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Rational inequality is an inequality involving rational expression.

†

There are four forms of inequality.

Corresponding to each of these forms, there are four rational inequality forms.

These inequality forms

essentially compare a rational expression, f(x), with zero. The four inequalities are :

f (x) < 0
f (x) ≤ 0
f (x) > 0
f (x) ≥ 0
We need to note two important aspects of these inequalities. Solution of inequalities, in general, are not
discrete values but set of x values in the form of interval or union of intervals. Generally, the inequality
holds for a continuum of values. Second aspect is about the basic nature of inequality. We know that zero has
special signicance in real number system. It divides real number system in positive and negative segments.
Therefore, solution of these inequalities is about knowing the sign of function values for dierent intervals in
the domain of the function. Corresponding to four inequalities, we need to know intervals in which rational
function is (i) negative (ii) non-positive (iii) positive and (iv) non-negative. In the following section, we shall
devise a technique to determine sign of rational expression in dierent internals.

1 Sign scheme or diagram for rational function
Sign scheme or diagram is representation of sign in dierent intervals along real number line.

This gives

a visual idea about the sign of function. Graphically, sign of function changes when graph crosses x-axis.
This means that sign of function changes about the zeroes of function i.e. about real roots of a function.
However, rational function is ratio of two functions. A change of sign of either numerator or denominator
aects sign of rational function.
We consider here only integral rational functions such that expressions in numerator and denominator
can be decomposed into linear factors. Equating each of the linear factors, we determine points about which
either or both of numerator and denominator functions change sign. We should understand that each of the
linear factors is a potential source of sign change as the value of x changes in the domain. This means that
each of the points so determined plays a critical role in deciding the sign of function. For this reason, we
call these points as critical points.
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Let us consider an example here :

f (x) =
Critical points are -1, 2, -1 and 4.

x2 − x − 2
(x + 1) (x − 2)
=
2
x − 3x − 8
(x + 1) (x − 4)

There are two important things to realize here.

First, we can not

cancel common linear factors as this will result in loosing undened points and will loose information on sign
change. The marking on real number line is as shown here :

Sign scheme/ diagram

Figure 1:

Sign scheme/ diagram

Second, the fact that function may change its sign in the domain has an interesting consequence. It can
be better understood in terms of function graph, which is essentially a curve. The event of crossing of x-axis
by the graph records the event of change of sign. Another change in the sign of graph warrants that curve
should cross x-axis again. This corresponds to reversal of sign. It is not possible to change sign of function
without crossing x-axis. This means that function will change sign at critical points. Equivalently, we say
that sign of function alternates in consecutive sub-intervals. Now, these considerations set up the rst two
steps of sign diagram :

1:

Decompose both numerator and denominator into linear factors. Find critical points by equating

linear factors individually to zero.

2:

Mark critical points on a real number line. If n be the numbers of critical points, then real number

line is divided into (n+1) sub-intervals.
The question however remains that we should know sign of function in at least one interval. We determine
the same by testing function value for an intermediate x-value in any of the sub-intervals. Though it is not
a rule, we consider a test point in the right most interval, which extends to positive innity.

This helps

us to assign signs in the intervals left to it by alternating signs. Sometimes, it may, however, be easier to
evaluate function value at x= 0, 1 or -1, provided they are not the critical points. This has the advantage
that calculation of function value is easier. Now, these consideration set up the next step of sign diagram :

3:

Test sign of function in a particular interval. Assign alternate signs in adjacent sub-intervals.

For the example case, let us put x=0,

⇒ f (0) =

0−0−2
1
= >0
0−0−8
4

Thus, sign of function in the interval between -1 and 2 is positive.
adjacent sub-intervals.
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Sign scheme/ diagram

Figure 2:

Sign scheme/ diagram

We have noted that sign of each linear factor combines to determine the sign of rational function. This
fact is reected as sign alternates in adjacent sub-intervals. However, we need to consider the eect of case
in which a linear factor is repeated. If a linear factor evaluates to a positive number in an interval and is
repeated, then there is no eect on the sign of function. If a linear factor evaluates to a negative number in
an interval and is repeated even times, then there is no eect on the sign of function. The product of negative
sign repeated even times yield a positive sign and as such does not aect the sign of function. However, if a
linear factor evaluates to a negative number in an interval and is repeated odd times, then sign of function
changes.

Product of negative sign repeated odd times yield a negative sign and as such sign of function

changes.
We conclude that if a linear factor is repeated even times, then sign of function will not alternate about
the critical point corresponding to linear factor in question. On the other hand, if a linear factor is repeated
odd times, then sign of function will alternate as before. Now, these consideration set up the next step of
sign diagram :

4:

If a linear factor is repeated even times, then sign of function will not alternate about the critical

point corresponding to linear factor in question.
In the example case, the linear factor (x+1) is repeated even times (count both in numerator and denominator). As such, sign of function will not change about critical point -1. Thus, sign diagram drawn
as above need to be modied as :

Sign scheme/ diagram

Figure 3:

Sign scheme/ diagram

We can verify modication due to repeated linear factors by putting x = -2 in the function :

2

⇒ f (−2) =

(−2) − (−2) − 2
2

(−2) − 3 (−2) − 8

=

4+2−1
5
= >0
4+6−8
2

We summarize steps for drawing sign scheme/ diagram as :
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Decompose both numerator and denominator into linear factors.

Do not cancel common linear

factors. Find critical points by equating linear factors individually to zero.

2:

Mark distinct critical points on a real number line. If n be the numbers of distinct critical points,

then real number line is divided into (n+1) sub-intervals.

3:
4:

Test sign of function in a particular interval. Assign alternate signs in adjacent sub-intervals.
If a linear factor is repeated even times, then sign of function will not alternate about the critical

point corresponding to linear factor in question.

2 Solution of rational inequalities using sign scheme or diagram
An important point about interpreting sign diagram is that sign of function relates to non-zero values of
function. Note that zero does not have sign. The critical points corresponding to numerator function are
zeroes of rational function. As such, the graph of function is continuous at these critical points and these
critical points can be included in the sub-interval. On the other hand, the rational function is not dened for
critical points corresponding to denominator function (as denominator turns zero). We, therefore, conclude
that an interval can include critical points corresponding to numerator function, but not the critical points
corresponding to denominator function. In case, there are common critical points between numerator and
denominator, then those critical points can not be included in the sub-interval.
We can interpret sign diagram in two ways.

Either we determine the solution of a given quadratic

inequality or we determine intervals of all four types of inequalities for a given quadratic expression. We
shall illustrate these two approaches by working with the example case.

2.1 Determining solution of a given quadratic inequality
Let us consider that we are required to solve rational inequality

f (x) =

x2 − x − 2
≥0
x2 − 3x − 8

The sign diagram as drawn earlier for the given rational function is shown here :

Sign scheme/ diagram

Figure 4:

Sign scheme/ diagram

We need to interpret signs of dierent intervals to nd the solution of a given rational inequality.
Clearly, solution of given inequality is :

x ∈ (−∞, 2] U (4, ∞) − {−1, 4}
Note that we need to remove -1 and 4 from the solution set as function is not dened for this x  value.
However, inequality involved greater than or equal to is not strict inequality. It allows equality to zero. As
such, we include critical point 2 belonging to numerator function. Further, we can also write the solution
set in alternate form as :
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x ∈ (−∞, −1) U (−1, 2] U (4, ∞)
2.2 Determining interval of four quadratic inequalities
Let us take the rational expression of example case and determine intervals of each of four inequalities. The
sign diagram as drawn earlier is shown here :

Sign scheme/ diagram

Figure 5:

Sign scheme/ diagram

f (x) < 0;

x ∈ (2, 4)

f (x) ≤ 0;

x ∈ [2, 4)

f (x) > 0;

x ∈ (−∞, −1) U (−1, 2) U (4, ∞)

f (x) ≥ 0;

x ∈ (−∞, −1) U (−1, 2] U (4, ∞)

Note that critical point 2 belonging to numerator is included for inequalities which allows equality.

Inclusion and exclusion of critical points
Based on the discussion above, we summarize inclusion or exclusion of critical points here :

1:
2:
3:
3:

Question of inclusion of critical points arises when inequality involved is not strict.
Critical points belonging to numerator are included in solution set.
Critical points belonging to denominator are excluded from solution set.
Critical points belonging to both numerator and denominator are excluded from solution set.

3 Solution of rational inequalities using wavy curve method
Wavy curve method is a modied sign diagram method. This method has the advantage that we do not
need to test sign of interval as required in earlier case. The steps involved are :

1:
2:

Factorize numerator and denominator into linear factors.
Make coecients of x positive in all linear factors. This step may require to change sign of x in the

linear factor by multiplying inequality with -1. Note that this multiplication will change the inequality sign
as well. For example, less than will become greater than etc.

3:

Equate each linear factor to zero and nd values of x in each case.

The values are called critical

points.

4:

Identify distinct critical points on real number line. The n numbers of distinct critical points divide

real number lines in (n+1) sub-intervals.

http://cnx.org/content/m15464/1.7/

Connexions module: m15464

5:

6

The sign of rational function in the right most interval is positive. Alternate sign in adjoining intervals

on the left.

5:

If a linear factor is repeated even times, then sign of function will not alternate about the critical

point corresponding to linear factor in question.
We need to exclude exception points i.e. critical points of denominator from solution set. Further, it is
important to understand that signs of intervals as determined using this method are not the signs of function
 rather signs of modied function in which sign of x has changed.

However, if we are not required to

change the sign of x i.e. to modify the function, then signs of intervals are also signs of function. We shall
though keep this dierence in mind, but we shall refer signs of intervals as sign scheme or diagram in this
case also.

Example 1
Problem :

Apply wavy curve method to nd the interval of x for the inequality given :

x
≥0
1−x
Solution :

We change the sign of "x" in the denominator to positive by multiplying both

sides of inequality with -1. Note that this changes the inequality sign as well.

x
≤0
x−1
Here, critical points are :

x = 0, 1
The critical points are marked on the real number line. Starting with positive sign in the right
most interval, we denote signs of adjacent intervals by alternating sign.

Sign diagram

Figure 6:

Sign of function alternates.

Thus, interval of x as solution of inequality is :

⇒0≤x<1
We do not include "1" as it reduces denominator to zero.

Example 2
Problem :

Find solution of the rational inequality given by :

3x2 + 6x − 15
≥1
(2x − 1) (x + 3)
Solution :

We rst convert the given inequality to standard form f(x)
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3x2 + 6x − 15
−1≥0
(2x − 1) (x + 3)

⇒

3x2 + 6x − 15 − (2x − 1) (x + 3)
≥0
(2x − 1) (x + 3)

3x2 + 6x − 15 − 2x2 + 5x − 3
⇒
≥0
(2x − 1) (x + 3)

⇒

x2 + x − 12
≥0
(2x − 1) (x + 3)

⇒
⇒

x2 + 4x − 3x − 12
≥0
(2x − 1) (x + 3)
(x − 3) (x + 4)
≥0
(2x − 1) (x + 3)

⇒

Critical points are -4, -3, 1/2, 3. Corresponding sign diagram is :

Sign diagram

Figure 7:

Sign of function alternates.

The solution of inequality is :

⇒ x ∈ (−∞, −4] ∪ (−3, 1/2) ∪ [3, ∞)
We do not include "-3" and "1" as they reduce denominator to zero.

Example 3
Problem :

Find solution of :

2
3
+
<1
1+x 1−x
Solution :

Rearranging, we have :

2 − 2x + 3 + 3x
−1<0
(1 + x) (1 − x)

5 + x − 1 − x2
⇒
<0
(1 + x) (1 − x)

⇒

⇒
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Now, polynomial in the numerator i.e.

x2 + x + 4

is positive for all real x as D<0 and a>0.

Thus, dividing either side of the inequality by this polynomial does not change inequality. Now, we
need to change the sign of x in one of the linear factors of the denominator positive in accordance
with sign rule. This is required to be done in the factor (1-x). For this, we multiply each side of
inequality by -1. This change in sign accompanies change in inequality as well :

⇒

1
>0
(1 + x) (1 − x)

Critical points are -1 and 1. Hence, solution of the inequality in x is :

Sign diagram

Figure 8:

Sign of function alternates.

x ∈ (−∞, −1) ∪ (1, ∞)

3.1 Rational inequality with repeated linear factors
We have already discussed rational polynomial with repeated factors. We need to count repeated factors
which appear in both numerator and denominator. If the linear factors are repeated even times, then we do
not need to change sign about critical point corresponding to repeated linear factor.

Note :

While working with rational function having repeated factors, we need to factorize higher order

polynomial like cubic polynomial. In such situation, we can employ a short cut. We guess one real root of the
cubic polynomial. We may check corresponding equation with values such as 1,2, -1 or -2 etc and see whether
cubic expression becomes zero or not for that value. If one of the roots is known, then cubic expression is
f(x) = (x-a) g(x), where "a" is the guessed root and g(x) is a quadratic expression.
other two roots anlayzing quadratic expression. For example,

We can then nd

x3 − 6x2 + 11x − 6 = (x − 1) x2 − 5x + 6 =

(x − 1) (x − 2) (x − 3)
Example 4
Problem :

Find interval of x satisfying the inequality given by :

(2x + 1) (x − 1)
≥0
(x3 − 3x2 + 2x)
Solution :

We factorize each of the polynomials in numerator and denominator :

⇒
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(2x + 1) (x − 1)
(2x + 1) (x − 1)
=
3
2
(x − 3x + 2x)
x (x − 1) (x − 2)

Connexions module: m15464

9

It is important that we do not cancel common factors or terms.

Here, critical points are -

1/2,1,0,1 and 2. The critical point "1" is repeated even times. Hence, we do not change sign about
"1" while drawing sign scheme.

Sign diagram

Figure 9:

Sign of function alternates.

While writing interval, we drop equality sign for critical points, which corresponds to denominator.

−1/2 ≤ x < 0

∪

2<x<∞

[−1/2, 0)

∪

(2, ∞)

We do not include "-1" and "1" as they reduce denominator to zero.

4 Polynomial inequality
We can treat polynomial inequality as rational inequality, because a polynomial function is a rational function
with denominator as 1. Logically, sign method used for rational function should also hold for polynomial
function. Let us consider a simple polynomial inequality,

f (x) = 2x2 + x − 1 < 0.

Here, function is product

of two linear factors (2x-3)(x+2). Clearly, x=3/2 and x=-2 are the critical points. The sign scheme of the
function is shown in the gure :

Sign diagram

Figure 10:

Sign of function alternates.

Solution of x satisfying inequality is :


x∈

−2,

3
2



It is evident that this method is easier and mechanical in approach.
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5 Radical function
The term radical is name given to square root sign (
is

th

n

√

). A radical number is

nth

root of a real number. If y

root of x, then :

x = yn
Interchangeably, we write :
1

y = x n =n√ (x)
If n is even integer, then x can not be negative. For n=2, we drop n from the notation and we write,

y=

√

x

We extend this concept to function in which number x is substituted by any valid expression (algebraic,
trigonometric, logaritmic etc). Some examples are :

p

y=
y=

p

x2 + 3x − 5

loge (x2 + 3x − 5)

We shall also include study of radical function which is part of rational form like :

s
y=
s
y=

{

1
x2 + 3x − 5



(x − 1) (x + 3)
}
x2 + 3x − 5

5.1 Analysis of radical function
Analysis of root function is same as analysis of inequality of function. Because, radical function ultimately
results in inequality. We make use of the fact that expression within the radical sign is non-negative. Here,
we denote a radical function as :

f (x) =

p
g (x)

As the expression under is non-negative,

⇒ g (x) ≥ 0
When radical function is part of a function dened in rational form, the radical function should not be
zero. Let us consider a function as :

1
f (x) = p
g (x)
As the radical is denominator of the rational expression, expression under radical sign is positive,

g (x) > 0
We have already worked with inequalities involving polynomial and rational functions. We shall restrict
ourselves to few illustrations here.
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Problem :

11

Find domain of the function :

q
f (x) =
Solution :

{1 −

p

(1 − x2 )}

One radical (inner) is contained with another radical (outer). For the outer radical,

⇒1−
⇒

p
1 − x2 ≥ 0

p
1 − x2 ≤ 1

The term on each side of inequality is a positive quantity. Squaring each side does not change
inequality,

⇒ 1 − x2 ≤ 1
⇒ x2 ≥ 0
This quadratic inequality is true for all real x. Now, for inner radical

⇒ 1 − x2 ≥ 0
⇒ (1 + x) (1 − x) ≥ 0
We multiply by -1 to change the sign of x in 1-x,

⇒ (x + 1) (x − 1) ≤ 0
Using sign rule :

⇒ x ∈ [−1, 1]
Since, conditions corresponding to two radicals need to be fullled simultaneously, the domain
of the given function is intersection of outer and inner radicals.
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Domain of the function

Figure 11:

Intersection of two domains.

Domain

Example 6
Problem :

= [−1, 1]

Find the domain of the function given by :

f (x) =
Solution :

p

(x14 − x11 + x6 − x3 + x2 + 1)

Clearly, function is real for values of x for which expression within square root

is a non negative number. We note that independent variable is raised to positive integers. The
nature of each monomial depends on the value of x and nature of power. If x≥1, then monomial
evaluates to higher value for higher power.
to lower value for higher power.

If x lies between 0 and 1, then monomial evaluates

Further, a negative x yields negative value when raised to odd

power and positive value when raised to even power. We shall use these properties to evaluate the
expression for three dierent intervals of x.

⇒ x14 − x11 + x6 − x3 + x2 + 1 ≥ 0
We consider dierent intervals of values of expression for dierent values of x, which cover the
complete interval of real numbers.

1:

x≥1

In this case,

xa > xb ,

if

a>b

. Evaluating in groups,




x14 − x11 + x6 − x3 + x2 + 1 > 0
2:

0≤x<1
xa < xb ,

In this case,

Here,

if

a > b.

Rearranging in groups,



x14 − { x11 − x6 + x3 − x2 } + 1


{ x11 − x6 + x3 − x2 } is negative. Hence total expression

http://cnx.org/content/m15464/1.7/

is positive,

Connexions module: m15464

13



⇒ x14 − { x11 − x6 + x3 − x2 } + 1 > 0
3:

x<0

Rearranging in groups,




x14 − x11 + x6 − x3 + x2 + 1
Here,

x14, x6

and

x2

are positive and

x11

x3

and

is negative.

Hence, total expression is

positive,




⇒ x14 − x11 + x6 − x3 + x2 + 1 > 0
We see that expression is positive for all values of x. Hence, domain of the function is :
Domain

= R = (−∞, ∞)

6 Exercise
Exercise 1

(Solution on p. 14.)

Find solution of the rational inequality given by :

(x + 1) (x + 5)
≥0
(x − 3)
Exercise 2

(Solution on p. 14.)

Find solution of the rational inequality given by :

8x2 + 16x − 51
>0
(2x − 3) (x + 4)
Exercise 3

(Solution on p. 14.)

Find solution of the rational inequality given by :

x3

x2 + 4x + 3
>0
− 6x2 + 11x − 6

Exercise 4

(Solution on p. 14.)

Find solution of the rational inequality given by :

2

(2x + 1) (x − 1)
≥0
(x3 − 3x2 + 2x)
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Solutions to Exercises in this Module
Solution to Exercise (p. 13)
Hint : Critical points are -5,-1

and 3. We need to exclude end corresponding to x=3 as denominator turns

zero for this value.

[−5, −1]

∪

(3, ∞)

Solution to Exercise (p. 13)
Hint : Critical points are -4,-3,3/2,5/2.

⇒ x ∈ (−∞, −4) ∪ (−3, 3/2) ∪ (5/2, ∞)
Solution to Exercise (p. 13)
Hint : Factorize denominator as x3 −6x2 +11x−6 = (x − 1) (x − 2) (x − 3).

Critical points are -3,-1,1,2,3.

⇒ x ∈ (−3, −1) ∪ (1, 2) ∪ (3, ∞)
Solution to Exercise (p. 13)
Hint : Factorize denominator

as

2

2

⇒

(2x + 1) (x − 1)
(2x + 1) (x − 1)
=
(x3 − 3x2 + 2x)
x (x − 1) (x − 2)

Critical points are -1/2,1,1,0,1 and 2.

We see that "1" is repeated odd times.

Hence, we continue to

assign alternating signs in accordance with wavy curve method. The solution of x for the inequality is :

−∞ < x ≤ −1/2
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0<x<1

∪

2<x<∞

