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Abstract
A teacher's guide to complex numbers.

The rst thing you need to do is dene a complex number. A complex number is a combination of real
and imaginary numbers. It is written in the form
is a real part
part is

(a)

and an imaginary part

(bi).

a + bi,

where

a

For instance, in

and b are both real numbers. Hence, there
3 + 4i, the real part is 3 and the imaginary

4i.

At this point, I like to try to put this in context, by talking about all the dierent kinds of numbers we
have seen. We started with counting numbers: 1, 2, 3, 4, and so on. If you are counting pebbles, these are
the only numbers you will ever need.
Then you add zero, and negative numbers. Are negative numbers real things? Can they be the answers to
real questions? Well, sure. . .depending on the question. If the question is How many pebbles do you have?
or How many feet long is this stick? then the answer can never be 2: negative numbers are just not valid
in these situations. But if the answer is What is the temperature outside?

or How much money is this

company worth? then the answer can be negative. This may seem like an obvious point, but I'm building
up to something, so make sure it's clearwe have invented new numbers for certain situations, which are
completely meaningless in other situations. I also stress that we have gone from the counting numbers to a
more general set, the integers, which includes the counting numbers plus other stu.
Then we add fractions, and the same thing applies. If the question is How many pebbles do you have?
or How many live cows are on this farm? the answer can never be a fraction. But if the question is How
many feet long is this stick?

a fraction may be the answer.

So again, we have a new setthe rational

numbersand our old set (integers) is a subset of it. And once again, these new numbers are meaningful
for some real life questions and not for others.

I always mention that rational numbers (rational not

1
2
−−22
or
7 . So since we have already dened the integers, we can use them to help dene our larger set, the
rational numbers.

meaning sane, but meaning rather a ratio) are always expressable as the ratio of two integers, such as

But some numbers are not rationalthey cannot be expressed as the ratio of two integers. These are
the irrational numbers. Examples are

π , e,

and

√

2

(or the square root of any other number that is not a

perfect square).
If we add those to our collectionput the rational and irrationals togetherwe now have all the real numbers. You can draw a number line, going innitely o in both directions, and that is a visual representation
of the real numbers.
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And now, nally, we have expanded our set even further, to the complex numbers,

a + bi.

Just as we

piggybacked the denition of rational numbers on top of our denition of integers, we are piggybacking our
denition of complex numbers on top of our denition of real numbers.
All that may sound unnecessary, and of course, it is. But some students really get into it. I have had
students draw the whole thing into a big Venn diagramwhich I did not ask them to do. (*It is a good extra
credit assignment, though.) My own diagram is at the very end of this unit in the Conceptual Explanations,
under the heading The World of Numbers. Many students like seeing all of math put into one big structure.
And it helps make the point that complex numbersjust like each other generalizationare valid answers
to some questions, but not to others. In other words, as I said before, you will never measure a brick that
is 5i inches long. (It never hurts to keep saying this.)
The complex numbers are completely generalany number in the world can be expressed as
does not look like

ln (i),

a + bi

a + bi.

This
1
which
i
i
but can be put into that form, as we have already seen. Other examples are 2 and

is not obvious! There are plenty of things you can write that don't look like

a + bi.

One example is

which we are not going to mess with, but they are worth pointing out as other examples of numbers

that don't look like a + bi, but take-my-word-for-it
√
i, which we are going to tackle tomorrow.

you can make them if you want to. And then there is

That is probably all the setup you need. They can do the in-class exercise on Complex Numbers and see
for themselves that whether you add, subtract, multiply, or divide them, you get back to a complex number.
Also make sure they get the point about what it means for two complex numbers to be equal: this will be
very important as we move on. One other thing I like to mention at some point (doesn't have to be now)
is that there are no inequalities with imaginary numbers. You cannot meaningfully say that

1 < i.

1>i

or that

Because they cannot be graphed on a number line, they don't really have sizesthey can be equal

or not, but they cannot be greater than or less than each other.
Homework:

Homework: Complex Numbers
When going over this homework, make a special point of talking about #12. This helps reinforce the
most important point of the year, about generalizations.

Once you have found what happens to

(a + bi)

when you multiply it by its complex conjugate, you have a general formula which can be used to multiply
any complex number by its complex conjugate, without actually going through the work. Show them how
#6, 8, and 10 can all be solved using this formula. Also, remind them that
the answer

a2 + b2

a and b are by denition realso

is also real. That is, whenever you multiply a number by its complex conjugate, you get

a real answer. This is why there is no possible answer to #14.
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