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We are familiar with trigonometric ratios, identities and their applications. In this module, we shall revisit
the concept of trigonometric ratios from the perspective of a function. For this, we shall rst recapitulate
a bit of basics and important results and then emphasize: how can we conceive trigonometric ratio as a
function?
The most important aspect, here, is the extension of the concept of angle beyond the domain of 2π i.e.
the angle of "1" revolution. This concept is followed by the investigation of trigonometric ratios, which is
originally dened for acute angle. Here, we shall apply these ratios in the context of any real value angle,
represented on a real number line.

1 Angle and real number
The measurement of angle is constrained to a circular periphery. We can unwind this constraint and think
of angle as a real number, extending from minus innity to plus innity. For this, we imagine the circular
periphery straightened into a line. Alternatively, we may think angle be represented along a straight line
like real number and then think to bend straight line along the periphery of the circle.

Following this

visualization, we consider angle as if it were represented by a real number line, which is tangent to the circle.
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Angle

Figure 1:

Angle and real number.

The positive section of the real number line can be wrapped many times over in the anticlockwise direction.
Similarly, the negative section of the number line can be wrapped many times over in the clockwise direction.
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Angle

Figure 2:

Angle and real number.

We consider representation of angle on real number line equivalent to measurement of angle from a
reference direction about the central vertex O in as many revolutions as required. The measurement of
angle in anticlockwise direction is considered positive and negative in clockwise direction.

2 Trigonometric ratios
Trigonometric ratios are dened for acute angle in a right angle triangle. Even for angles, which are not
acute, we consider trigonometric ratios as ratios of sides or ratios of a side and hypotenuse of the right angle
triangle OAB, which is constructed with the terminal ray, OA (measuring angle from the initial position
in x-direction) and x-axis. The cosine of angle  θ , in terms of side and hypotenuse of triangle OAB, is :
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Trigonometric ratio

Figure 3:

Trigonometric ratio of an angle greater than acute angle.

cosθ =

OB
OA

Clearly, the sign of ratio is given by the sign of the side of the right angle triangle OAB, involved in the
ratio. We attach sign to bidirectional measurements along x and y axes. We can not attach sign to the radial
ray OA as it can be directed in multiple directions. In the case shown above, side of the triangle OB is
negative with respect to positive x-direction. As such, the cosine of  θ  in this particular case is negative.
However, note that AB is positive and hence sine of the angle, which involves AB, is positive for the same
angle.

sinθ =

AB
OA

Alternatively, the sign of x and y coordinates of the nal ray on the circle decides the sign of trigonometric ratio. As one of the coordinates is involved in the ratio, its sign becomes the sign of trigonometric
ratio. Consider the position, A, shown in the gure.
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Sing of trigonometric ratio

Figure 4:

The sign of trigonometric ratio is decided by the sign of coordiantes.

tanθ =

sinθ =

y
<0
r

as y is negative

cosθ =

x
<0
r

as x is negative

y
>0
x

as both x and y are negative

2.1 Unit circle
The angle and ratios dened in reference with circle is independent of the size of circle i.e. its radius. If
radius is considered to be 1, then we link trigonometric ratios directly to the coordinates of the tip of the
terminal ray. Let x,y be the coordinates of a point A on a unit circle. Then,

⇒ sinθ =

y
y
= =y
r
1

⇒ cosθ =

x
x
= =x
r
1

⇒ tanθ =
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The gure below shows what these trigonometric ratios mean with reference to circle, tangent and
coordinates.

Trigonometric ratios

Figure 5:

Geometric meaning of trigonometric ratios on unit circle.

3 Trigonometric functions
There are six of trigonometric ratios. In the following sub-sections, we describe each trigonometric function
with corresponding domain, range and graph.

In particular, we shall come to know that some of these

trigonometric functions are not dened for all values of angles. Further, we shall deliberately denote angle
by variable x  not by  θ  as conventionally denoted. This is to emphasize that angle is a real number.
Besides, domain and range, we shall also discuss periodicity and polarity of each trigonometric function.
We refer a function periodic if its values are repeated after certain interval. Graphically, periodic function
has a fundamental segment, which can be used to draw plot of the function by repeating that fundamental
segment again and again. Mathematically, we say that f(x+T) = f(x), where T is fundamental period.
Here, we shall make use of one important rule about periodic function. If T is the period of function f(x),

T
|k| , where a,b and k are real numbers. Important points to note that
T
a and b do not aect period, but coecient of x i.e. k aect period and is given by
|k| .
On the other hand, polarity refers to whether the function is even or odd. If f(x) = f(-x), then function

then period of function

af (kx ± b)

is

is even and its plot is symmetric about y-axis. If f(x) = -f(x), then function is odd and its plot is symmetric
about origin.
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3.1 Sine function
For each real number x, there is a sine function dened as :

f (x) = sin (x)
The plot of sin(x) .vs. x is shown here.

Sine function

Figure 6:

Graph of sine function

The plot, here, is continuous and period is "2π ".

Think period of the function in term of minimum

segment which can be used to extend the plot on either side. Further as sin(-x) = -sinx, sine function is an
odd function. This fact is also substantiated by the fact that plot is symmetric about origin - not y-axis.
Since function holds for all values of x, its domain is R. On the other hand, the values of sine function
is bounded between -1 and 1, inclusive of end points. Hence, domain and range of sine function are :
Domain

Range

=R

= [−1, 1]

Let us now consider sine function which is given as :

f (x) = Asin (x)
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Multiplying sine function by a constant A does not change the periodicity of function.

However, it

changes the maximum and minimum values of the function. The plot extends from -A to A along y-axis as
against from -1 to 1 when function is not multiplied by a constant. This, in turn, changes the range of the
function :
Range

= [−A, A]

We now consider yet another form of sine function which is given as :

f (x) = Asin (kx)
Multiplying argument x of sine function by a constant k does not change the nature of plot. However, it
changes the periodicity of the function. Recall that if T is the period of function f(x), then period of function

T
T
|k| Clearly, the period of sin(kx) is |k| . If |k| is less than 1, then period is more than 2π and
if |k| is greater than 1, then period is less than 2π .

af (kx ± b)

is

Example 1
Problem :

Find domain and range of function :

f (x) = sinx + 2
Solution :

We know that domain of sinx is real number set R and range is [-1,1]. The given

function is real for all real values of x. Hence, its domain remains R. On the other hand, minimum
and maximum values of function changes from that corresponding to sinx function :

ymin = −1 + 2 = 1
Ymax = 1 + 2 = 3
Hence, range of given function is [1,3]. It is evident that graph of function is that of graph of
sinx shifted up by 2 units.

3.2 Cosine function
For each real number x, there is a cosine function dened as :

f (x) = cos (x)
The plot of cos(x) .vs. x is shown here.
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Cosine function

Figure 7:

Graph of Cosine function

The plot, here, is continuous and period is "2π ".

Think period of the function in term of minimum

segment which can be used to extend the plot on either side. Further as cos(-x) = cosx, cosine function is
an even function. This fact is also substantiated by the fact that plot is symmetric about y-axis.
Since function holds for all values of x, its domain is R. On the other hand, the values of cosine
function is bounded between -1 and 1, inclusive of end points. Hence, domain and range of sine function
are :
Domain

Range

=R

= [−1, 1]

When cosine function is given as f(x) = Acosx, maximum and minimum values of function becomes -A
and A. The range is modied as :
Range

= [−A, A]

When cosine function is given as f(x) = Acos(kx), the period of cosine function is given by

Example 2
Problem :

Find domain range of the function :

f (x) = 12sinx + 5cosx
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The given function comprises of sine and cosine functions. Here, we reduce given

function in terms of one trigonometric function and then nd range of the function. This reduction
is required as otherwise it would be dicult to estimate when two trigonometric functions together
evaluates to minimum and maximum values. Let us put,

acosα = 12
asinα = 5
Clearly,

a=

p

2

12 +

52

= 13.

Putting these values/ expression in function,

f (x) = 13 (cosαsinx + sinαcosx) = 13sin (x + α)
We know that range of sine function is [-1,1]. Hence, range of given function is :
Range [−13, 13]

3.3 Tangent function
For a real number x, there is a tangent function dened as :

f (x) = tan (x)
Note that dening statement denes the function for a real number x  not for "each" real x as in
the case of sine and cosine functions. It is so because, tangent function is not dened for all real values of
x. Let us recall that :

⇒ tanx =

sin (x)
cos (x)

This is a rational polynomial form, which is dened for

cos (x) 6= 0

. Now, cos(x) evaluates to zero for

certain values of x, which appears at a certain interval given by the condition,

cos (x) = 0;

π/2

π
,
2

where

n∈Z

3π
5π
2, ± 2, . . . etc. In other words, the cosine function is zero
. It means that tangent function is not dened for odd multiples of  π/2 .

The function cos(x) is zero for
for all odd multiples of 

x = (2n + 1)

π
x = ± 2,
±

Therefore, values of x for which cosine is zero need to be excluded from the domain set of real number set
R. On the other hand, the values of tangent function are extended along the real number line on either
side of zero. The range of the function, therefore, is R. Hence, domain and range of tangent function are :
Domain

= R − {x : x = (2n + 1)
Range

The plot of tan(x) .vs. x is shown here.
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Tangent function

Figure 8:

Graph of tangent function

The period of tanx is

π.

Multiplication of tangent function by a constant A does not change the range

as in the case of sine and cosine function. The plot is always extended on either side of x-axis so that its
range is R. Multiplying argument x like tan(kx), however, changes the points where function is not dened.
It is now given by :

x = (2n + 1)

π
,
2k

n ∈ Z}

Therefore, domain is now modied as :
Domain

= R − {x : x = (2n + 1)

π
,
2k

n ∈ Z}

3.4 Cosecant function
For a real number x, there is a cosecant function dened as :

f (x) = cosec (x)
Again, the function is not dened for all real number x. Let us recall that :

⇒ cosecx =

http://cnx.org/content/m15277/1.10/
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This is a rational polynomial form, which is dened for

sin (x) 6= 0

. Now, sin(x) evaluates to zero for

values of x, which appears at a certain interval given by the condition,

sin (x) = 0;
This means that sin(x) is zero for
for all integer multiples of 

π

x = nπ,

where

x = 0, ±π, ±2π, ±3π, . . .

n∈Z

etc. In other words, the sine function is zero

. It means that cosecant function is not dened for integral multiples of 

π

. Therefore, values of x, for which sine is zero, need to be excluded from real number set R for dening
domain of the function.
On the other hand, values of cosecant function are fall in certain intervals. We have seen that values of
sine function is between -1 and 1, including end points. Reciprocal of these values are either lesser than
-1 or greater than 1. Symbolically,

cosecx ≤ −1
cosecx ≥ 1
Combining two intervals, using modulus function :

|cosecx| ≥ 1
The combined interval of the cosecant function, therefore, is :

(−∞, −1] ∪ (1, ∞]
Hence, domain and range of cosecant function are :
Domain

= R − {x : x = nπ,

Range

= (−∞, −1] ∪ (1, ∞]

The plot of cosecant(x) .vs. x is shown here.
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Cosecant function

Figure 9:

Graph of cosecant function

The period of cosecx is 2π . Important to note here is that function is not dened even within a periodic
segment. Since cosec(-x) = -cosecx, we conclude that cosecant function is odd function in each of periodic
segment. Multiplication of cosecant function by a constant A changes the range as plot lies on or beyond -A
or A. The range is modied as :
Range

= (−∞, −A] ∪ (A, ∞]

Multiplying argument x like cosec(kx), however, changes the points where function is not dened. It is
now given by :

x=

nπ
,
k

n∈Z

Therefore, domain is now modied as :
Domain

= R − {x : x =

nπ
,
k

n ∈ Z}

3.5 Secant function
For a real number x, there is a secant function dened as :

f (x) = sec (x)
Again, the function is not dened for all real number x. Let us recall that :
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secx =

1
cos (x)

This is a rational polynomial form, which is dened for

cos (x) 6= 0

. Now, cos(x) evaluates to zero for

values of x, which appears at a certain interval given by the condition,

cos (x) = 0;

π/2

π
,
2

where

n∈Z

3π
5π
2, ± 2, . . . etc. In other words, the cosine function is zero for
. It means that secant function is not dened for odd multiples of  π/2 . These

The function cos(x) is zero for
all odd multiples of 

x = (2n + 1)

π
±
x = ± 2,

values of x, for which cosine is zero, need to be excluded from real number set R.
The values of secant function are bounded by certain intervals.

We have seen that values of cosine

function is between -1 and 1, including end points. Just like the case of cosecant function, the range of
secant function is :

|secx| ≥ 1
or

(−∞, −1] ∪ (1, ∞]
Hence, domain and range of secant function are :
Domain

= R − {x : x = (2n + 1) π/2,
Range

The plot of secant(x) .vs. x is shown here.
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Secant function

Figure 10:

Graph of secant function

The period of secx is 2π . Important to note here is that function is not dened even within a periodic
segment. Since sec(-x) = secx, we conclude that secant function is even function in each of periodic segment.
Multiplication of secant function by a constant A changes the range plot lies on or beyond -A or A. The
range is modied as :
Range

= (−∞, −A] ∪ (A, ∞]

Multiplying argument x like sec(kx), however, changes the points where function is not dened. It is now
given by :

x = (2n + 1) π/2k,

n∈Z

Therefore, domain is now modied as :
Domain

= R − {x : x = (2n + 1) π/2k,

n ∈ Z}

3.6 Cotangent function
For a real number x, there is a cotangent function dened as :

f (x) = cot (x)
The function is not dened for all real number x. Let us recall that :
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Connexions module: m15277

16

⇒ cotx =

cos (x)
sin (x)

This is a rational polynomial form, which is dened for

sin (x) 6= 0

. Now, sin(x) evaluates to values of

x, which appears at a certain interval given by the condition,

sin (x) = 0;
This means that sin(x) is zero for
for all integral multiples of 

π

π

x = nπ,

where

x = 0, ±π, ±2π, ±3π, . . .

n∈Z

etc. In other words, the sine function is zero

. It means that cotangent function is not dened for integral multiples of 

. Values of x, for which sine is zero, need to be excluded from real number set R. On the other hand,

the values of cotangent function are extended along the real number line on either side of zero. The range
of the function, therefore, is R. Hence, domain and range of cotangent function are :
Domain

= R − {x : x = nπ,
Range

n ∈ Z}

=R

The plot of cot(x) .vs. x is shown here.

Cotangent function

Figure 11:

Graph of cotangent function

The period of cotx is

π.

Since cot(-x) = -cotx, we conclude that cotangennt function is odd function in

each of periodic segment. Multiplication of cotangennt function by a constant A does not change the range
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plot extends either side of x-axis. Multiplying argument x like cot(kx), however, changes the points where
function is not dened. It is now given by :

x=

nπ
,
k

n∈Z

Therefore, domain is now modied as :
Domain

= R − {x : x =

nπ
,
k

n ∈ Z}

4 Examples
Example 3
Problem :

Find range of the function :

f (x) =
Solution :

1
2 − sin2x

The denominator of given function is non-negative as value of sin2x can not exceed

1. We know range of sin2x. We shall build up expression from this basic trigonometric function to
determine range of the given function. Here,

−1 ≤ sin2x ≤ 1
Multiplying with -1 to change sign of sine function, we have (note the change in inequality sign)
:

1 ≥ −sin2x ≥ −1
2 + 1 ≥ 2 − sin2x ≥ 2 − 1
3 ≥ 2 − sin2x ≥ 1
We need to take reciprocal of each term in the equality to obtain required function form (note
the change in inequality sign),

1
1
≤
≤1
3
2 − sin2x
1
≤ f (x) ≤ 1
3


1
Range =
1
3,
This is a unique method to determine range by building up a function from a basic function
along with change in the interval of values. We need to be careful that such building up of function
does not introduce condition in which function becomes indeterminate. Further, we can nd range
conventionally by solving function for x in terms of y. We have not considered this method here
as solution for x involves inverse trigonometric function. We shall, however, revisit this problem
subsequent to the study of inverse trigonometric function.

Example 4
Problem :

Find range of function :
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s

π2
− x2
f (x) = 2sin
4
Solution :

Before we attempt to nd range, we need to nd domain of the function so that

we can determine interval of function values. We know that expression within square root is nonnegative. Also, expression is a quadratic function. Analyzing this quadratic function, domain of
quadratic function is found as [-π /2,

π /2].

Coecient of squared term is negative. Hence, its graph

opens down and maximum value of quadratic function is :

ymax

0 − 4X − 1X π2
D
=−
=−
4a
4X − 1


=

π
2

Since expression is non-negative within square root, minimum value of function is 0 (see gure).

π /2] as
π /2] i.e.

Now, sine function is an increasing function in [0,
function assumes values in the interval [sin0, sin

is evident from its graph.
[0,1].

Thus sine

Sine function, however, has a

coecient of 2 . As such, range of given function is [0,2].

5 Exercise
Exercise 1
Problem :

(Solution on p. 19.)
Find the domain of the function given by :

f (x) =
Exercise 2
Problem :

p

cos (sinx)
(Solution on p. 19.)

Find the domain of the function given by :

f (x) = cos

2π
[x − 1]

Exercise 3

(Solution on p. 20.)

Check the validity of the composition and nd domain of the function given by :

#
p
(9 − x2 )
f (x) = sin loge{
}
1−x
"

Exercise 4

(Solution on p. 21.)

Find range of function :

s
x2

f (x) = cos

π2
−
9



Exercise 5

(Solution on p. 21.)

Find range of function :

s
f (x) = tan

http://cnx.org/content/m15277/1.10/
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Solutions to Exercises in this Module
Solution to Exercise (p. 18)
Solution : The argument (input)

to cosine function is sine function. The expression within square root

is non-negative. It means that :

⇒ cos (sinx) ≥ 0
We know that cosine function is positive in rst and fourth quadrants. It means that the argument of the
cosine function should be between -π /2 and

π /2.

Therefore, we need to see whether the value of sinx falls

within this interval or not? The value of sine function, on the other hand, lies in the interval [-1,1]. This is
indeed (as shown in the gure below) within the required interval for cosine function to be non-negative as
1

< π /2

and -1

> -π /2.
Domain of cosine function

Figure 12:

The range of sine function falls within domain of cosine function

Now, we know that sine function is real for all real values of x. Hence, domain of the given function is :
Domain

Solution to Exercise (p. 18)
Solution : The cosine function

= (−∞, ∞)

is valid for all real values of its argument. The argument, however, is in

rational form, requiring that denominator is not zero. Hence,

[x − 1] 6= 0

http://cnx.org/content/m15277/1.10/
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We can easily evaluate this inequality knowing the fact that greatest integer function is zero in the interval
0≤x<1. This is also substantiated by the graph of greatest integer function as shown here. Now, applying
to the greatest integer function of the denominator, the interval in which greatest integer function is equal
to zero is :

Greatest integer function

Figure 13:

≤x<1.

The greatest integer function [x] returns zero in the interval 0

0≤x−1<1

⇒1≤x<2

Hence, domain of the given function is :
Domain

= R − [1, 2)

Solution to Exercise (p. 18)
We know that range of logarithmic function is R. Here, logarithmic function itself is the argument of sine
function. This means that argument of sine function is "R". This meets the requirement of a sine function,
whose domain is "R". Hence, composition of function as given in the question is a valid composition.
In order to nd, domain of the function, we need to nd values of x for which argument of logarithmic
function is a positive real number. In the nutshell, we need to evaluate following inequality :

p
⇒

(9 − x2 )
>0
1−x

Here, we see that numerator is a square root of a polynomial and is, therefore, positive. Now, evaluating
of the polynomial in the numerator for positive real number, we have :

http://cnx.org/content/m15277/1.10/
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⇒ 9 − x2 > 0
⇒ x2 − 9 < 0
⇒ (x + 3) (x − 3) < 0
⇒ −3 < x < 3
Since numerator is positive, the denominator needs to be positive so that total rational polynomial is
positive. Evaluating inequality relation for the polynomial in the denominator for positive real number :

⇒1−x>0
⇒x<1
Now, we know that the domain of the quotient is
Domain

Range is [-1,1]

Solution to Exercise (p. 18)
Range is [0,

√

3]

http://cnx.org/content/m15277/1.10/

. Hence,

= (−3 < x < 3) ∩ (x < 1)

⇒ Domain
Solution to Exercise (p. 18)

D1 ∩ D2

of "f"

= −3 < x < 1

