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∗
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In this module, we shall consider wave motion resulting from harmonic vibrations.
harmonic transverse wave in the context of a string.

We shall discuss

We assume that there is no loss of energy during

transmission of wave along the string. This can be approximated when the string is light and taught. In
such condition if we oscillate the free end in harmonic manner, then the vibrations in the string are simple
harmonic motion perpendicular to the direction of wave motion. The amplitude of wave form remains intact
through its passage along the string

1 Harmonic wave function
We know that a wave function representing motion in x-direction has the form :

y (x, t) = Af (ax − bt)
For the case of harmonic vibration, we represent harmonic wave motion in terms of either harmonic sine
or cosine function :

y (x, t) = Asin (kx − ωt)
The argument of trigonometric function kx-ω t denotes the phase of the wave function.
identies displacement (disturbance) at a particular position and time.

The phase

For a particular displacement in

y-direction, this quantity is a constant :

kx − ωt = constant
where k is known as wave number. Its unit is radian/ meter so that the terms in the expression are
consistent. Importantly, k here is not spring constant as used in the description of SHM.

1.1 Amplitude
The amplitude is the maximum displacement on either side of mean position and is a positive quantity.
Since sine or cosine trigonometric functions are bounded between -1 and 1, the y-displacement is bounded
between -A and A.
∗ Version

1.3: Apr 13, 2008 3:32 am -0500

† http://creativecommons.org/licenses/by/2.0/

http://cnx.org/content/m15992/1.3/

Connexions module: m15992

2

1.2 Harmonic oscillatory properties
Each particle (or a small segment of string) vibrates in simple harmonic motion. The particle attains the
greatest speed at the mean position and reduces to zero at extreme positions. On the other hand, acceleration
of the particle is greatest at extreme positions and zero at the mean position. The vibration of particle is
represented by a harmonic sine or cosine function. For x=0 :

y (x = 0, t = t) = Asin (−ωt) = −Asinωt
Clearly, the displacement in y-direction is described by the bounded sine or cosine function. The important point here is to realize that oscillatory attributes (like time period, angular and linear frequency) of
wave motion is same as that of vibration of a particle in transverse direction. We know that time period in
SHM is equal to time taken by the particle to complete one oscillation. It means that displacement of the
particle from the mean position at a given position such as x=0 has same value after time period T :

y (x = 0, t = t) = y (x = 0, t = t + T )
⇒ −Asinωt = −Asinω (t + T ) = −Asin (ωt + ωT )
We know that sine of an angle repeats after every 2π  angle. Therefore, the equality given above is valid
when :

⇒ ωT = 2π
⇒ω=

2π
T

The linear frequency is given by :

⇒ν=

1
ω
=
T
2π

1.3 Wavelength and wave number
Wavelength is unique to the study of wave unlike frequency and time period, which is common to oscillatory
motion of a particle of the string.
The wavelength is equal to linear distance between repetitions of transverse disturbance or phase.

In

terms of the speed of the wave, the wavelength of a wave is dened as the linear distance traveled by the
wave in a period during which one cycle of transverse vibration is completed. We need to emphasize here
that we can determine this wave length by choosing any point on the wave form. Particularly, it need not
be a crest or trough which is otherwise a convenient reference point for measuring wavelength. For example,
we can consider points A, B and C as shown in the gure. After a time period, T, points marked A', B' and
C' are at a linear distance of a wavelength, denoted by  λ. Clearly, either of linear distances AA' or BB' or
CC' represents the wavelength.
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Wavelength

Figure 1: The wavelength is equal to linear distance between repetitions of transverse disturbance or
phase.

It should be clearly understood that repetition of phase (displacement) is not identied by the magnitude
of displacement alone. In the gure shown below, the points A, B and C have same y-displacements.
However, the phase of the waveform at B is not same as that at A. Note that sense of vibration at A
and B are dierent (As a matter of fact, the particle at "A" is moving down whereas particle at "B" is
moving upward. We shall discuss sense of vibrations at these points later in the module). Since phase is
identied by the y-displacement and sense of vibration at a particular position, we need to compare the sense
along with the magnitude of y-displacement as well to nd the wavelength on a waveform. The wavelength,
therefore, is equal to linear distance between positions of points A and C.
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Wavelength

Figure 2: The wavelength is equal to linear distance between repetitions of transverse disturbance or
phase.

AC = λ
Mathematically, let us consider y-displacement at a position specied by x=x.

At time t = 0, the

y-displacement is given by :

y (x = x, t = 0) = Asinkx
According to denition of wavelength, the y-displacement is same at a further distance  λ. It means
that :

⇒ y (x = x, t = 0) = y (x = x + λ, t = 0)
⇒ Asinkx = Asink (x + λ) = Asin (kx + kλ)
The equality given above is valid when :

⇒ kλ = 2π
⇒k=

2π
λ

1.4 Speed of transverse harmonic wave
We can determine speed of the wave by noting that wave travels a linear distance  λ in one period (T).
Thus, speed of wave is given by :

v=

http://cnx.org/content/m15992/1.3/
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2π
k
2π
ω

=

ω
k
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It is intuitive to use the nature of phase to determine wave speed. We know that phase corresponding to
a particular disturbance is a constant :

kx − ωt = constant
Speed of wave is equal to time rate at which disturbance move. Hence, dierentiating with respect to
time,

⇒k

dx
−ω =0
dt

Rearranging, we have :

⇒v=

dx
ω
=
dt
k

Here,  ω  is a SHM attribute and k is a wave attribute. Clearly, wave speed is determined by combination of SHM and wave attributes.

Example 1
Problem :

The equation of harmonic wave is given as :

y (x, t) = 0.02sin{

π
(8x − 24t)}
6

All units are SI units. Determine amplitude, frequency, wavelength and wave speed

Solution :

Simplifying given equation :

y (x, t) = 0.02sin{

π
(12x − 24t)} = 0.02sin{(4πx − 8πt)}
3

Comparing given equation with standard equation :

y (x, t) = Asin (kx − ωt)
Clearly, we have :

⇒ A = 0.02 m
⇒ ω = 2πν = 8π
⇒ ν = 4 Hz
Also,

⇒k=

2π
= 4π
λ

⇒ λ = 0.5 m
Wave speed is given as :

⇒v=

http://cnx.org/content/m15992/1.3/
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1.5 Initial phase
At x=0 and t =0, the sine function evaluates to zero and as such y-displacement is zero.

However, a

waveform can be such that y-displacement is not zero at x=0 and t=0. In such case, we need to account for
the displacement by introducing an angle like :

y (x, t) = Asin (kx − ωt + φ)
where  φ is initial phase. At x=0 and t=0,

y (0, 0) = Asin (φ)
The measurement of angle determines following two aspects of wave form at x=0, t=0 : (i) whether the
displacement is positive or negative and (ii) whether wave form has positive or negative slope.
For a harmonic wave represented by sine function, there are two values of initial phase angle for which
displacement at reference origin (x=0,t=0) is positive and has equal magnitude.

We know that the sine

values of angles in rst and second quadrants are positive. A pair of initial phase angles, say

φ

=

π /3

and

2π /3, correspond to equal positive sine values as :

sinθ = sin (π − θ)

π
π
= sin
sin = sin π −
3
3



2π
3


=

1
2

We can determine the slope of the waveform by partially dierentiating y-function with respect to "x"
(considering "t" constant) :

⇒

∂y
∂
= Asin (kx − ωt + φ) = kAcos (kx − wt + φ)
∂t
∂t
At

x = 0, t = 0, φ = π/3

√
π
3
⇒ Slope = kAcosφ = kAcos = kAX
=a
3
2
At

positive number

x = 0, t = 0, φ = 2π/3

√
2π
3
⇒ Slope = kAcosφ = kAcos
= −kAX
= a negative number
3
2
The smaller of the two (π /3) in rst quadrant indicates that wave form has positive slope and is increasing
as we move along x-axis. The greater of the two (2π /3) similarly indicates that wave form has negative slope
and is decreasing as we move along x-axis. The two initial wave forms corresponding to two initial phase
angles in rst and second quadrants are shown in the gure below.
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Initial phase

Figure 3: Initial phase angles in rst and second quadrant.

We can interpret initial phase angle in the third and fourth quadrants in the same fashion.

The sine

values of angles in third and fourth quadrants are negative. There is a pair of two angles for which sine has
equal negative values. The angle in third quarter like 4π /3 indicates that wave form has negative slope and
is further decreasing (more negative) as we move along x-axis. On the other hand, corresponding angle in
fourth quadrant for which magnitude is same is 5π /3.

sin

5π
1
4π
= sin
=−
3
3
2

For initial phase angle of 5π /3 in fourth quadrant, the wave form has positive slope and is increasing
(less negative) as we move along x-axis. The two initial wave forms corresponding to two initial phase angles
in third and fourth quadrants are shown in the gure below.
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Initial phase

Figure 4: Initial phase angles in third and fourth quadrant.

We can also denote initial phase angles in third and fourth quadrants (angles greater than  π ) as negative
angles, measured clockwise from the reference direction. The equivalent negative angles for the example here
are :



2π
4π
4π
− 2π = −
− 2π −
=
3
3
3
and



5π
− 2π −
3


=

π
5π
− 2π = −
3
3

2 Particle velocity and acceleration
Particle velocity at a given position x=x is obtained by dierentiating wave function with respect to time
t. We need to dierentiate equation by treating x as constant. The partial dierentiation yields particle
velocity as :

vp =

∂
∂
y (x, t) = Asin (kx − ωt) = −ωAcos (kx − ωt)
∂t
∂t

We can use the property of cosine function to nd the maximum velocity. We obtain maximum speed
when cosine function evaluates to -1 :

⇒ vpmax = ωA
The acceleration of the particle is obtained by dierentiating expression of velocity partially with respect
to time :

http://cnx.org/content/m15992/1.3/
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∂
∂
vp = {−ωAcos (kx − ωt)} = −ω 2 Asin (kx − ωt) = −ω 2 y
∂t
∂t

Again the maximum value of the acceleration can be obtained using property of sine function :

⇒ apmax = ω 2 A
2.1 Relation between particle velocity and wave (phase) speed
We have seen that particle velocity at position x and time t is obtained by dierentiating wave equation
with respect to t, while keeping time x constant :

vp =

∂
y (x, t) = −ωAcos (kx − ωt)
∂t

On the other hand, dierentiating wave equation with respect to x, while keeping t, we have :

∂
y (x, t) = kAcos (kx − ωt)
∂x
The partial dierentiation gives the slope of wave form. Knowing that speed of the wave is equal to ratio
of angular frequency and wave number, we divide rst equation by second :

⇒

vp
∂y
∂x

=−

ω
= −v
k

⇒ vp = −v

∂y
∂x

At a given position x and time t, the particle velocity is related to wave speed by this equation. Note
that direction of particle velocity is determined by the sign of slope as wave speed is a positive quantity. We
can interpret direction of motion of the particles on the string by observing y-x plot of a wave form. We
know that y-x plot is a description of wave form at a particular time instant. It is important to emphasize
that a wave like representation does not show the motion of wave. An arrow showing the direction of wave
motion gives the sense of motion. The wave form is a snapshot (hence stationary) at a particular instant.
We can, however, assess the direction of particle velocity by just assessing the slope at any position x=x.
See the plot shown in the gure below :
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Particle velocity

Figure 5: Particle velocity and slope of waveform.

The slope at A is positive and hence particle velocity is negative. It means that particle at this position
- at the instant waveform is captured in the gure - is moving towards mean (or equilibrium) position. The
slope at B is negative and hence particle velocity is positive. It means that particle at this position - at
the instant waveform is captured in the gure - is moving towards positive extreme position. The slope at
C is negative and hence particle velocity is positive. It means that particle at this position - at the instant
waveform is captured in the gure - is moving towards mean (or equilibrium) position. The slope at D
is positive and hence particle velocity is negative. It means that particle at this position - at the instant
waveform is captured in the gure - is moving towards negative extreme position.
We can crosscheck or collaborate the deductions drawn as above by drawing wave form at another close
instant t = t+∆t. We can visualize the direction of velocity by assessing the direction in which the particle
at a position has moved in the small time interval considered.
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Particle velocity

Figure 6: Particle velocity and slope of waveform.

3 Dierent forms of wave function
Dierent forms give rise to a bit of confusion about the form of wave function. The forms used for describing
waves are :

y (x, t) = Asin (kx − ωt)
y (x, t) = Asin (ωt − kx)
Which of the two forms is correct? In fact, both are correct so long we are in a position to accurately
interpret the equation. Starting with the rst equation and using trigonometric identity :

sinθ = sin (π − θ)
We have,

⇒ Asin (kx − ωt) = Asin (π − kx + ωt) == Asin (ωt − kx + π)
Thus we see that two forms represent waves moving at the same speed (v

= ω/k ).

They dier, however,

in phase. There is phase dierence of  π . This has implication on the waveform and the manner particle
oscillates at any given time instant and position. Let us consider two waveforms at x=0, t=0. The slopes of
the waveforms are :

∂
y (x, t) = kAcos (kx − ωt) = kA = a
∂x

positive number

and

∂
y (x, t) = −kAcos (ωt − kx) = −kA = a
∂x
http://cnx.org/content/m15992/1.3/
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Forms of wave functions

Figure 7: Exchange of terms in the argument of sine function results in a phase dierence of π .

In the rst case, the slope is positive and hence particle velocity is negative. It means particle is moving
from reference origin or mean position to negative extreme position. In the second case, the slope is negative
and hence particle velocity is positive. It means particle is moving from positive extreme position to reference
origin or mean position. Thus two forms represent waves which dier in direction in which particle is moving
at a given position.
Once we select the appropriate wave form, we can write wave equation in other forms as given here :

Further,


ω
2π
y (x, t) = Asin (kx − ωt) = Asink x −
= Asin
(x − vt)
kt
λ
substituting for k and  ω  in wave equation, we have :




2π
2π
x
t
y (x, t) = Asin
x−
t = Asin2π
−
λ
T
λ T

If we want to represent waveform moving in negative x direction, then we need to replace t by -t.

Example 2
Problem :

A wave of 50 Hz is moving along a taut string is represented by equation:

y (x, t = 0.001) = 0.002cos (25πx)
The quantities are in SI units in the equation.

If the wave is moving in positive x-direction,

then nd the speed of the wave and initial phase.

Solution :

We observe that wave equation contains only x term at t = 0.001s. But time

term with t=0.001 can not be zero unless there is initial phase. It means that we need to compare
the given wave equation with the form containing initial phase :

http://cnx.org/content/m15992/1.3/
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y (x, t) = Asin (kx − ωt + φ)
According to question,

−ωX0.001 + φ = 0
⇒ φ = 0.001ω
Here, we see that amplitude and wave numbers are :

A = 0.002 m

and

k = 25π

rad/m

Clearly, we can nd the speed if we know the angular frequency. Here,

⇒ ω = 2πν = 2πX50 = 100π

rad/s

The speed of the wave is :

⇒ v = ω/k =

100π
= 4 m/s
25π

The initial phase is given as :

⇒ φ = 0.001ω = 0.001X100π = 0.1π

note:

It may be emphasized here that the properties of string has not yet entered into our

consideration.

As such, the description up to this point is general to any transverse harmonic

motion.

4 Speed of wave along a taut string
The wave speed, in general, depends on the medium of propagation and its state.

In the case of string

wave, the wave motion along a stretched string approximates harmonic transverse wave under simplied
assumptions. We consider no loss of energy as the wave moves along the string.
For a simplied consideration, we assume that inertial property (mass per unit length) is small and
uniform.

A light string is important as we consider uniform tension in the string for our derivation.

It

is possible only if the string is light. When the string changes its form, the elastic force tends to restore
deformation without any loss of energy. This means that we are considering a perfectly elastic deformation.
The mechanical transverse wave speed on a taut string is a function of the inertial property (mass per
unit length) and tension in the string. Here, we shall investigate the motion to drive an expression of speed.
For this we consider a single pulse and a small element of length
unit length be

µ,

then the mass of the element is :

http://cnx.org/content/m15992/1.3/
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Wave speed

Figure 8: An element of string and forces on it.

∆m = µ∆l
The small element is subjected to tensions in the string.

The element does not move sideways along

the circular path in the case of transverse wave motion. Rather it is the wave form which approximates to
a curved path. For our mechanical analysis, however, the motion of wave is equivalent to motion of small
string along the curved path having a radius of curvature R moving at a speed equal to the wave speed, v.
Thus, we can analyze wave motion by assuming as if the small element is moving along a circular path for a
brief period. Now, the string wave moves with constant speed and as such there is no tangential acceleration
associated with the analysis. There is only centripetal acceleration in the radial direction.
The centripetal force is equal to the resultant of tensions on either side of the element and is given by :

F = 2T sinθ
For small angle involved, we can approximate as :

sinθ =

∆l
2

R

=

∆l
2R

Combining above two equations, we have :

⇒ F = 2T sinθ =

2T ∆l
T ∆l
=
2R
R

On the other hand, the centripetal force for uniform circular motion is given by :

F = ∆maR =

http://cnx.org/content/m15992/1.3/
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Equating two expressions of centripetal force, we have :

µ∆lv 2
T ∆l
=
R
R
s 
T
⇒v=
µ

⇒

It is evident from the expression that speed on the stretched string depends on inertial factor (µ) and
tension in the string (T)

4.1 Dependencies
We need to create a simple harmonic vibration at the free end of the string to generate a harmonic transverse
wave in the string. The frequency of wave, therefore, is determined by the initial condition that sets up the
vibration. This is a very general deduction applicable to waves of all types. For example, when light wave
(electromagnetic non-mechanical wave) passes through a glass of certain optical property, then speed of the
light changes along with change in wavelength  not change in frequency. The frequency is set up by the
orbiting electrons in the atoms, which radiates light. Thus, we see that frequency and time period (inverse
of frequency) are medium independent attributes.
On the other hand, speed of the wave is dependent on medium or the material along which it travels. In
the case of string wave, it is dependent on mass per unit length (inertial attribute) and tension in the string.
The speed, in turn, determines wavelength in conjunction with time period such that :

⇒ λ = vT
One interesting aspect of the dependencies is that we can change wave speed and hence wavelength by
changing the tension in the string. We should note here that we have considered uniform tension, which may
not be realized in practice as strings have considerable mass. Cleary such situation will lead to change in
speed and wavelength of the wave as it moves along the string. On the other hand, the amplitude of wave
is a complex function of initial condition and the property of wave medium.

Example 3
Problem :

A string wave of 20 Hz has an amplitude of 0.0002 m along a string of diameter 2

mm. The tension in the string is 100 N and mass density of the string is

2X103

kg/m3 .

Write

equation describing wave moving in x-direction.

Solution :

: The equation of a wave in x-direction is given as :

y (x, t) = Asin (kx − ωt)
The amplitude of wave is given. Hence,

⇒ y (x, t) = 0.0002sin (kx − ωt)
Now, we need to know k and  ω  to complete the equation.

The frequency of the wave is

given. The angular frequency, therefore, is :

⇒ ω = 2πν = 2X3.14X20 = 125.6

radian/s

In order to determine wave number k, we need to calculate speed. An inspection of the unit
of mass density reveals that it is volume density of the string  not linear mass density as required.
However, we can convert the same to linear mass density as string is an uniform cylinder.
linear mass density

http://cnx.org/content/m15992/1.3/
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2

⇒ µ = 2X103 X

πd2
3.14X(0.002)
= 2X103 X
4
4

⇒ µ = 6.28X10−3

kg/m

Putting in the expression of speed, we have :

⇒v=

p

s
(T /µ) =

s
=

105
6.28

ω
125.6
=
= 3.22
v
39

rad/m

100
6.28X10−3





The wave number, k, is :

⇒k=
Substituting in the wave equation,

y (x, t) = 0.0002sin (3.22x − 125.6t)

http://cnx.org/content/m15992/1.3/

= 39 m/s

