively much
larger than moon.

On the other hand, bodies are of similar mass in a binary stars system.

There are

indeed various possibilities. However, we rst need to understand the basics of the motion of isolated two
bodies system, which is interacted by internal force of attraction due to gravitation. Specially, how do they
hold themselves in space?
In this module, we shall apply laws of mechanics, which are based on Newton's laws of motion and
Newton's law of gravitation. Most characterizing aspect of the motion is that two bodies, in question, move
in a single plane, which contains their center of mass. What it means that the motion of two body system
is coplanar.
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Two body system

Figure 1:

The plane of "one body and center of mass" and plane of "other body and center of mass"

are in the same plane.

Newtonian mechanics provides a general solution in terms of trajectory of a conic section with dierent
eccentricity.

The trajectories like linear, circular, elliptical, parabolic, hyperbolic etc are subsets of this

general solution with specic eccentricity.

Here, we do not seek mathematical derivation of generalized

solution of the motion. Rather, we want to introduce simpler trajectories like that of a straight line, circle
etc. rst and then interpret elliptical trajectory with simplifying assumptions. In this module, we shall limit
ourselves to the motion of two body system along a straight line. We shall take up circular motion in the
next module.
In a way, the discussion of motion of two body system is preparatory before studying Kepler's laws of
planetary motion, which deals with specic case of elliptical trajectory.
note: The general solution of two bodies system involves polar coordinates (as it suits the situa-

tion), vector algebra and calculus. In this module, however, we have retained rectangular coordinates for the most part with scalar derivation and limited our discussion to specic case of linear
trajectory.

1 Straight line trajectory
This is simplest motion possible for "two body" system. The bodies under consideration are initially at rest.
In this case, center of mass of two bodies is a specic point in the given reference. Also, it is to be noted
that center of mass lies always between two bodies and not beyond them.
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Since no external force is applied, the subsequent motion due to internal gravitational force does not
change the position of center of mass in accordance with second law of motion. The bodies simply move
towards each other such that center of mass remains at rest.
The two bodies move along a straight line joining their centers.

The line of motion also also passes

through center of mass. This has one important implication. The plane containing one body and center of
mass and the plane containing other body and center of mass are same. It means that motions of two
bodies are coplanar with line joining the centers of bodies and center of mass. The non-planar motions as
shown in the gure below are not possible as motion is not along the line joining the centers of two bodies.
Two body system

Figure 2:

The motion of two body system can not be non-planar.

Let suscripts "1" and "2" denote two bodies. Also, let 

r1

, 

v1

, 

a1

 and 

r2

, 

v2 ,



a2

 be the

magnitudes of linear distance from the center of mass, speeds and magnitudes of accelerations respectively
of two bodies under consideration. Also let center of mass of the system is the origin of reference frame.
Then, by denition of center of mass :
Two body system

Figure 3:

Center of mass is the origin of reference frame.

rcm =

−m1 r1 + m2 r2
m1 + m2

But center of mass lies at the origin of the reference frame,
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⇒ rcm =

−m1 r1 + m2 r2
=0
m1 + m2

⇒ m1 r1 = m2 r2
Taking rst dierentiation of position with respect to time, we have :

⇒ vcm =

−m1 v1 + m2 v2
=0
m1 + m2

⇒ m1 v1 = m2 v2
Taking rst dierentiation of velocity with respect to time, we have :

⇒ acm =

−m1 a1 + m2 a2
=0
m1 + m2

⇒ m1 a1 = m2 a2
Considering only magnitude and combining with Newton's law of gravitation,

F12 = F21 =

Gm1 m2
(r1 + r2 )

2

Since distance of bodies from center of mass changes with time, the gravitational force on two bodies is
equal in magnitude at a given instant, but varies with time.

2 Newton's Second law of motion
We can treat two body system equivalent to one body system by stating law of motion in appropriate
terms. For example, it would be interesting to know how force can be related to the relative acceleration
with which two bodies are approaching towards each other. Again, we would avoid vector notation and only
consider the magnitudes of accelerations involved.

The relative acceleration is sum of the magnitudes of

individual accelerations of the bodies approaching towards each other :

ar = a1 + a2
According to Newton's third law, gravitational force on two bodies are pair of action and reaction and
hence are equal in magnitude. The magnitude of force on each of the bodies is related to acceleration as :

F = m1 a1 = m2 a2
⇒ m1 a1 = m2 a2
We can note here that this relation, as a matter of fact, is same as obtained using concept of center of
mass.

Now, we can write magnitude of relative acceleration of two bodies, 

accelerations is :

⇒ ar = a1 +

⇒ ar = a1
⇒ a1 =
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m1 + m2
m2

m2 ar
m1 + m2



ar

, in terms of individual
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Substituting in the Newton's law of motion,

⇒ F = m1 a1 =

m1 m2 ar
m1 + m2

⇒ F = µar
Where,

⇒µ=

m1 m2
m1 + m2

2.1 Reduced mass

The quantity given by the expression :

µ=
is known as reduced mass.

m1 m2
m1 + m2

It has the same unit as that of mass.

It represents the eect of two

bodies, if we want to treat two body system as one body system.
In the nutshell, we can treat motion of two body system along a straight line as one body system,
which has a mass equal to  µ and acceleration equal to relative acceleration, 

ar

.

2.2 Velocity of approach

The two bodies are approaching towards each other. Hence, magnitude of velocity of approach is given by :
Velocity of approach

Figure 4:

Two bodies are approaching each other along a straight line.

vr = v1 + v2
This is the expression of the magnitude of velocity of approach.

We can write corresponding vector

equation for velocity of approach in relation to reference direction. In this module, however, we will avoid
vector notation or vector interpretation to keep the discussion simplied.
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3 Kinetic energy
The kinetic energy of the two body system is given as the sum of kinetic energy of individual bodies,

K=

1
1
m1 v12 + m2 v22
2
2

We can write this expression of kinetic energy in terms of relative velocity i.e. velocity of approach. For
this, we need to express individual speeds in terms of relative speed as :

vr = v1 + v2
But,

m1 v1 = m2 v2
⇒ v2 =

m 1 v1
m2

Substituting in the expression of relative velocity,

m1 v1
m2

⇒ vr = v1 +
⇒ v1 =

m 2 vr
m1 + m2

⇒ v2 =

m 1 vr
m1 + m2

Similarly,

Now, putting these expressions of individual speed in the equation of kinetic energy :

⇒K=

m1 m22 vr2
(m1 + m2 )

⇒K=

2

+

m1 m2 vr2
(m1 + m2 )

⇒K=

2

m2 m21 vr2
2

(m1 + m2 )
(m1 + m2 )

m1 m2 vr2
m1 + m2

⇒K=

1 2
µv
2 r

This result also indicates that we can treat two body system as one body system from the point of
view of kinetic energy, as if the body has reduced mass of  µ and speed equal to the magnitude of relative
velocity, 

vr .
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3.1 Example
Problem 1:

Two masses 

m1

 and 

m2

 are initially at rest at a great distance. At a certain instant,

they start moving towards each other, when released from their positions. Considering absence of any other
gravitational eld, calculate velocity of approach when they are at a distance r apart.
Solution : The bodies are at large distance in the beginning. There is no external gravitational eld.

Hence, we can consider initial gravitational energy of the system as zero (separated y innite distance). Also,
the bodies are at rest in the beginning. The initial kinetic energy is also zero. In turn, initial mechanical
energy of the system is zero.
Let 

vr

 be the velocity of approach, when the bodies are at a distance r apart. Applying conservation

of mechanical energy, we have :

Ki + Ui = Kf + Uf
⇒0+0=

1 2 Gm1 m2
µv −
2 r
r

2Gm1 m2 (m1 + m2 )
2Gm1 m2
=
µr
m1 m2 r
r
2G (m1 + m2 )
⇒ vr = {
}
r

⇒ vr2 =

4 Conclusions
From the discussion above, we conclude the followings about the motion of two body system along a
straight line :
1: Each body follows a straight line trajectory.
2:

The line joining centers of two bodies pass through center of mass.

3:

The planes of two motions are in the same plane. In other words, two motions are coplanar.

4:

Magnitude of gravitational force is same for two bodies, but they vary as the distance between them

changes.
5:

We can treat two body system equivalent to one body system by using concepts of (i) reduced

mass  µ (ii) relative velocity, 
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vr

 and (iii) relative acceleration 

ar

.

