Connexions module: m16923

1

Constrained Approximation and
Mixed Criteria
∗

C. Sidney Burrus
This work is produced by The Connexions Project and licensed under the
Creative Commons Attribution License

†

1 Trade-o of Error Measures and Design Specications
In many lter design problems, more than one criterion is important. For example, both

L2

and

L∞

may be

of interest in one lter. Often one is posed as a constraint and the other as an optimized variable. Indeed,
because

L2

L2

approximation minimizes the error energy and because Parseval's theorem states that an optimal

frequency domain approximation is also an optimal

minimum

L2

L2

time domain approximation, an

L∞

constrained

error approximation seems a good practical approach. To see how this might have advantages,

it is informative to examine the relationship of the

L2

error to the

L∞

error as the constraint is varied from

tight to loose [65], [2] in Figure 1. From this one can see just how sensitive one error is to the other and how
the traditional designs are extremes on this diagram.
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Filter

Another trade-o is the error in a Chebyshev design as a function of the transition band location. There
are certain locations of transition band or band edges that give much lower ripple size than others. Rabiner
has examined that relation [56], [47].

2 Constrained Least Squares Design
There are problems where the peak error or Chebyshev error is important. This can be minimized directly
using the Remez exchange algorithm but, in many cases, is better controlled by use of a peak error constraint
on the basic least squared error formulation of the problem [2], [1], [65], [5].

An ecient algorithm for

minimizing the constrained least squared error uses Lagrange multipliers [42], [41] and the Kuhn-Tucker
conditions [65], [64].
Similar to the Chebyshev design problem, there are two formulations of the problem: one where there is a
well dened transition band separating the desired signal spectrum (passband) from the noise or interfering
signal spectrum (stopband) and the second where there is a well dened frequency that separates the pass
and stopband but no well dened transition band.
The rst case would include situations with signals residing in specied bands separated by guard bands"
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such as commercial radio and TV transmissions.

It also includes cases where due to multirate sampling,

certain well dened bands are aliased into other well dened bands.

The Parks-McClellan and Shpak-

Antoniou Chebyshev designs address this case for the Chebyshev error. Adams' method [2], [3], [4], [1], [70],
[5] described below applies to the constrained least squares design with a specied transition band.
The second case would include signals with known spectral support with additive white or broad-band
noise. In these cases there is no obvious transition band or don't care" band. The Hostetter-OppenheimSiegel and the method of the section Chebyshev Approximations using the Exchange Algorithms
this case for a Chebyshev design.

1

address

The method in section below applies to the constrained least squares

design [65] without a specied transition band.

2.1 The Lagrangian
To pose the constrained least squared error optimization problem, we use a Lagrange multiplier formulation.
First dene the Lagrangian as

π

Z
L = P

X
µi (A (ωi ) − [Ad (ωi ) ± T (ωi )])

2

(A (ω) − Ad (ω)) dω +
0

where the

µi

(1)

i

are the necessary number of Langrange multipliers and

P

is a scale factor that can be chosen for

simplicity later. The rst term in (1) is the integral squared error of the frequency response to be minimized
and the second term will be zero when the equality constraints are satised at the frequencies,
function

T (ω)

is the constraint function in that

A (ω)

ωi .

The

must satisfy

Ad (ω) + T (ω) ≥ A (ω) ≥ Ad (ω) − T (ω) .

(2)

Necessary conditions for the minimization of the integral squared error are that the derivative of the
Lagrangian with respect to the lter parameters
to the Lagrange multipliers

µi

a (n)

dL
= P
d a (n)

Z

and

are

2 (A (ω) − Ad (ω))
0
3

X dA
dA
dω +
µi
da
da
i

we have for

(3)

ωi

n = 1, 2, · · · , M

d A (ω)
= cos (ωn)
d a (n)

(4)

d A (ω)
= K.
d a (0)

(5)

n=0

n = 1, 2, · · · , M

this gives

dL
= 2P
d a (n)
and for

a (n)

π

where from Equation 49 from FIR digital Filters

For

2

be zero [69].

The derivatives of the Lagrangian with respect to

and for

dened in Equation 49 from FIR Digital Filters

n=0

Z



Z
A (ω) cos (ωn) dω −

Ad (ω) cos (ωn) dω +

X

µi cos (ωi n)

(6)

i

gives

dL
= 2P K
d a (0)

Z

Z
A (ω) dω −


Ad (ω) dω +

X
µi K.
i

1 "Chebyshev or Equal Ripple Error Approximation Filters": Section Chebyshev Approximations using the Exchange
Algorithms <http://cnx.org/content/m16895/latest/#uid16>
2 "FIR Digital Filters", (49) <http://cnx.org/content/m16889/latest/#uid47>
3 "FIR Digital Filters", (49) <http://cnx.org/content/m16889/latest/#uid47>
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Using Equation 50 from FIR Digital Filters

4

for

n = 1, 2, · · · , M ,

we have

X
dL
= π P [a (n) − ad (n)] +
µi cos (ωi n) = 0
d a (n)
i

(8)

X
dL
= 2π P K 2 [a (0) − ad (0)] + K
µi = 0.
d a (0)
i

(9)

n=0

and for

Choosing

P = 1/π

gives

a (n) = ad (n) −

X

µi cos (ωi n)

(10)

i
and

a (0) = ad (0) −

1 X
µi
2K i

(11)

Writing (10) and (11) in matrix form gives

where

H

a = ad − H µ.

(12)

h (n, i) = cos (ωi n)

(13)

is a matrix with elements

except for the rst row which is

1
2K
ad (n) are

h (0, i) =
because of the normalization of the

a (0)

term. The

(14)
the cosine coecients for the unconstrained

approximation to the ideal lter which result from truncating the inverse DTFT of

Ad (ω).
µi , when

The derivative of the Lagrangian in (1) with respect to the Lagrange multipliers

set to zero,

gives

A (ωi ) = Ad (ωi ) ± T (ωi ) = Ac (ωi )

(15)

which is simply a statement of the equality constraints.
In terms of the lter's cosine coecients

a (n),

5

from Equation 49 from FIR Digital Filters , this can be

written"

Ac (ωi ) =

X

a (n) cos (ωi n) + K a (0)

(16)

Ac = G a

(17)

n
and as matrices

where

Ac

is the vector of frequency response values which are the desired response plus or minus the

constraints evaluated at the frequencies in the constraint set. The frequency response must interpolate these
values. The matrix

G

is

g (i, n) = cos (ωi n)
4 "FIR Digital Filters", (50) <http://cnx.org/content/m16889/latest/#uid48>
5 "FIR Digital Filters", (49) <http://cnx.org/content/m16889/latest/#uid47>

http://cnx.org/content/m16923/1.3/

(18)

Connexions module: m16923

5

except for the rst column which is

g (i, 0) = K.
Notice that if

√

K = 1/ 2,

(19)

the rst rows and columns are such that we have

GT = H.

The two equations (12) and (17) that must be satised can be written as a single matrix equation of the
form



or, if

√
K = 1/ 2,

I

H

G

0



a



µ





=

ad
Ac


(20)



as




I

GT



G

0



a
µ





=

ad
Ac


(21)



which have as solutions

µ =
a

(GH)

−1

(G ad − Ac )

(22)

ad − Hµ

=

The lter corresponding to the cosine coecients

a (n)

minimize the

L2

error norm subject the equality

conditions in (17).
Notice that the term in (22) of the form

G ad

is the frequency response of the optimal unconstrained

lter evaluated at the constraint set frequencies. Equation (22) could, therefore, be written

−1

µ = (G H)

(Au − Ac )

(23)

2.2 The Constrained Weighted Least Squares Design of FIR Filters
Combining the weighted least squared error formulation with the constrained least squared error gives the
general formulation of this class of problems.
We now modify the Lagrangian in (1) to allow a weighted squared error giving

L =

1
π

Z

π

2

W (ω) (A (ω) − Ad (ω)) dω +
0

X
µi (A (ωi ) − Ad (ωi ) ± T (ωi ))

(24)

i

with a corresponding derivative of


2
dL
=
d a (n)
π

Z

W (ω) (A (ω) − Ad (ω)) dA dω +
da

X dA
µi
da
i

(25)

ωi

The integral cannot be carried out analytically for a general weighting function, but if the weight function
6

is constant over each subband, Equation 47 from Least Squared Error Design of FIR Filters

dL
2X
=
d a (n)
π
k

Z

ωk+1

Wk
ωk

M
X

!!
a (m) cos (ωm) + K a (0) − Ad (ω)

cos (ωn) dω +

m=1

6 "Least Squared Error Design of FIR Filters", (47) <http://cnx.org/content/m16892/latest/#uid72>
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X
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µi

dA
da

(26)

ωi
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which after rearranging is

#
Z ωk+1
2X
Wk
(cos (ωm) cos (ωn)) dω a (m)
=
π
ωk
m=1
k
Z ωk+1
X
2X
−
Wk
Ad (ω) cos (ωn) dω +
µi cos (ωi n) = 0
π
ωk
i
M
X

"

(27)

(28)

k

where the integral in the rst term can now be done analytically.
7

Least Squared Error Design of FIR Filters

In matrix notation Equation 49 from

is

R a − adw + H µ = 0

(29)

This is a similar form to that in the multiband paper where the matrix

R gives the eects of weighting with

elements

r (n, m) =

2X
Wk
π
k

Z

ωk+1

(cos (ωm) cos (ωn)) dω

except for the rst row which should be divided by
Equation 49 from FIR Digital Filters

8

(30)

ωk

2K

because of the normalizing of the

a (0)
K

and (14) and the rst column which should be multiplied by
9

of Equation 51 from FIR Digital Filters

and (19). The matrix

matrix and this fact might be used to advantage and

adw

term in
because

R is a sum of a Toeplitz matrix and a Hankel

is the vector of modied lter parameters with

elements

adw (n) =
and the matrix

H

Z ωk+1
2X
Wk
Ad (ω) cos (ωn) dω
π
ωk

is the same as used in (12) and dened in (13).

Squared Error Design of FIR Filters

10

(31)

Equations Equation 50 from Least

and (17) can be written together as a matrix equation




R

H

G

0




a
µ





 = 

adw
Ac



The solutions to Equation 50 from Least Squared Error Design of FIR Filters

µ =

(32)


11

and (17) or to (32) are

−1

GR−1 H
GR−1 adw − Ac
a

= R−1 (adw − H µ)

(33)

(34)

which are ideally suited to a language like Matlab and are implemented in the programs at the end of this
book.
Since the solution of

R au = adw

is the optimal unconstrained weighted least squares lter, we can write

(33) and (34) in the form

µ

=

−1
−1
GR−1 H
(G au − Ac ) = GR−1 H
(Au − Ac )
a

=

au − R−1 H µ

7 "Least Squared Error Design of FIR Filters", (49) <http://cnx.org/content/m16892/latest/#uid74>
8 "FIR Digital Filters", (51) <http://cnx.org/content/m16889/latest/#uid49>
9 "FIR Digital Filters", (49) <http://cnx.org/content/m16889/latest/#uid47>
10 "Least Squared Error Design of FIR Filters", (50) <http://cnx.org/content/m16892/latest/#uid75>
11 "Least Squared Error Design of FIR Filters", (50) <http://cnx.org/content/m16892/latest/#uid75>
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2.3 The Exchange Algorithms
This Lagrange multiplier formulation together with applying the Kuhn-Tucker conditions are used in an
iterative multiple exchange algorithm similar to the Remez exchange algorithm to give the complete design
method.
One version of this exchange algorithm applies to the problem posed by Adams with specied pass and
stopband edges and with zero error weighting in the transition band. This problem has the structure of a
quadratic programming problem and could be solved using general QP methods but the multiple exchange
algorithm suggested here is probably faster.
The second version of this exchange algorithm applies to the problem where there is no explicitly specied
transition band. This problem is not strictly a quadratic programming problem and our exchange algorithm
has no proof of convergence (the HOS algorithm also has no proof of convergence). However, in practice,
this program has proven to be robust and converges for a wide variety of lengths, constraints, weights, and
band edges. The performance is completely independent of the normalizing parameter
inversion of the

R

matrix is done once and does not have to be done each iteration.

K.

Notice that the

The details of the

program are included in the lter design paper and in the Matlab program at the end of this book.
As mentioned earlier, this design problem might be addressed by general constrained quadratic programming methods [23], [33], [48], [51], [49], [50], [52], [76], [75], [79].

2.4 Examples and Observations on CLS Designs
Here we show that the CLS FIR lter design approach is probably the best general FIR lter design method.
For example, a length-31 linear phase lowpass FIR lter is designed for a band edge of 0.3 and the constraint
that the response in the stop cannot be greater than 0.03 is illustrated in Figure 2.

http://cnx.org/content/m16923/1.3/

Connexions module: m16923

8

Constrained Least Squared Error Design Filter Response
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This lter was designed using the Matlab command: 'fircls1()' function.

3 L^p Approximation and the Iterative Reweighted Least Squares Method
We now consider the general

L∞

Lp

approximation which contains the least squares

L2

and the Chebyshev

cases. This approach is described in [11], [12], [13] using the iterative reweighted least squared (IRLS)

alorithm and looks attractive in that it can use dierent

p

in dierent frequency bands. This would allow,

for example, a least squared error approximation in the passband and a Chebyshev approximation in the
stopband. The IRLS method can also be used for complex Chebyshev approximations [71] and constrained

L2

approximatin.

3.1 Iterative Reweighted Least Squares Filter Design Methods
There are cases where it is desirable to design an FIR lter that will minimize the

Lp

error norm. The error

is dened by

Z

p

|A (ω) − Ad (ω) | dω

q =
Ω

http://cnx.org/content/m16923/1.3/
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but we usually work with

9

Q2 .

For large

this gives a continuum of design between
of allowing

p,
L2

the results are essentially the same as the Chebyshev lter and
and

p (ω) to be a function of frequency.

L∞ .

It also allows the very interesting important possibility

This means one could have dierent error criteria in dierent

frequency bands. It can be modied to give the same eects as a constraint. This approach is discussed in
[13]. It can be applied to complex approximation and to two-dimensional lter design [11], [9].
The least squared error and the minimum Chebyshev error criteria are the two most commonly used
linear-phase FIR lter design methods [46].

There are many situations where better total performance

would be obtained with a mixture of these two error measures or some compromise design that would give a
trade-o between the two. We show how to design a lter with an

L2

approximation in the passband and a

Chebyshev approximation in the stopband. We also show that by formulating the
the constrained

L2

Lp

problem we can solve

approximation problem [2].

This section rst explores the minimization of the
method and then shows how this allows

L2

and

L∞

pth

power of the error as a general approximation

approximations to be used simultaneous in dierent

frequency bands of one lter and how the method can be used to impose constraints on the frequency
response. There are no analytical methods to nd this approximation, therefore, an iterative method is used
over samples of the error in the frequency domain. The methods developed here [11], [12] are based on what
is called an

iterative reweighted least squared (IRLS) error algorithm [61], [59], [14] and they can solve

certain FIR lter design problems that neither the Remez exchange algorithm nor analytical

L2

methods

can.
The idea of using an IRLS algorithm to achieve a Chebyshev or
rst developed by Lawson [34] and extended to
for

Lp

Lp

L∞

approximation seems to have been

by Rice and Usow [58], [57]. The basic IRLS method

was given by Karlovitz [30] and extended by Chalmers, et.

al.

[15], Bani and Chalmers [8], and

Watson [78]. Independently, Fletcher, Grant and Hebden [25] developed a similar form of IRLS but based on
Newton's method and Kahng [29] did likewise as an extension of Lawson's algorithm. Others analyzed and
extended this work [22], [43], [14], [78]. Special analysis has been made for
[43], [61], [80] and for

p = ∞ by [25],

1≤p<2

by [74], [77], [59], [36],

[8], [59], [40], [7], [37]. Relations to the Remez exchange algorithm [17],

[53] were suggested by [8], to homotopy [66] by [68], and to Karmarkar's linear programming algorithm [69]
by [59], [67]. Applications of Lawson's algorithm to complex Chebyshev approximation in FIR lter design
have been made in [24], [19], [20], [71] and to 2-D lter design in [18]. Reference [72] indicates further results
may be forthcoming. Application to array design can be found in [73] and to statistics in [14].
This paper unies and extends the IRLS techniques and applies them to the design of FIR digital lters.
It develops a framework that relates all of the above referenced work and shows them to be variations of a
basic IRLS method modied so as to control convergence. In particular, we generalize the work of Rice and
Usow on Lawson's algorithm and explain why its asymptotic convergence is slow.
The main contribution here is a new robust IRLS method [11], [12] that combines an improved convergence
acceleration scheme and a Newton based method.

This gives a very ecient and versatile lter design

algorithm that performs signicantly better than the Rice-Usow-Lawson algorithm or any of the other IRLS
schemes. Both the initial and asymptotic convergence behavior of the new algorithm is examined and the
reason for occasional slow convergence of this and all other IRLS methods is discovered.
We then show that the new IRLS method allows the use of
error criteria in the pass and stopbands of a lter.
constrained

Lp

p as a function of frequency to achieve dierent

Therefore, this algorithm can be applied to solve the

approximation problem. Initial results of applications to the complex and two-dimensional

lter design problem are presented.
Although the traditional IRLS methods were sometimes slower than competing approaches, the results
of this paper and the availability of fast modern desktop computers make them practical now and allow
exploitation of their greater exibility and generality.

3.1.1 Minimum Squared Error Approximations
Various approximation methods can be developed by considering dierent denitions of norm or error measure. Commonly used denitions are

http://cnx.org/content/m16923/1.3/

L1 , L2 ,

and Chebyshev or

L∞ .

Using the

L2

norm, gives the scalar
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error to minimize

q=

L−1
X

2

|A (ωk ) − Ad (ωk ) |

(38)

k=0
or in matrix notation using (38), the error or residual vector is dened by

q = C a − Ad

(39)

q = εT ε.

(40)

giving the scalar error of (38) as

This can be minimized by solution of the normal equations [35], [27], [69]

CT C a = CT A d .

(41)

The weighted squared error dened by

q =

L−1
X

2

wk2 |A (ωk ) − Ad (ωk ) | .

(42)

k=0
or, in matrix notation using (39) and (40) causes (42) to become

q = εT W T W ε

(43)

W C a = W Ad

(44)

CT WT W C a = CT WT W Ad

(45)

which can be minimized by solving

with the normal equations

where

W

is an

L

by

L

diagonal matrix with the weights

formulation of the approximation simply requires
weighted error in (42) using

wk

rather than

wk2 .

WTW

wk

from (42) along the diagonal. A more general

to be positive denite. Some authors dene the

We use the latter to be consistent with the least squared

error algorithms in Matlab [44].
Solving (45) is a direct method of designing an FIR lter using a weighted least squared error approximation. To minimize the sum of the squared error and get approximately the same result as minimizing the
integral of the squared error, one must choose

L

to be 3 to 10 or more times the length

L

of the lter being

designed.

3.1.2 Iterative Algorithms to Minimize the Error
There is no simple direct method for nding the optimal approximation for any error power other than
two. However, if the weighting coecients
in

|A − Ad |,

wk

as elements of

W

in (45) could be set equal to the elements

minimizing (42) would minimize the fourth power of

|A − Ad |.

This cannot be done in one

step because we need the solution to nd the weights! We can, however, pose an iterative algorithm which
will rst solve the problem in (41) with no weights, then calculate the error vector

ε

from (39) which will

then be used to calculate the weights in (45). At each stage of the iteration, the weights are updated from
the previous error and the problem solved again.

This process of successive approximations is called the

iterative reweighted least squared error algorithm (IRLS).

http://cnx.org/content/m16923/1.3/
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The basic IRLS equations can also be derived by simply taking the gradient of the
to the lter coecients

h

or

a

p-error

with respect

and setting it equal to zero [25], [29]. These equations form the basis for the

iterative algorithm.
If the algorithm is a contraction mapping [39], the successive approximations will converge and the limit
is the solution of the minimum

L4

approximation problem. If a general problem can be posed [60], [26], [45]

as the solution of an equation in the form

x = f (x) ,

(46)

a successive approximation algorithm can be proposed which iteratively calculates

x

using

xm+1 = f (xm )

(47)

x0 . The function f (·) maps xm into xm+1 and, if
limm→∞ xm = x0 where x0 = f (x0 ), x0 is the xed point of the mapping

starting with some

and a solution to (46). The

trick is to nd a mapping that solves the desired problem, converges, and converges fast.
By setting the weights in (42) equal to

w (k) = |A (ωk ) − Ad (ωk ) |(p−2)/2 ,

(48)

the xed point of a convergent algorithm minimizes

q=

L−1
X

p

|A (ωk ) − Ad (ωk ) | .

(49)

k=0
It has been shown [58] that weights always exist such that minimizing (42) also minimizes (49). The problem
is to nd those weights eciently.

3.1.3 Basic Iterative Reweighted Least Squares
The basic IRLS algorithm is started by initializing the weight matrix dened in (42) and (43) for unit weights
with

W0 = I .

Using these weights to start, the

mth

iteration solves (45) for the lter coecients with


−1 T T
T
am = CT Wm
Wm C
C Wm Wm Ad
This is a formal statement of the operation.

(50)

In practice one should not invert a matrix, one should use

a sophisticated numerical method [21] to solve the overdetermined equations in (38) The error or residual
vector (39) for the

mth

iteration is found by

εm = C am − Ad

(51)

A new weighting vector is created from this error vector using (48) by

(p−2)/2

wm+1 = |εm |

(52)

whose elements are the diagonal elements of the new weight matrix

Wm+1 = diag [wm+1 ] .

(53)

Using this weight matrix, we solve for the next vector of lter coecients by going back to (50) and this
denes the basic iterative process of the IRLS algorithm.
It can easily be shown that the

a that minimizes (49) is a xed point of this iterative map.

Unfortunately,

applied directly, this basic IRLS algorithm does not converge and/or it has numerical problems for most
practical cases [14].

There are three aspects that must be addressed.

http://cnx.org/content/m16923/1.3/
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theoretically converge. Second, the solution of (50) must be numerically stable. Finally, even if the algorithm
converges and is numerically stable, it must converge fast enough to be practical.
Both theory and experience indicate there are dierent convergence problems connected with several
dierent ranges and values of
the range
As

p

3 ≤ p < ∞,

p.

In the range

2 ≤ p < 3,

virtually all methods converge [25], [14], [43]. In

the algorithm diverges and the various methods discussed in this paper must be used.

becomes large compared to 2, the weights carry a larger contribution to the total minimization than

the underlying least squared error minimization, the improvement at each iteration becomes smaller, and
the likelihood of divergence becomes larger. For

p=∞

we can use to advantage the fact that the optimal

approximation solution to (49) is unique but the weights in (42) that give that solution are not. In other
words, dierent matrices

W

give the same solution to (50) but will have dierent convergence properties.

This allows certain alteration to the weights to improve convergence without harming the optimality of the
results [37]. In the range

1 < p < 2,

both convergence and numerical problems exist as, in contrast to

p > 2,

the IRLS iterations are undoing what the underlying least squares is doing. In particular, the weights near
frequencies with small errors become very large. Indeed, if the error happens to be zero, the weight becomes
innite because of the negative exponent in (52).

For

p = 1

the solution to the optimization problem is

not even unique. The various algorithms that are presented below are based on schemes to address these
problems.

3.2 The Karlovitz Method
In order to achieve convergence, a second order update is used which only partially changes the lter coefcients

am

in (50) each iteration. This is done by rst calculating the unweighted

L2

approximation lter

coecients using Equation 6 from Chebyshev or Equal Ripple Error Approximation Filters

12

as


−1 T
a0 = C T C
C Ad .

(54)
13

The error or residual vector Equation 1 from Chebyshev or Equal Ripple Error Approximation Filters
the

mth

for
14

iteration is found as Equation 97 from Sampling, Up-Sampling, Down-Sampling, and Multi-Rate

by

ε m = C a m − Ad

(55)

and the new weighting vector is created from this error vector using (48) by

(p−2)/2

wm+1 = |εm |

(56)

whose elements are the diagonal elements of the new weight matrix

Wm+1 = diag [wm+1 ] .

(57)

This weight matrix is then used to calculate a temporary lter coecient vector by
^


−1 T T
T
a m+1 = C T Wm+1
Wm+1 C
C Wm+1 Wm+1 Ad .

(58)

The vector of lter coecients that is actually used is only partially updated using a form of adjustable
step size in the following second order linearly weighted sum
^

am+1 = λ a m+1 + (1 − λ) am

(59)

Using this lter coecient vector, we solve for the next error vector by going back to (55) and this denes
Karlovitz's IRLS algorithm [30].

12 "Chebyshev or Equal Ripple Error Approximation Filters", (6) <http://cnx.org/content/m16895/latest/#uid10>
13 "Chebyshev or Equal Ripple Error Approximation Filters", (1) <http://cnx.org/content/m16895/latest/#uid2>
14 "Sampling, UpSampling, DownSampling, and MultiRate", (101) <http://cnx.org/content/m16886/latest/#uid52>
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In this algorithm,
the proper

p

λ,

λ

13

is a convergence parameter that takes values

0 < λ ≤ 1.

Karlovitz showed that for

the IRLS algorithm using (58) always converges to the globally optimal

an even integer in the range

4 ≤ p < ∞.

At each iteration the

Lp

Lp

approximation for

error has to be minimized over

λ

which

requires a line search. In other words, the full Karlovitz method requires a multi-dimensional weighted least
squares minimization and a one-dimensional

pth

power error minimization at each iteration. Extensions of

Karlovitz's work [78] show the one-dimensional minimization is not necessary but practice shows the number
of required iterations increases considerably and robustness in lost.
Fletcher et al. [25] and later Kahng [29] independently derive the same second order iterative algorithm
by applying Newton's method. That approach gives a formula for

λ

as a function of

p

and is discussed later

in this paper. Although the iteration count for convergence of the Karlovitz method is good, indeed, perhaps
the best of all, the minimization of

λ

at each iteration causes the algorithm to be very slow in execution.

3.3 Newton's Methods
Both the new method in section 4.3 and Lawson's method use a second order updating of the weights to
obtain convergence of the basic IRLS algorithm. Fletcher et al. [25] and Kahng [29] use a linear summation
for the updating similar in form to (59) but apply it to the lter coecients in the manner of Karlovitz
rather than the weights as Lawson did. Indeed, using our development of Karlovitz's method, we see that
Kahng's method and Fletcher, Grant, and Hebden's method are simply a particular choice of
of

p

λ as a function

in Karlovitz's method. They derive

λ=

1
p−1

(60)

 in (49) to give for (59)


^
= a m + (p − 2) am−1 / (p − 1) .

by using Newton's method to minimize

am

(61)

This denes Kahng's method which he says always converges [45]. He also notes that the summation methods
in the sections Calculation of the Fourier Transform and Fourier Series using the FFT, Sampling Functions
15

the Shah Function, and Down-Sampling, Subsampling, or Decimation

do not have the possible restarting

problem that Lawson's method theoretically does. Because Kahng's algorithm is a form of Newton's method,
its asymptotic convergence is very good but the initial convergence is poor and very sensitive to starting
values.

3.3.1 A New Robust IRLS Method
A modication and generalization of an acceleration method suggested independently by Ekblom [22] and
by Kahng [29] is developed here and combined with the Newton's method of Fletcher, Grant, and Hebden
and of Kahng to give a robust, fast, and accurate IRLS algorithm [11], [12]. It overcomes the poor initial
performance of the Newton's methods and the poor nal performance of the RUL algorithms.
Rather than starting the iterations of the IRLS algorithms with the actual desired value of
initial

L2

approximation, the new algorithm starts with

p = K ∗2

where

K

p,

after the

is a parameter between one and

approximately two, chosen for the particular problem specications. After the rst iteration, the value of

p

is increased to

p = K 2 ∗ 2.

K at each iteration until it reaches the actual
p being approximated just ahead of the value achieved. This is similar
value of p from 2 to its nal value. A small value of K gives very reliable

It is increased by a factor of

desired value. This keeps the value of
to a homotopy where we vary the

convergence because the approximation is achieved at each iteration but requires a large number of iterations

15 "Sampling, UpSampling, DownSampling, and MultiRate" <http://cnx.org/content/m16886/latest/>
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for

p

14

to reach its nal value. A large value of

fails for some. The rule that is used to choose

K
pm

gives faster convergence for most lter specications but
at the

mth

iteration is

pm = min (p, K pm−1 ) .
Each iteration of our new variable

p method is

implemented by the basic algorithm described as Karlovitz's

method but using the Newton's method based value of
Kahng only used

K=2

(62)

λ

from Fletcher or Kahng in (60). Both Ekblom and

which is too large in almost all cases.

We also tried the generalized acceleration scheme with the basic Karlovitz method and the RUL algorithm.
Although it improved the initial performance of the Karlovitz method, the slowness of each iteration still
made this method unattractive.

Use with the RUL algorithm gave only a minor improvement of initial

performance and no improvement of the poor nal convergence.
Our new algorithm uses three distinct concepts:

•
•

The basic IRLS which is a straight forward algorithm with linear convergence [14] when it converges.
The second order or Newton's modication which increases the number of cases where initial convergence occurs and gives quadratic asymptotic convergence [25], [29].

•

The controlled increasing of

p

from one iteration to the next is a modication which gives excellent

initial convergence and allows adaptation for dicult" cases.
The best total algorithm, therefore, combines the increasing of
coecients using (59), and the Newton's choice of
slowly changes from the parabolic shape of
surface of

Lp .

L2

λ

in (60).

p

given in (62) the updating the lter

By slowly increasing

p,

the error surface

which Newton's method is based on, to the more complicated

The question is how fast to change and, from experience with many examples, we have learned

that this depends on the lter design specications.
A Matlab program that implements this basic IRLS algorithm is given in the appendix of this paper.
It uses an updating of

A (ωk )

a (n) in the time domain to allow
p in dierent bands as will be developed later in this paper.
L = 31, passband edge f p = 0.4, stopband edge f s = 0.44, and p = 2

in the frequency domain rather than of

modications necessary for using dierent
An example design for a length

the program does not have to iterate and give the response in Figure 3.

http://cnx.org/content/m16923/1.3/
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IRLS Designed FIR Filter for p=2

1

Amplitude Response, A

0.8

0.6

0.4

0.2

0

0

Figure 3:

0.2

0.4
0.6
Normalized Frequency

Response of an Iterative Reweighted Least Squares Design with

For the same specications except

http://cnx.org/content/m16923/1.3/

p=4

we get Figure 4

0.8

p=2

1

Connexions module: m16923
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IRLS Designed FIR Filter for p=4

Amplitude Response, A

1

0.8

0.6

0.4

0.2

0

0

Figure 4:

and for

0.2

0.4
0.6
Normalized Frequency

Response of an IRLS Design with

p = 100

we get Figure 5

http://cnx.org/content/m16923/1.3/

p=4

0.8

1
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IRLS Designed FIR Filter for p=100
1.2

Amplitude Response, A

1

0.8

0.6

0.4

0.2

0

−0.2
0

Figure 5:

0.2

0.4
0.6
Normalized Frequency

Response of an IRLS Design with

0.8

1

p = 100

3.3.2 Dierent Error Criteria in Dierent Bands
Probably the most important use of the

Lp

approximation problem posed here is its use for designing lters

with dierent error criteria in dierent frequency bands. This is possible because the IRLS algorithm allows
an error power that is a function of frequency

p (ω)

which can allow an

L2

measure in the passband and a

Chebyshev error measure in the stopband or any other form. This is important if an

L2

approximation is

needed in the passband because Parseval's theorem shows that the time domain properties of the ltered
signal will be well preserved but, because of unknown properties of the noise or interference, the stopband
attenuation must be less than some specied valued.
The new algorithm described in "A New Robust IRLS Method" (Section 3.3.1: A New Robust IRLS
Method) was modied so that the iterative updating is done to

A (ω)

rather than to

a (n).

Because the

Fourier transform is linear, the updating of (59) can also be achieved by
^

Am+1 (ω) = λAm+1 (ω) + (1 − λ) Am (ω) .

(63)

The Matlab program listed in the appendix uses this form. This type of updating in the frequency domain
allows dierent

p

to be used in dierent bands of

http://cnx.org/content/m16923/1.3/

A (ω)

and dierent update parameters

λ

to be used in the
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appropriate bands. In addition, it allows a dierent constant

K

weighting to be used for the dierent bands.

The error for this problem is changed from (38) to be

q=

k0
X

|A (ωk ) − Ad (ωk ) |2 + K

k=0

L−1
X

|A (ωk ) − Ad (ωk ) |

(64)

k=k0 +1

Figure 6 shows the frequency response of a lter designed with a passband
stopband weight of

p

p = 2,

a stopband

p = 4,

and a

K = 1.

IRLS Designed FIR Filter for p=2 in Passband, 4 in Stopband

1

Amplitude Response, A

0.8

0.6

0.4

0.2

0

0

Figure 6:

0.2

0.4
0.6
Normalized Frequency

Response of an IRLS Design with

p=2

in the Stopband and

0.8

p=4

Figure 7 gives the frequency response for the same specications but with
constant weight to the stopband.

http://cnx.org/content/m16923/1.3/
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in the Stopband

p = 100

and Figure 8 adds a
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IRLS Designed FIR Filter for p=2 in Passband, 100 in Stopband

Amplitude Response, A

1

0.8

0.6

0.4

0.2

0

0

Figure 7:

0.2

0.4
0.6
Normalized Frequency

Response of an IRLS Design with
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p=2

in the Stopband and

0.8

p = 100

1

in the Stopband
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IRLS Designed FIR Filter for p=2 in Passband, 100 + Weight in Stopband
1.2

Amplitude Response, A

1

0.8

0.6

0.4

0.2

0
0

Figure 8:

0.2

0.4
0.6
Normalized Frequency

Response of an IRLS Design with

p=2

0.8

in the Stopband and

p = 100

1

plus a weight in the

Stopband

3.3.3 The Constrained Approximation
In some design situations, neither a pure

L2

nor a

L∞

or Chebyshev approximation is appropriate. If one

evaluates both the squared error and the Chebyshev error of a particular lter, it is easily seen that for an
optimal least squares solution, a considerable reduction of the Chebyshev error can be obtained by allowing a
small increase in the squared error. For the optimal Chebyshev solution the opposite is true. A considerable
reduction of the squared error can be obtained by allowing a small increase in the Chebyshev error. This
suggests a better lter might be obtained by some combination of

L2

and

L∞

approximation. This problem

is stated and addressed by Adams [2] and by Lang [31], [32].
We have applied the IRLS method to the constrained least squares problem by adding an error based
weighting function to unity in the stopband only in the frequency range where the response in the previous
iteration exceeds the constraint.

The frequency response of an example is the that was illustrated in as

obtained using the CLS algorithm. The IRLS approach to this problem is currently being evaluated and
compared to the approach used by Adams. The initial results are encouraging.

http://cnx.org/content/m16923/1.3/
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3.3.4 Application to the Complex Approximation and the 2D Filter Design Problem
Although described above in terms of a one dimensional linear phase FIR lter, the method can just as
easily be applied to the complex approximation problem and to the multidimensional lter design problem.
We have obtained encouraging initial results from applications of our new IRLS algorithm to the optimal
design of FIR lters with a nonlinear phase response. By using a large

p

we are able to design essentially

Chebyshev lters where the Remez algorithm is dicult to apply reliably.
Our new IRLS design algorithm was applied to the two examples considered by Chen and Parks [16]
and by Schulist [62], [63] and Preuss [55], [54]. One is a lowpass lter and the other a bandpass lter, both
approximating a constant group delay over their passbands. Examination of magnitude frequency response
plots, imaginary vs. real part plots, and group delay frequency response plots for the lters designed by the
IRLS method showed close agreement with published results [9]. The use of an
more desirable results than a true Chebyshev approximation.

Lp

approximation may give

Our results on the complex approximation

problem are preliminary and we are doing further investigations on convergence properties of the algorithm
and on the characteristics of

Lp

approximations in this context.

Application of the new IRLS method to the design of 2D FIR lters has also given encouraging results. Here again, it is dicult to apply the Remez exchange algorithm directly to the multi-dimensional
approximation problem. Application of the IRLS to this problem is currently being investigated.
We designed

5 × 5, 7 × 7, 9 × 9, 41 × 41, and 71 × 71 lters to specications used in [38], [28], [18], [6].

Our

preliminary observations from these examples indicate the new IRLS method is faster and/or gives lower
Chebyshev errors than any of the other methods [10].

Values of

K

in the 1.1 to 1.2 range were required

for convergence. As for the complex approximation problem, further research is being done on convergence
properties of the algorithm and on the characteristics of

Lp

approximations in this context.

3.3.5 Section Conclusions
We have proposed applying the iterative reweighted least squared error approach to the FIR digital lter
design problem. We have shown how a large number of existing methods can be cast as variations on one
basic successive approximation algorithm called Iterative Reweighted Least Squares. From this formulation
we were able to understand the convergence characteristics of all of them and see why Lawson's method has
experimentally been found to have slow convergence.
We have created a new IRLS algorithm by combining an improved acceleration scheme with Fletcher's
and Kahng's Newton type methods to give a very good design method with good initial and nal convergence
properties. It is a signicant improvement over the Rice-Usow-Lawson method.
The main contribution of the paper was showing how to use these algorithms with dierent

p

in dierent

frequency bands to give a lter with dierent pass and stopband characteristics, how to solve the constrained

Lp

problem, and how the approach is used in complex approximation and in 2D lter design.

4 Minimum Phase Design
Here we design optimal approximations that can be lifted" to give a positive function that when viewed as
a magnitude squared, can be factored to give a minimum phase optimal design. However, the factoring can
be a problem for long lters.

5 Window Function Design of FIR Filters
One should not use Hamming, Hanning, Blackman, or Bartlet windows for the design of FIR lters. They
are appropriate for segmenting long data strings into shorter blocks to minimize the eects of blocking, but
they do not design lters with any control over the transition band and do not design lters that are optimal
in any meaningful sense.
The Kaiser window does have the ability to control the transition band.

It also gives a fairly good

approximation to a least squares approximation modied to reduce the Gibbs eect. However, the design

http://cnx.org/content/m16923/1.3/

Connexions module: m16923

22

is also not optimal in any meaningful sense and does not allow individual control of the widths of multiple
transition bands. The spline transition function method gives the same control as the Kaiser window but
does have a criterion of optimality and does allow independent control over individual transition bands. No
window method allows any separate weighting of the error in dierent bands.

References
[1] J. W. Adams, J. L. Sullivan, R. Hashemi, C. Ghadimi, J. Franklin, and B. Tucker. New approaches
to constrained optimization of digital lters. In Proceedings of the IEEE International Symposium on
Circuits and Systems, page 808211;83, ISCAS-93, Chicago, May 1993.

[2] John W. Adams.
straints.

Fir digital lters with least8211;squares stopbands subject to peak8211;gain con-

IEEE Transactions on Circuits and Systems, 39(4):3768211;388, April 1991.

[3] John W. Adams. A new optimal window.

IEEE Transactions on Signal Processing, 39(8):17538211;1769,

August 1991.
Constrained least-squares digital lters. In Proceedings of the IEEE International
Symposium on Circuits and Systems, page 5658211;567, ISCAS-92, San Diego, CA, May 1992.

[4] John W. Adams.

[5] John W. Adams and James L. Sullivan. Peak-constrained least-squares optimization.

on Signal Processing, 46(2):3068211;321, February 1998.

IEEE Transactions

[6] V. R. Algazi, M. Suk, and C. S. Rim. Design of almost minimax r lters in one and two dimensions
by wls techniques.

IEEE Transactions on Circuits and Systems, CAS8211;33:5908211;596, June 1986.

[7] V. Ralph Algazi and Minsoo Suk.
lters.

On the frequency weighted least-square design of nite duration

IEEE Transactions on Circuits and Systems, 22(12):9438211;953, December 1975.

[8] Mohamed S. Bani and Bruce L. Chalmers. Best approximation in via iterative hilbert space procedures.

Journal of Approximation Theory, 42:1738211;180, 1984.

[9] J. A. Barreto and C. S. Burrus. Complex approximation using iterative reweighted least squares for r

digital lters. In Proceedings of the IEEE International Conference on Acoustics, Speech, and Signal
Processing, page III:5458211;548, IEEE ICASSP-94, Adelaide, Australia, April 198211;22 1994.

[10] J. A. Barreto and C. S. Burrus. Iterative reweighted least squares and the design of two-dimensional
r digital lters. In

Proceedings of the IEEE International Conference on Image Processing,

volume I,

page I:7758211;779, IEEE ICIP-94, Austin, Texas, November 13-16 1994.
Least -power error design of r lters. In Proceedings of the IEEE
International Symposium on Circuits and Systems, volume 2, page 5458211;548, ISCAS-92, San Diego,

[11] C. S. Burrus and J. A. Barreto.
CA, May 1992.

[12] C. S. Burrus, J. A. Barreto, and I. W. Selesnick. Reweighted least squares design of r lters. In

Summaries for the IEEE Signal Processing Society's Fifth DSP Workshop,

Paper

page 3.1.1, Starved Rock

Lodge, Utica, IL, September 138211;16 1992.
[13] C. S. Burrus, J. A. Barreto, and I. W. Selesnick. Iterative reweighted least squares design of r lters.

IEEE Transactions on Signal Processing, 42(11):29268211;2936, November 1994.

[14] Richard H. Byrd and David A. Pyne.

Convergence of the iteratively reweighted least squares algo-

rithm for robust regression. Technical report 313, Dept. of Mathematical Sciences, The Johns Hopkins
University, June 1979.

http://cnx.org/content/m16923/1.3/

Connexions module: m16923

23

[15] B. L. Chalmers, A. G. Egger, and G. D. Taylor.

Theory, 37:3268211;334, 1983.

Convex approximation.

[16] X. Chen and T. W. Parks. Design of r lters in the complex domain.

Speech and Signal Processing, 35:1448211;153, February 1987.

[17] E. W. Cheney.

Introduction to Approximation Theory.

Journal of Approximation

IEEE Transactions on Acoustics,

McGraw-Hill, New York, 1966.

[18] Chong-Yung Chi and Shyu-Li Chiou. A new self8211;initiated wls approximation method for the design

Proceedings of the IEEE International Symposium
on Circuits and Systems, page 14368211;1439, San Diego, CA, May 1992.
of two8211;dimensional equiripple r digital lters. In

[19] Nassim N. Chit and John S. Mason.

Complex chebyshev approximation for r digital lters.

Transactions on Signal Processing, 39(1):498211;54, January 1991.

IEEE

[20] Daniel T[U+FFFD]ra de Queiroz Cobra. Fir digital lter design by the method of successive projections.
Technical report, MIT, January 1986.
[21] J. J. Dongarra, J. R. Bunch, C. B. Moler, and G. W. Stewart.

LINPACK User's Guide.

SIAM,

Philadelphia, PA, 1979.
[22] Hakan Ekblom. Calculation of linear best 8211;approximations.

BIT, 13(3):2928211;300, 1973.

[23] M. H. Er and C. K. Siew. Design of r lters using quadratic programming approach.

on Circuits and Systems 8211; II, 42(3):2178211;220, March 1995.

[24] John D. Fisher.

Design of Finite Impulse Response Digital Filters.

IEEE Transaction

Ph. d. thesis, Rice University, 1973.

[25] R. Fletcher, J. A. Grant, and M. D. Hebden. The calculation of linear best approximations.

Journal, 14:2768211;279, 1971.

[26] C. B. Garcia and W. I. Zangwill.

Pathways to Solutions, Fixed Points, and Equilibria.

Computer

Prentice-Hall,

Englewood Clis, NJ, 1981.
[27] Philip E. Gill, Walter Murray, and Margaret H. Wright.

Practical Optimization.

Academic Press,

London, 1981.
[28] D. B. Harris and R. M. Merserau. A comparison of algorithms for minimax design of two8211;dimensional
linear8211;phase r digital lters.

IEEE Transactions on Acoustics, Speech, and Signal Processing, 25(6),

1977.
[29] S. W. Kahng. Best approximation.

Mathematics of Computation, 26(118):5058211;508, April 1972.

[30] L. A. Karlovitz. Construction of nearest points in the , even, and norms. i.

Theory, 3:1238211;127, 1970.

[31] Markus Lang and Joachim Bamberger.
additional constraints. In

Journal of Approximation

Nonlinear phase r lter design with minimum ls error and

Proceedings of the International Conference on Acoustics, Speech, and Signal

Processing, page III:578211;60, Minneapolis, ICASSP-93, April 1993.
[32] Markus Lang and Joachim Bamberger.
constraints for the complex error.

Nonlinear phase r lter design according to the norm with

Signal Processing,

36(1):318211;40, March 1994. Paper reprinted in

July issue to correct typesetting errors.
[33] Mathias C. Lang. Design of nonlinear phase r digital lters using quadratic programming. In

ings of the IEEE International Conference on Acoustics, Speech, and Signal Processing,
1997.

http://cnx.org/content/m16923/1.3/

Proceed-

Munich, April

Connexions module: m16923

[34] C. L. Lawson.

24

Contribution to the Theory of Linear Least Maximum Approximations.

Ph. d. thesis,

University of California at Los Angeles, 1961.
[35] C. L. Lawson and R. J. Hanson.

Solving Least Squares Problems.

Prentice-Hall, Inglewood Clis, NJ,

1974.
[36] Yuying Li. A globally convergent method for problems. Technical report TR 91-1212, Computer Science
Department, Cornell University, Ithaca, NY 14853-7501, June 1991.
[37] Y.

C.

Lim,

J.

H.

Lee,

C.

K.

Chen,

and

R.

H.

Yang.

A

weighted

least

squares

algorithm

IEEE Transactions on Signal Processing,

for quasi8211;equripple r and iir digital lter design.
40(3):5518211;558, March 1992.

[38] J. H. Lodge and M. Fahmy. An ecient optimization technique for the design of two8211;dimensional
linear8211;phase digital lters.

IEEE Transactions on Acoustics, Speech, and Signal Processing,

28(3),

1980.
[39] D. G. Luenberger.

Optimization by Vector Space Methods.

John Wiley & Sons, New York, 1969.

[40] J. S. Mason and N. N. Chit. New approach to the design of r digital lters.

IEE Proceedings, Part G,

134(4):1678211;180, 1987.
[41] G. W. Medlin and J. W. Adams. A new technique for maximally linear dierentiators. In

of the IEEE International Conference on Acoustics, Speech, and Signal Processing,

Proceedings

page 8258211;828,

1989.
[42] G. W. Medlin, J. W. Adams, and C. T. Leondes.
r lters for multirate applications.

Lagrange multiplier approach to the design of

IEEE Transactions on Circuits and Systems,

35:12108211;1219,

October 1988.
[43] G. Merle and H. Sp[U+FFFD]. Computational experiences with discrete 8211;approximation.

Computing,

12:3158211;321, 1974.
[44] Cleve Moler, John Little, and Steve Bangert.

Matlab User's Guide. The MathWorks, Inc., South Natick,

MA, 1989.
[45] J. M. Ortega and W. C. Rheinboldt.

Iterative Solutions of Nonlinear Equations in Several Variables.

Academic Press, New York, 1970.
[46] T. W. Parks and C. S. Burrus.

Digital Filter Design.

John Wiley & Sons, New York, 1987.

[47] T. W. Parks, L. R. Rabiner, and J. H. McClellan. On the transition width of nite impulse-response
digital lters.

IEEE Transactions on Audio and Electroacoustics, 21(1):18211;4, February 1973.

[48] Alexander W. Potchinkov.
technique.

Design of optimal linear phase r lters by a semi-innite programming

Signal Processing, 58:1658211;180, 1997.

[49] Alexander W. Potchinkov and Rembert M. Reemtsen.
semi-innite programming technique i, the method.

Fir lter design in the complex plane by a

AE[U+FFFD]

, 48(3):1358211;144, 1994.
[50] Alexander W. Potchinkov and Rembert M. Reemtsen.
semi-innite programming technique ii, examples.

Fir lter design in the complex plane by a

AE[U+FFFD]

, 48(4):2008211;209, 1994.
[51] Alexander W. Potchinkov and Rembert M. Reemtsen.
convex optimization.

Design of r lters in the complex plane by

Signal Processing, 46:1278211;146, 1995.

http://cnx.org/content/m16923/1.3/

Connexions module: m16923

25

[52] Alexander W. Potchinkov and Rembert M. Reemtsen. The simultaneous approximation of magnitude
and phase by r digital lters i, a new approach.

tion, 25:1678211;177, 1997.

[53] M. J. D. Powell.

International Journal on Circuit Theory and Applica-

Approximation Theory and Methods. Cambridge University Press, Cambridge, England,

1981.
[54] Klaus Preuss. A novel approach for complex chebyshev approximation with r lters using the remez

exchange algorithm. In Proceedings of the IEEE International Conference on Acoustics, Speech, and
Signal Processing, volume 2, page 8728211;875, Dallas, Tx, April 1987.

[55] Klaus Preuss. On the design of r lters by complex approximation.

Speech, and Signal Processing, 37(5):7028211;712, May 1989.

[56] L. R. Rabiner and B. Gold.

IEEE Transactions on Acoustics,

Theory and Application of Digital Signal Processing.

Prentice-Hall, Engle-

wood Clis, NJ, 1975.
[57] J. R. Rice.

The Approximation of Functions, volume 2.

Addison-Wesley, Reading, MA, 1969.

[58] John R. Rice and Karl H. Usow. The lawson algorithm and extensions.

Math. Comp., 22:1188211;127,

1968.
[59] S. A. Ruzinsky and E. T. Olsen.

and minimization via a variant of karmarkar's algorithm.

Transactions on ASSP, 37(2):2458211;253, February 1989.

[60] R. W. Schafer, R. M. Mersereau, and M. A. Richards.

Proceedings of the IEEE, 69(4):4328211;450, 1981.

IEEE

Constrained iterative restoration algorithms.

[61] Jim Schroeder, Rao Yarlagadda, and John Hershey. Normed minimization with applications to linear
predictive modeling for sinusoidal frequency estimation.

Signal Processing,

24(2):1938211;216, August

1991.
[62] Matthias Schulist.

Improvements of a complex r lter design algorithm.

Signal Processing,

20:818211;90, 1990.
[63] Matthias Schulist.

Complex approximation with additional constraints.

International Conference on Acoustics, Speech, and Signal Processing,

In

Proceedings of the IEEE

volume 5, page 1018211;104,

April 1992.
[64] Ivan W. Selesnick, Marcus Lang, and C. Sidney Burrus. Constrained least square design of r lters

Proceedings of the IEEE International Conference on Acoustics,
Speech, and Signal Processing, volume 2, page 12608211;1263, IEEE ICASSP-95, Detroit, May 88211;12
without specied transition bands. In
1995.

[65] Ivan W. Selesnick, Markus Lang, and C. Sidney Burrus. Constrained least square design of r lters without explicitly specied transition bands.

IEEE Transactions on Signal Processing, 44(8):18798211;1892,

August 1996.
[66] Allan J. Sieradski.

An Introduction to Topology and Homotopy.

[67] Richard E. Stone and Craig A. Tovey.
reweighted least squares methods.

PWS8211;Kent, Boston, 1992.

The simplex and projective scaling algorithms as iteratively

SIAM Review, 33(2):2208211;237, June 1991.

[68] Virginia L. Stonick and S. T. Alexander. A relationship between the recursive least squares update and
homotopy continuation methods, 1991. preprint.
[69] Gilbert Strang.

Introduction to Applied Mathematics.

http://cnx.org/content/m16923/1.3/

Wellesley-Cambridge Press, Wellesley, MA, 1986.

Connexions module: m16923

[70] J. L. Sullivan and J. W. Adams.
lters. In

26

A new nonlinear optimization algorithm for asymmetric r digital

Proceedings of the IEEE International Symposium on Circuits and Systems, page 5418211;544,

ISCAS-94, London, May 1994.

Proceedings of the
IEEE International Symposium on Circuits and Systems, volume 3, page 5498211;552, San Diego, CA,

[71] Ching-Yih Tseng. A numerical algorithm for complex chebyshev r lter design. In
May 1992.

[72] Ching-Yih Tseng and Lloyd J. Griths. Are equiripple digital r lters always optimal with minimax
error criterion?

IEEE Signal Processing Letters, 1(1):58211;8, January 1994.

[73] Ching8211;Yih Tseng and Lloyd J. Griths. A simple algorithm to achieve desired patterns for arbitrary
arrays.

IEEE Transaction on Signal Processing, 40(11):27378211;2746, November 1992.

[74] Karl H. Usow. On approximation 1: Computation for continuous functions and continuous dependence.

SIAM Journal on Numerical Analysis, 4(1):708211;88, 1967.

[75] Lieven Vandenberghe and Stephen Boyd. Semidenite programming.

SIAM Review,

38(1):498211;95,

March 1996.
[76] Lieven Vandenberghe and Stephen Boyd. Connections between semi-innite and semidenite programming. In R. Reemtsen and J.-J. Rueckmann, editors,

Semi-Innite Programming.

Kluwer, to appear

1998.
[77] G. A. Watson. An algorithm for linear approximation of continuous functions.

Analysis, 1:1578211;167, 1981.

[78] G. A. Watson. Convex approximation.

IMA Journal of Numerical

Journal of Approximation Theory, 55(1):18211;11, October 1988.

[79] Shao-Po Wu, Stephen Boyd, and Lieven Vandenberghe. Fir lter design via spectral factorization and
convex optimization. In Biswa Datta, editor,

tions, chapter 1. Birkhauser, 1997.

Applied Computational Control, Signal and Communica-

[80] Wen8211;Shyong Yu, I8211;Kong Fong, and Kuang8211;Chiung Chang. An 8211;approximation based
method for synthesizing r lters.
August 1992.

http://cnx.org/content/m16923/1.3/

IEEE Transactions on Circuits and Systems II,

39(8):5788211;561,

